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We consider the point of view of:

@ a representative consumer, who self-produces energy by solar
panels and faces relevant installation costs.
How many panels to install to minimize the costs?

@ a representative energy company, who needs to adapt its
production strategy to the consumer’s decisions.
How much energy to produce in order to minimize the costs?

@ a social planner, who wants to minimize the global costs.
Which strategies would he suggest to the consumer/company?

Our goals. Solution to the three problems above? Do the planner’s
suggestions coincide with the consumer/company’s choices?
Framework: McKean-Vlasov stochastic control problems.
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Consumer: the model. The consumer satisfies his energy demand by
self-production (solar panels) and centralized production (energy
company). He has to decide how many panels to install in order to
minimize the costs. In detail, our model is as follows.
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@ Let a; be the number of panels the consumer buys/sells in t and let
dX = badt + o X dW, be the energy the panels produce in t.

@ Buying/selling panels has a cost, quadratic w.r.t. a;: ca + ya?.
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Consumer: the model. The consumer satisfies his energy demand by
self-production (solar panels) and centralized production (energy
company). He has to decide how many panels to install in order to
minimize the costs. In detail, our model is as follows.

@ Let a; be the number of panels the consumer buys/sells in t and let
dX = badt + o X dW, be the energy the panels produce in t.

@ Buying/selling panels has a cost, quadratic w.r.t. a;: ca + ya?.
@ If D is the consumer's electricity demand (constant), D — X is the
amount of electricity still needed and bought in the market, at price

P, (FW°-adapted process, W° 1. W). Important: no model on P.

@ As the consumer wants a stable production of energy from solar
panels, the variance of the production Var[X?] is penalized.
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Consumer: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ purchase of the electricity he still needs;

@ term to penalise the variance.

cas +ya? + Pe(D — X{*) + nVar[X{]
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Consumer: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ purchase of the electricity he still needs;

@ term to penalise the variance.

infE [/ e Pt <cozt + va? + P:(D — X{) + nVar[Xf‘]) dt]
0

a
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Consumer: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ purchase of the electricity he still needs;

@ term to penalise the variance.

So, the consumer has to solve

inf E [/ e rt (cozt +7af + P (D — X&) + nVar[X@’]) dt] : J
@ 0

dX{ = boudt + o X dW, P stochastic. J
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the corresponding installation/dismiss costs. Which model for c(-)?
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Consumer: cost function. Recall that o; is the installation rate
in t (how many panels the consumer buys/sells in t). Let c(a:) be
the corresponding installation/dismiss costs. Which model for c(-)?

@ As the purchase/sale of panels is instantaneous, buying a big
amount of panels is more difficult (and then expensive) than
buying a small amount. So, we ask ¢’(a) > 0.
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Consumer: cost function. Recall that o; is the installation rate
in t (how many panels the consumer buys/sells in t). Let c(a:) be
the corresponding installation/dismiss costs. Which model for c(-)?

@ As the purchase/sale of panels is instantaneous, buying a big
amount of panels is more difficult (and then expensive) than
buying a small amount. So, we ask ¢’(a) > 0.

@ For a < 0 small, the consumer is selling (a small amount of)
panels, so he gains, that is c(a) < 0 in [—&,0].
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Consumer: cost function. Recall that o; is the installation rate
in t (how many panels the consumer buys/sells in t). Let c(a:) be
the corresponding installation/dismiss costs. Which model for c(-)?

@ As the purchase/sale of panels is instantaneous, buying a big
amount of panels is more difficult (and then expensive) than
buying a small amount. So, we ask ¢’(a) > 0.

@ For a < 0 small, the consumer is selling (a small amount of)
panels, so he gains, that is c(a) < 0 in [—&,0].

@ For oo < 0 big, the consumer is trying to suddenly sell a large
amount of panels, which is practically impossible, so that he
actually loses money; hence, we ask c(a) > 0 in | — oo, —a.
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To sum up, we want the cost function ¢ to be:
@ convex;
@ negative in [—a, 0];
e positive in R\ [—a, 0].
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To sum up, we want the cost function ¢ to be:
@ convex;
@ negative in [—a, 0];
e positive in R\ [—a, 0].

The simplest function with all these properties is c(a) = ca + ya?.
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Consumer: SDE. The SDE for X{ is dX* = ba; + o X dW,.
The noise term is o X*dW; and not ca;dW;: why?

Because the noise in the production of a single panel is not
constant, but increases as the production increases: the more you
are producing, the more unstable the production is.
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Consumer: SDE. The SDE for X{ is dX* = ba; + o X dW,.
The noise term is o X*dW; and not ca;dW;: why?

Because the noise in the production of a single panel is not
constant, but increases as the production increases: the more you
are producing, the more unstable the production is.

Consumer: Brownian motions. The production depends on W,
the market price depends on W°. We assume W 1. W°: why?

The production basically depends on the weather. Conversely, as
we consider a big international company, the price is not influenced
by local issues (like today's weather) but only by wider elements
(fuels, status of power plants,...). So, the noises are independent.
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Consumer: how to solve the problem. Recall the problem:

Vo =infE |:/ e*pt (cat aF ’yaf = Pt(D — Xta) = nVar[Xf’]) dt:| J
@ 0

From a mathematical point of view:
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@ 0

From a mathematical point of view:

@ linear-quadratic problem;
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Consumer: how to solve the problem. Recall the problem:

Vo =infE [/ e Pt (cat +vaz + P(D — X2) + nVar[Xf‘]) dt] J
@ 0

From a mathematical point of view:
@ linear-quadratic problem;
o McKean-Vlasov;

@ stochastic coefficients.
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Consumer: how to solve the problem. Recall the problem:

Vo =infE [/ e Pt (cat +va2 + P(D — X2) + nVar[Xf’]) dt] J
@ 0

From a mathematical point of view:
@ linear-quadratic problem;
o McKean-Vlasov;

@ stochastic coefficients.

How to solve the problem? To characterize the optimal control, we
use the following formulation of the verification theorem.
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Statement. Let {w; '}, be a family of processes in the form
w = we (X8, E[XF]) and such that:
o E[e*Tw§] — 0as T — oo, for each o;
o t > E[ePtwf + [§ e "% (cas+yal—Py(D—X2)+nVar[X2])ds |
is increasing for each « and constant for some a = &.

Then, & is the optimal control and wy := E[wy(Xp, E[Xo])] is the
value of the problem.
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ptimization problems

Statement. Let {w; '}, be a family of processes in the form
w = we (X8, E[XF]) and such that:

o E[e*Tw§] — 0as T — oo, for each o;

o t > E[ePtwf + [§ e "% (cas+yal—Py(D—X2)+nVar[X2])ds |
is increasing for each « and constant for some a = &.

Then, & is the optimal control and wy := E[wy(Xp, E[Xo])] is the
value of the problem.

Idea behind. As the expectation above is increasing, we have
wo <E [e‘ptwf‘ + [ e (Cas+'ya§—PS(D—Xg)+nVar[X§‘])ds},

which leads (t — o0) to wp < J(«), and then wy < V4. Similarly,
for & we get wy = J(&) and then wy > Vp. Finally, wo=Vy=J(&).



1. Three optimization problems .1 The consumer
f 2

2. Looking for he energy company

2T
.3 The social planner

Strategy. The key-point of this approach is to prove that
t—E [e"’tw,_?‘ + fier (ca5+'ya§—PS(D—XSO‘)+77Var[XS°‘])ds}
is increasing/constant. Our strategy is as follows.
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1. Three optimization problems
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Strategy. The key-point of this approach is to prove that
t—E [e"’tw,_?‘ + fier (ca5+'ya§—PS(D—XSO‘)+77Var[XS°‘])ds}
is increasing/constant. Our strategy is as follows.

o Step 1. We guess a suitable form for w{' and set

t
S = e‘ptw?Jr/ e " (cas+yai—Ps(D—X)+nVar[X{]) ds.
0
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1. Three optimization problems
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Strategy. The key-point of this approach is to prove that
t—E [e‘ptwto‘ + fier (ca5+'ya§—PS(D—XSO‘)+77Var[XS°‘])ds}
is increasing/constant. Our strategy is as follows.

o Step 1. We guess a suitable form for w{' and set

t
S¢ = e Ptwi+ / e " (castyai—Ps(D—=XJ)+nVar[X;]) ds.
0

o Step 2. We compute the Ito decomposition of S, that is
dS% = e P'Ddt + (terms in dW,dW?O).
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1. Three optimization problems

Strategy. The key-point of this approach is to prove that
t—E [e‘ptwto‘ + fier (ca5+'ya§—PS(D—XSO‘)+77Var[XS°‘])ds}
is increasing/constant. Our strategy is as follows.

o Step 1. We guess a suitable form for w{' and set
t

o= e rtwi / e (cas+yal—Ps(D—X{)+nVar[X{]) ds.
0

o Step 2. We compute the Ito decomposition of S, that is
dS% = e P*Ddt + (terms in AW, dWP).

o Step 3. We impose that E[D{] is positive/zero, since we have

E[S{] is increasing/constant <= E[Dy] is positive/zero.
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Step 1. As we deal with a LQ problem, we guess a quadratic form
for w' = we (X, E[X?]), with stochastic coefficients:

we = Ke( X — E[X0])? + AEXE + Yo (X — E[XP]) + TE[X?] + Re,

where we assume dﬁt:ftdt+étdW?, for ce {K,\,Y IR}
Notice: centred variable, as this provides easier computations.
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Step 1. As we deal with a LQ problem, we guess a quadratic form
for w' = we (X, E[X?]), with stochastic coefficients:

we = Ke(X2 — E[X2])? + AEIXE? + Ye(X2 — E[X?]) + TE[X?] + Ry,

where we assume dﬁt:ftdtjtétthO, for ce {K,\,Y IR}
Notice: centred variable, as this provides easier computations.

Step 2. Ito on e Ptw —l—fot e " (castya?—Ps(D—-X2)+nVar[X2]) ds
the expectation of the dt term is, for explicit functions 7;,

E[Dy] = E|va: + no(X, Ke, Ae, Ye, Te)ae + m(Ke) (X — E[X?])?

+1(A)E[XE P43 Ye) (X — E[X]) 404 (T )E[X 405 (Re) | -
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1. Three optimization problems

Step 1. As we deal with a LQ problem, we guess a quadratic form
for w' = we (X, E[X?]), with stochastic coefficients:

we = Ke(X2 — E[X2])? + AEIXE? + Ye(X2 — E[X?]) + TE[X?] + Ry,

where we assume dﬁt:ftdtjtétthO, for ce {K,\,Y IR}
Notice: centred variable, as this provides easier computations.

Step 2. Ito on e Ptw —l—fot e " (castya?—Ps(D—-X2)+nVar[X2]) ds
the expectation of the dt term is, for explicit functions 7;,

E[DY] = E|va? 4 10( X, Ko Avy Yo, Te) e +m(Ke) (XS — E[X2])?

1 (A)ELX T+ (Ye) (X — EIXE])+na(T)ELXE T +ns(Re) |-

Recall the goal: we want E[D{] to be positive for each «; in this
form, it is complicated... ldea: completing the square.
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Step 3. By completing the square we get, for explicit functions &;,
2
E[D{]=E [v (e + QO KLY ) ) e (Ke) (X = BIXC 1)+ €a(KeAEDX T
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Step 3. By completing the square we get, for explicit functions &;,
E[D{]=E [v(m QXK NYLT)) HE(K)XE — BIXE ] +a(KeAEIXET?
+&(Ke, Yo, Te) (XS — E[XT)4Ea(Ae, T)E[XS | +E5(Ye, Tty Re) |-

As we want E[Dg] > 0 for each «, we set the coefficients &1, ..., &5
to be identically zero. This corresponds to a system of conditions
which completely characterizes the coefficients K, A, Ye, e, Ry
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Step 3. By completing the square we get, for explicit functions &;,
2
E[D{]=E [v (e + QO KLY ) ) e (Ke) (X = BIXC 1)+ €a(KeAEDX T
+&(Ke, Yo, T ) (XS — E[XED +E(Ae, TOE[XS]+HE(Ye, Te, Re) |-

As we want E[Dg] > 0 for each «, we set the coefficients &1, ..., &5
to be identically zero. This corresponds to a system of conditions
which completely characterizes the coefficients K, A, Ye, e, Ry

We can now apply the theorem, since we have
2
E[D?] = E |:’Y<at + £O(Xg, Kt7 At) Yta rt)) :| )

which is always positive and equals zero for the (optimal) control
é\51‘ = _60 (thxa Kta /\t7 Yl’7 rt)
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Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

bK , o

& = — — (X —E[X])

v

+ 2 [T kIR P 70 ds
2y J;

L9 (ef<p+b2/\/w)(sft) _ ef(p+b2K/w)(sft>) P.ds
2y J;
bA_ o c

~- ZE[X] - 2
vy 2vyo°K
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1. Three optimization problems

Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

bK o .
& = — — (X — E[Xi]) (mean-reverting term)
/
+ 2 [T et kmE-0gp, Fds
2y Jy
L9 (ef<p+b2A/w)(sft) N ef(p+b2K/w)(sft>) P.ds
2y J,
bA_ cN\
~- ZE[X] - 2
y 2v02K
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1. Three optimization problems

Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

) bK o .
oy = — _(Xt — ]E[Xt])
Y
b [ 2
o e~ (PO K/M(=OE[ P, | FO)ds (stoch. term)
Y Jt
b (ef<p+b2/\/w)(sft) _ ef(p+b2K/w)(sft>) P.ds
2y Ji
bA o c\
~- ZE[X] - 2
vy 2vyo°K
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1. Three optimization problems
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Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

X bK .
at = - _(Xt - E[Xt])
Y
b [ >
4+ = e~ (Pt K/N=OR[p | FOlds
2y Ji
n 23 ” (ef(wbzA/v)(sff) . ef(p+b2K/~«)<sfr)> P.ds
Y Je
bA _ o A
— —E[X;] — A2 (deterministic term)
¥ 2v0?K
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Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

) bK o .
oy = — 7(Xt e ]E[Xt])
7
+ 2 [T ek me-0g P, F01ds
2y J;
n 2£ (ef<p+b2/\/v)(sft) _ e,wbzm)(s,t)) P.ds
Y Jt

bA o c\
~- ZE[X] - 2
vy 2vyo°K

Notice that we can compute E[X,]. Also, the mean-reverting

coefficient % is increasing w.r.t. 1. Reasonable: big n means big
penalty on the variance, so need to reduce the oscillations.
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Consumer: optimal control. After precise computations, the
optimal control & is (K, A > 0 explicit, Ps := E[Ps], X := X%)

) bK o .
G = — —(X: — E[X4])
7
+ 2 [T ek me-0g P, F01ds
2y J;
L9 (ef<p+b2/\/v)(sft) _ e,wbzm,(s,t)) P.ds
2y J;
bA_ o c
~- ZE[X] - 2
vy 2vyo°K

The formulas are quite complicated, but we can deduce some
interesting limit results...
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Consumer: limits. If there exists P := lim; E[P;], then
- AT : o1 bP — pc T
Jim ] =0, dm BXd = =g =

@ The average number of panels and production get constant,
i.e. the consumer stops investing and the production stabilizes.
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1. Three optimization problems .
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beside the obvious positivity condition, producing more than D
is not admissible in a limit situation (but may happen locally) .
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Consumer: limits. If there exists P := lim; E[P;], then
- AT : o1 bP — pc T
Jim ] =0, dm BXd = =g =

@ The average number of panels and production get constant,
i.e. the consumer stops investing and the production stabilizes.

@ To have a meaningful model, we need X € 10, DJ; indeed,
beside the obvious positivity condition, producing more than D
is not admissible in a limit situation (but may happen locally) .

o The limit production belongs to ]0, D[ under weak assumptions
on the coefficients, namely P €]55, 2 + 202KD|.
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Consumer: simulations. We run some numerical simulations, in
the case where P; is a scaled Brownian motion:

dPs = §dWs,  Pr = po+EWs.
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Consumer: simulations. We run some numerical simulations, in
the case where P; is a scaled Brownian motion:

dPs = £€dWs, Pt =po +&Ws.

The optimal control here writes
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We here plot a sample trajectory (blue: &, orange: X, ).
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We now see the effect of penalizing the variance:
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We now see the effect of penalizing the variance:n=2,n=4,71=38.
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Finally, the convergence of the average production E[X;] as t — cc.
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1. Three optimization problems

Company: the model. Recall: the company has to adjust its production
strategy according to the consumer’s behaviour, so as to minimize the
costs. Notice that the company knowns X, as the consumer buys an
amount D — X of energy. Our model is as follows.
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amount D — X of energy. Our model is as follows.

@ Let u; be the production installation rate in t (u; > 0 improves the
production) and let dQ} = u;dt be the energy produced in t.
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strategy according to the consumer’s behaviour, so as to minimize the
costs. Notice that the company knowns X, as the consumer buys an
amount D — X of energy. Our model is as follows.

@ Let u; be the production installation rate in t (u; > 0 improves the
production) and let dQ} = u;dt be the energy produced in t.

@ Modifying the production rate has a cost, quadratic w.r.t. u;: hu?.



The consumer
The energy company

3 The social planner

Company: the model. Recall: the company has to adjust its production
strategy according to the consumer’s behaviour, so as to minimize the
costs. Notice that the company knowns X, as the consumer buys an
amount D — X of energy. Our model is as follows.

@ Let u; be the production installation rate in t (u; > 0 improves the
production) and let dQ} = u;dt be the energy produced in t.

@ Modifying the production rate has a cost, quadratic w.r.t. u;: hu?.

@ For each unity of energy produced at time t, the company has to
pay the amount 77? “ (carbon tax). We assume (details later)

e = S5 +9 &1, where [mg, m1] is a given interval.
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Company: the model. Recall: the company has to adjust its production
strategy according to the consumer’s behaviour, so as to minimize the
costs. Notice that the company knowns X, as the consumer buys an
amount D — X of energy. Our model is as follows.

@ Let u; be the production installation rate in t (u; > 0 improves the
production) and let dQ} = u;dt be the energy produced in t.

@ Modifying the production rate has a cost, quadratic w.r.t. u;: hu?.

@ For each unity of energy produced at time t, the company has to
pay the amount 77?‘ “ (carbon tax). We assume (details later)

e = S5 +9 &1, where [mg, m1] is a given interval.

@ The consumer buys an amount D — X at price P;: we have a
corresp. gain for the company, at price P;, with P = (1 — €)P;.
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Company: the model. Recall: the company has to adjust its production
strategy according to the consumer’s behaviour, so as to minimize the
costs. Notice that the company knowns X, as the consumer buys an
amount D — X of energy. Our model is as follows.

@ Let u; be the production installation rate in t (u; > 0 improves the
production) and let dQ} = u;dt be the energy produced in t.

@ Modifying the production rate has a cost, quadratic w.r.t. u;: hu?.

@ For each unity of energy produced at time t, the company has to
pay the amount 77?‘ “ (carbon tax). We assume (details later)

Tl = Z5mo + 8 1, where [mo, 1] is a given interval.

@ The consumer buys an amount D — X at price P;: we have a
corresp. gain for the company, at price P;, with P = (1 — €)P;.

@ As the quantity Qf should correspond to D — X, there is a penalty
in case of overproduction or underproduction.
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Company: the problem. In each t > 0 the costs are:
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@ quadratic installation costs;
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1. Three optimization problems

Company: the problem. In each t > 0 the costs are:

@ quadratic installation costs;

@ gain from the sale of energy;

hu?— P, (D—X{)
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1. Three optimization problems

Company: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ gain from the sale of energy;

@ carbon tax;

huZ = Pe(D—X2)+7 " (D—X7)
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1. Three optimization problems

Company: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ gain from the sale of energy;
@ carbon tax;

@ term to penalise under/over-production.

= B(D=Xg) 7 (D=X) =\ (D¢ — @2’
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Company: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ gain from the sale of energy;
@ carbon tax;

@ term to penalise under/over-production.

IE[_/ e—Pt(huf—th(D—xf‘)+7r?"”(D—Xt°“)+A(D‘Xfa_0fu)2)dt]
0
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Company: the problem. In each t > 0 the costs are:

@ quadratic installation costs;
@ gain from the sale of energy;
@ carbon tax;

@ term to penalise under/over-production.

So, the company has to solve

inf E V e !t (huf— Pe(D—X&)+m (D=X2) +A(D— X2 — Qt“)z) dt] J
u 0

dQ! = u,dt, P:, X stochastic.

)
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Company: carbon tax. Recall: 7; is the amount the company
pays for each unity of energy produced in t. Practically, 7; € [mg, 7y
(fixed interval) and is increasing w.r.t. the production Q.



1. Three optimization problems The consumer

1.1
2. Looking for an egq 1.2 The energy company
3. Ge s the o3

The social planner

Company: carbon tax. Recall: 7; is the amount the company
pays for each unity of energy produced in t. Practically, 7; € [mg, 7y
(fixed interval) and is increasing w.r.t. the production Q.

A simple but reasonable model is: m; = 7" = X—Dfaﬂo + %771.
Notice: ;""" =g if the company does not work (Q¥ =0, X =D).
Notice: 7y"" = if the company fully works (Qf =D, X =0).
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Company: carbon tax. Recall: 7; is the amount the company
pays for each unity of energy produced in t. Practically, 7; € [mg, 7y
(fixed interval) and is increasing w.r.t. the production Q.

A simple but reasonable model is: m; = 7" = X—Dfaﬂo + %771.
Notice: ;""" =g if the company does not work (Q¥ =0, X =D).
Notice: 7y"" = if the company fully works (Qf =D, X =0).

Company: optimal control. We solve the problem as above. Let

i be the optimal control; we have (R > 0 explicit, @) = Qa):

R R,\ 2A\D — 7 S k - a
ut:_FQt_i_Wl/; e <p+h)(5 t)E[D—XS ‘]:t]ds J

Second term: (over)discounted energy expected to be sold in [t, oo].
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Consumer: limits. If there exists X := lim; E[X?], then

1

JmERI=0 mEGI=(1-555)0-%. |
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@ The average installation rate and production get constant,
i.e. the company stops investing and the production stabilizes.
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@ The average installation rate and production get constant,
i.e. the company stops investing and the production stabilizes.

@ Interpretation of the second limit: the limit production is the
— 5\ ratio of the quantity actually bought by the consumer.

Notice: ratio increasing w.r.t. A, decreasing w.r.t. 7.
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Consumer: limits. If there exists X := lim; E[X?], then
: A . N1 (T =
tlngoE[ut] =0, tILToE[Qt] N (1 2>\D> (D= X). J

@ The average installation rate and production get constant,
i.e. the company stops investing and the production stabilizes.

@ Interpretation of the second limit: the limit production is the
— 5\ ratio of the quantity actually bought by the consumer.

Notice: ratio increasing w.r.t. A, decreasing w.r.t. 7.

@ To have a meaningful model, the limit prod. must be positive.
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Consumer: limits. If there exists X := lim; E[X?], then
: A . N1 (T =
tlngoE[ut] =0, tILToE[Qt] N (1 2>\D> (D= X). J

@ The average installation rate and production get constant,
i.e. the company stops investing and the production stabilizes.

@ Interpretation of the second limit: the limit production is the
— 5\ ratio of the quantity actually bought by the consumer.
Notice: ratio increasing w.r.t. A, decreasing w.r.t. 7.

@ To have a meaningful model, the limit prod. must be positive.

@ The limit production is positive under weak assumptions. Also
notice it is always smaller than D — X (reasonable: no interest
in producing more than the quantity bought by the consumer).
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Social planner: model and problem. Recall: the social planner
wants to minimize the sum of the two payoffs.
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Social planner: model and problem. Recall: the social planner
wants to minimize the sum of the two payoffs.

Hence, we have the following problem:

(inf)lE{/ e‘”t(cat + 705 + huf + (7 + Pe — P)(D — X7)
a,u 0

+ nVar[X?]+ A(D — X — 05)2) dt} ,

dX{* = baydt + o Xt dW,, dQ; = u.dt, P stochastic. J

Notice: optimization with respect to (v, u), two-dimensional
problem. Also recall that P is a generic stochastic process.
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Social planner: optimal control. We can solve this problem by
the same technique as above (attention: two-dimensional problem).
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Social planner: optimal control. We can solve this problem by
the same technique as above (attention: two-dimensional problem).

Let 8* = (a*, u™) be the optimal control and Z* = (X*, Q*) be the
corresponding optimal process. After some computations, we find

= * * = * 1 > —=3(s—
ﬂ;k = _:1(Zt — ]E[Zt ]) — :zE[Zt] = EN 1/ e =s( t)E[Ms|]:tO]dS
t

ol [T Cme—t)  —Zs=)\ [ e
N /t (e e )Msds &

Here, N, M are known matrices, whereas =; are solution to an
algebraic matrix equation (easy numerical computations). Also,
notice the mean-reverting term.
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Social planner: limits. If there exists P := lim; E[P;], then

2AD?(2my — mo +eP — £5) — Dn?
im E[a}]=0, lim E[X}]= (2m —mo +P ~ ) ~ D _ 3.
t—00 t—o00 4)\D(771 — 7o + 02K11D) — 7

1=, i B@1=(1 )0 %)=
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Social planner: limits. If there exists P := lim; E[P;], then

IND2 (21 — mp 4+ eP — £5) — D2 _
lim E[af]=0, lim E[X;]= (2m1 —mo + ¢ 5) — D _
t—o0 t—00

4)\D(7T1—7T0+0'2K11D) — 7 -
. * . * 1 vV ok . Ak
Jim E[u]=0, lim E[Q;]= (1~ 55) (D X*) = Q"

@ The average control and variable get constant, i.e. the social
planner suggests finite prod. rates for consumer and company.
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Social planner: limits. If there exists P := lim; E[P;], then

2AD?(2m;, — mo +eP — £5) — Dm? e
4)\D(7T1—7T0+0'2K11D)—7T% T
g 3 o * 1 T x =
Jim E[u]=0, lim E[Q;]= (1~ 55) (D X*) = Q"

t|l>ngo Eloz]=0, t|l>no]o E[Xe1=

@ The average control and variable get constant, i.e. the social
planner suggests finite prod. rates for consumer and company.

o Limit for Q*: similar to the one in the company’s problem;
indeed, this is not a coincidence...
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Social planner: limits. If there exists P := lim; E[P;], then

2)\D2(27r1 — o+ €eP — %) — Dn? o
4)\D(771 — T +02K11D) — 7 T
T

1=, i B@1=(1 )0 %)=

t|l>ngo Eloz]=0, t|l>no]o E[Xe1=

@ The average control and variable get constant, i.e. the social
planner suggests finite prod. rates for consumer and company.

o Limit for Q*: similar to the one in the company’s problem;
indeed, this is not a coincidence...

@ To have a meaningful model, we need X* € |0, D[ and @* >0,
for the reasons seen in the consumer’s case.
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Social planner: limits. If there exists P := lim; E[P;], then

2)\D2(27r1 — o+ €eP — %) — Dn? o
4)\D(771 — 7o + 02K11D) — 7 T

D—X*)=:Q".

t|l>ngo Eloz]=0, t|l>no]o E[Xe1=

Jim E[w]=0, lim E[Q;]= (1~ 55 )(

@ The average control and variable get constant, i.e. the social
planner suggests finite prod. rates for consumer and company.

o Limit for Q*: similar to the one in the company’s problem;
indeed, this is not a coincidence...

@ To have a meaningful model, we need X* € |0, D[ and @* >0,
for the reasons seen in the consumer’s case.

@ These admissibility conditions hold under weak assumptions;
namely, we just need D or m; big enough.
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A suitable definition. Recall the results of the three problems.

Opt. prod. for consumer  Opt. prod. for company

Consumer's pb.
Company's pb.
Soc. planner’s pb.
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A suitable definition. Recall the results of the three problems.

Opt. prod. for consumer  Opt. prod. for company

Consumer’s pb. X(P)

Company's pb. Q(a(P))
Soc. planner’s pb.
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A suitable definition. Recall the results of the three problems.

Opt. prod. for consumer  Opt. prod. for company

Consumer’s pb. X(P)

Company's pb. Q(O‘(P))
Soc. planner’s pb. X*(P) Q*(P)
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A suitable definition. Recall the results of the three problems.

Opt. prod. for consumer  Opt. prod. for company

Consumer’s pb. X(P)
Company's pb. Q(O‘(P))
Soc. planner’s pb. X*(P) Q*(P)

We are interested in a price process P such that the social planner’s
suggestions for the consumer (the company) coincide with the
optimal control of the consumer himself (the company himself).



A suitable definition. Recall the results of the three problems.

Opt. prod. for consumer  Opt. prod. for company

Consumer’s pb. X(P)
Company's pb. Q(O‘(P))
Soc. planner’s pb. X*(P) Q*(P)

We are interested in a price process P such that the social planner’s
suggestions for the consumer (the company) coincide with the
optimal control of the consumer himself (the company himself).

Definition (first attempt). A Pareto equilibrium is a price process P
such that X;(P) = X;/(P) and Q¢(a*(P)) = Qf (P), for t > 0. J
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Conditions: X:(P) = X;(P) and Q:(a*(P)) = Qi (P). By def.,
the second one is satisfied for any P. We focus on the first one:
very hard to solve. Idea: weaker definition, in term of limits.
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Conditions: X:(P) = X;(P) and Q:(a*(P)) = Qi (P). By def.,
the second one is satisfied for any P. We focus on the first one:
very hard to solve. Idea: weaker definition, in term of limits.

Definition (second attempt). An asymptotic Pareto equilibrium is a
real number P such that lim¢_, o E[X;](P) = lim;_00 E[X](P). J
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Conditions: X:(P) = X;(P) and Q:(a*(P)) = Qi (P). By def.,
the second one is satisfied for any P. We focus on the first one:
very hard to solve. Idea: weaker definition, in term of limits.

Definition (second attempt). An asymptotic Pareto equilibrium is a
real number P such that lim¢_, o E[X;](P) = lim;_00 E[X](P). J

Indeed, some admissibility conditions are necessary...
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3. Generalizing the model

Conditions: X:(P) = X;(P) and Q:(a*(P)) = Qi (P). By def.,
the second one is satisfied for any P. We focus on the first one:
very hard to solve. Idea: weaker definition, in term of limits.

Definition (second attempt). An asymptotic Pareto equilibrium is a
real number P such that lim¢_, o E[X;](P) = lim;_00 E[X](P). J

Indeed, some admissibility conditions are necessary...

Definition. An admissible asymp. Pareto equilibrium is a real Ps.t.
e lim: E[X;](P) = lim: E[X}](P);
o lim;E[X;](P) €10, D][;
o lim; E[Q;](P) € 10, +oo];
o P€]0,+o0[.
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Conditions and formulas. We now look for admissible asymptotic
Pareto equilibria for our problem. The equation

lim BIX](P) = lim E[X{](P)

corresponds, by the formulas above, to

bP — pc  2AD?(2my — mo + &P — pc/b) — Dr}
2bo2K 4)\D(7r1 —7ro+a2K11D) -



Conditions and formulas. We now look for admissible asymptotic
Pareto equilibria for our problem. The equation

lim E[X](P) = lim E[X;](P)
corresponds, by the formulas above, to

bP — pc  2AD?(2my — mo + &P — pc/b) — Dr}
2bo2K 4)\D(7r1 —7ro+02K11D) -

This finally leads to

b

202KD(2)\D(27T1—7r0—"—C)—7Tf) + ”—;(4)\D(7r1—7r0+02K11D)—7rf)
4)\D(7T1 — o + O'ZKHD) — w2 — 4edo2KD? '

P:

We just have to check the (three) admissibility conditions...
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3. Generalizing the model

A necessary and sufficient condition for the existence of an admissible
asymptotic Pareto equilibrium is that:

202KD(2)\D(27r1—7r0—p—b°)—wf)+’)—:(4)\D(7r1—7ro+a2KnD) —ﬂf) >0,
—mo 4+ 20°D(K™ —eK) + (1 — )& > 0,
2AD(2my — mo — £5) — 7} + 2eAD(pc/b) > 0,

m1 < 2AD,
or

20’2KD(2)\D(271'1—7T0—”—;)—ﬂ'f)—i—"f(4)\D(ﬂ1—7ro+aanD) —ﬂf) <0,
—mo +20°D(K' —eK) + (1 —¢)££ <0,

2)\D(27r1 — o — p—bc) — 72+ 2eAD5 <0,

T < 2AD.

In this case, the equilibrium is unique and defined as above:
20°KD(2AD(2m —mo— ) =3 ) + £ (4XD(m —mo+0* K D) —7? )
4)\D(7T1 — o + O’anD) — w2 — 4edo2KD? ’

P:
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the carbon tax is fundamental to have an equilibrium!
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Notice: if w1, m = 0, the conditions are not satisfied: in our model,
the carbon tax is fundamental to have an equilibrium!

The proposition above provides a complete and explicit solution to
our questions. However, the conditions are a bit complicated. We
then rewrite the statement in a stronger but simpler version.



Notice: if w1, m = 0, the conditions are not satisfied: in our model,
the carbon tax is fundamental to have an equilibrium!

The proposition above provides a complete and explicit solution to
our questions. However, the conditions are a bit complicated. We
then rewrite the statement in a stronger but simpler version.

Proposition

A sufficient condition for the existence of an admissible asymptotic
Pareto equilibrium is that:

2AD (27, — mo — pc/b) — w3 > 0,

—mo + 202D(K — eK) + (1 — €)pc/b > 0,

m < 2AD.

In this case, the equilibrium is unique and defined as above.

Notice: conditions easily satisfied, we just need D big enough!
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New costs. Recall the installation costs for the consumer:

car +ya?. J

They only depend on the present choice ay, not on the past. It is
reasonable to add a path-dependence: there should be a discount
linked to the total number of panel bought in the past, i.e. fot asds
(in the long run: lot of sales, better technologies, cheaper prices).
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New costs. Recall the installation costs for the consumer:

car +ya?. J

They only depend on the present choice ay, not on the past. It is
reasonable to add a path-dependence: there should be a discount
linked to the total number of panel bought in the past, i.e. fot asds
(in the long run: lot of sales, better technologies, cheaper prices).

This suggests the following new definition for the installation costs:
cay +ya? — [LOétE[fOt asds].

Problem: a new state variable. But dX{* = badt + o X>dW, so

that E[ [y asds] = (E[X2]—x0)/b and we can rewrite as (u=/i/b)

cay +ya2 — paE[XS. J




Further generalization. We could also consider a similar change
for the company's costs: from hu? to hu? — vu,E[QF]. Formulas
are similar, but more complicated. So we here focus on the case
where only the consumer’s costs change.
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Further generalization. We could also consider a similar change
for the company's costs: from hu? to hu? — vu,E[QF]. Formulas
are similar, but more complicated. So we here focus on the case
where only the consumer’s costs change.

Consumer. We have a new problem for the consumer.

@ The payoffis
inf E {/ e*"t(cat+7a§71(},tE[X?]+Pt(Dt*Xta)JrUVar[Xfé]) dt] :
« 0

@ The limit for the optimal control is
bP — pc J

lim E[X;] = ——5———.
— [X] 2ba?K—pp
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Social planner. We have a new problem for the social planner.

@ The payoff is

infE[/ e Pt (Cat + ya?—poE[X] + hu?
0

o,u

+ (7 4 P—Py) (De—X) +nVar[Xf‘]+>\(Dt—Xf‘—Q;’)2) dt} )

@ The limits for the optimal controls are
2AD?(2my — mo + eP — £5) — D}
4AND(my — mp + 02 K11D—24D) — 72

i 5071=(1 ) 0 X).

= X*,

A EXE]=




3. Gen’eralizing the model

Pareto equilibria. We have new formulas for the equilibria.

@ The sufficient conditions for the existence/uniqueness of an
admissible asymptotic Pareto equilibrium are
2)\D(27r1 — 7o — P—;) — 720,
20°K -2 > 0,
—mo +20°D(K™ — eK) + (1 — &) &8+ 24P > 0,
m < 2AD.
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Pareto equilibria. We have new formulas for the equilibria.

@ The sufficient conditions for the existence/uniqueness of an
admissible asymptotic Pareto equilibrium are
2)\D(27r1 — 7o — P—;) — 720,
20°K -2 > 0,
—mo +20°D(K™ — eK) + (1 — &) &8+ 24P > 0,
m < 2AD.

@ The formula for the equilibrium is

D(20*K— ”“)(2)\D(2771—7ro—p—;) i)
4D (my —mo+02 K11 D ££5) — 72 —2eAD? (202 K— £L£)
”—bc(4>\D(771—7ro+a K”D—M)—ﬂ'f)

4>\D(7r1—7ro+02K11&%) QEADZ(Qa.zK mz)'
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Pareto equilibria. We have new formulas for the equilibria.

@ The sufficient conditions for the existence/uniqueness of an
admissible asymptotic Pareto equilibrium are
2)\D(27r1 — 7o — P—;) — 720,
20°K -2 > 0,
—mo +20°D(K™ — eK) + (1 — &) &8+ 24P > 0,
m < 2AD.

@ The formula for the equilibrium is

D(20% K—2) (2AD (2my —mo — £5) —3)
4AD (my—mo+02 K1 D—2LP) — 72 —2eAD2? (202 K— £1)
€ (4AD (1 —7r0+02K11D—%) —i)

AXD (my —mo+02 K1 D 2L0) — 72 —2eAD? (202 K—£L)

I_Dz

Conclusion. All the results still hold!
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. Three optimization problems

Consumer’s demand satisfied by self-production and market
Point of view of a consumer, a company, a social planner
Framework: McKean-Vlasov stochastic optimal control
Explicit formula for the optimal controls

Looking for an equilibrium

Definition of admissible asymptotic Pareto equilibrium
Necessary and sufficient conditions for existence and uniqueness
Explicit formulas for the equilibrium

Generalizing the model

A more general model with path-dependence in the installation costs
All the results still hold
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Thank you!
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