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GARCH(1,1) models with exogenously-driven volatility :

structure and estimation

NAZIM REGNARD *AND JEAN-MICHEL ZAKOTANT

Abstract: This paper considers GARCH(1,1) models in which the time-varying coefficients
are functions of the realizations of an exogenous stochastic process. Time series generated
by this model are in general nonstationary. Necessary and sufficient conditions are given for
the existence of non-explosive solutions, and for the existence of moments of these solutions.
The asymptotic properties of the quasi-maximum likelihood estimator are derived under

mild assumptions and its finite sample properties are investigated by simulations.
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1 Introduction

The autoregressive conditionally heteroskedastic model (ARCH) introduced by Engle (1982),
and the so-called generalized ARCH of Bollerslev (1986), were the first time series models
in which the dynamics was driven by volatility, that is the conditional variance. Volatility
being considered a measure of risk, these classes of models have gained an enormous pop-
ularity in the financial econometrics literature. Fitted GARCH models often lead to the
conclusion that the underlying process is (close to be) non covariance stationary. In fact,
as put forward e.g. by Lamoureux and Lastrapes (1990), Gray (1996), and more recently
Mikosch and Starica (2004), the apparent high persistence might be spuriously caused by
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parameters varying through the sample, corresponding to different volatility regimes. To
cope with this problem, numerous Markov-switching (MS) GARCH models have been pro-
posed, in the spirit of the class developed by Hamilton (1989) for ARMA models; see e.g.
Hamilton and Susmel (1994), Dueker (1997), Haas, Mittnik and Paolella (2004).

Contrary to other classes of time series models (in particular the ARMA), MS - as well
as standard - GARCH models, are only designed for strictly stationary time series. The
strict stationarity conditions have been established by Nelson (1990) for the GARCH(1,1),
and by Bougerol and Picard (1992) for the GARCH(p, ¢). They have been extended to the
MS-GARCH(p, q) by Francq, Roussignol and Zakoian (2001). When the stricti stationarity
conditions do not hold, the standard GARCH model only admits a degenerate solution
(the square of the process converges in probability to infinity for any initial value). The
same remark holds for the various extensions of the standard GARCH, in particular those
allowing for asymmetric responses to shocks (see Terésvirta (2007) and the references
therein) or long memory GARCH models (see Giraitis, Leipus and Surgailis (2007)).

The model of this paper combines changes in regimes and nonstationarity. The changes
of regimes occur at known dates and are driven by an observed process. More precisely,
we consider GARCH(1,1) models in which the coefficients are functions of the realizations
st of an exogenous stochastic process (S¢) taking its values in a finite set, {1,...,d} say.
The model will then be conditional on (S;). Contrary to Markov-switching models, the
switching-regime process is observed. The model is capable of generating solutions which
are not stationary without being explosive.

Models with time-varying coefficients have been considered by many authors in the
time series literature; see e.g. Dalhaus (1997), Azrak and Mélard (2006). Models in
which the coefficients are periodic functions have been proposed by Basawa and Lund
(2001), among others, and in the GARCH framework by Bollerslev and Ghysels (1996).
However, periodic models are not suitable when the change of dynamics occur at irregular
dates. GARCH models with time varying coefficients have been considered by Polzehl
and Spokoiny (2006). Time series models in which the coefficients are subordinated to
an exogenous process have been recently proposed and analyzed for the conditional mean
by Bibi and Francq (2003), Francq and Gautier (2004a, 2004b). They consider ARMA
models with time-varying coefficients driven by an observed process and prove asymptotic

properties for least-squares and generalized least-squares estimators. This paper follows



the same approach for the modeling of conditional variances and studies the properties of
the quasi-maximum likelihood estimator (QMLE).

The paper is organized as follows. In Section 2 we introduce the time-varying GARCH
model and give the main interpretations. The existence of non explosive solutions is dis-
cussed in Section 3. We also derive conditions for the existence of moments. Section 4
is devoted to the statistical inference. The properties of the QMLE, namely the strong
consistency and asymptotic normality, are established. Proofs and technical lemmas are

relegated to an appendix.

2 Model specification
We consider the time-varying coefficients GARCH(1,1) model

€ = \/}Tﬂ]t, hy = W(St) + Oé(St)QQ_l + ﬁ(st)ht_l, teZ (21)

where (7;) is a sequence of independent and identically distributed (iid), centered vari-
ables with unit variance; (s;) is a sequence of coefficients with values in a finite set
E = {e1,...,eq}; the functions w(-),a(-),3(:) are defined on F with values in R™ with
w(-) > 0.

In each "regime" (i.e. for each value of s;) the volatility is that of a standard GARCH(p, q)
model. Of course, the existence of non trivial solutions to this model require conditions on
the coefficients and the sequence (s;). In the standard GARCH framework, the conditions
derived by Bougerol and Picard (1992) ensure the existence of a strictly stationary solu-
tion. For Model (2.1), we will derive conditions ensuring the existence of a solution that
is not stationary, in any sense. The probability properties will be investigated in the next
section.

When the sequence (s;) is purely periodic (with s;1q = s; for any t), we retrieve the
periodic-GARCH model introduced by Bollerslev and Ghysels (1996). However, it is often
too restrictive to assume that the coefficients change in a purely periodic way. The model
of this paper can accommodate situations where the volatility coefficients fluctuate in time
but with a certain regularity in the fluctuations.

An potential application of Model (2.1) is the modeling of electricity prices. Appropri-
ate modeling of electricity prices is crucial for the management and trading in electricity

markets. Several different approaches have been proposed in the literature (see Haldrup



and Nielsen (2006) for a recent reference in which a regime switching model is developed).
Electricity prices present similarities with financial data but also important differences such
as strong seasonal effects. In particular, the strong dependence between electricity demand
and the weather conditions leads to periodic behaviors in the volatility of electricity prices
(see e.g. Carnero, Koopman and Ooms (2003)). In the framework of Model (2.1), a mod-
eling of the volatility of electricity prices can be based on a sequence (s;) related to the
temperature (or any other indicator of the weather conditions).

We now turn to the probability properties of the model.

3 Probability structure

Without further restrictions, there is no guarantee about the existence of nonexplosive
solutions to Model (2.1). In this section we are interested in nonanticipative solutions (),

i.e. such that € is a function of the variables n;_;,7 > 0, for a given sequence (s;).

3.1 Existence of non explosive solutions
Letting a(z,y) = a(z)y? + B(z) we have
he = w(st) + a(se, m—1)he—1. (3.1)

The first result gives a stability condition, based on the assumption that (s;) visits the

different states with a certain regularity. Let by convention log(0) = —oc.

Theorem 3.1 Forj=1,...d let T(t,j,n) ={r €{0,...,n}|si—r = e;}. Assume that

T(t, g
Vi, ‘(’nj’n)‘ — 7,  whenn — oo (3.2)

for some m; > 0 with Z;lzl mj = 1. Then, if

d
v =Y _miE{loga(ej,m)} <0, (33)
j=1

Model (2.1) admits a nonanticipative solution (&) given by

+oo 1/2
€ = {w(st) + Z a(Se,Me—1) - - - a(St—n+1, mn)w(stn)} M. (3.4)
n=1

If vo > 0, for any starting value hg we have hy — 400, almost surely as t — oo. If, in

addition, E|logna| < oo then €7 — +oo, almost surely as t — oo.



Remarks:

1. Assumption (3.2) is very general. Realizations of stationary and ergodic processes
on F obviously satisfy this condition, with probability one. For example, with d = 2,
the sequence (s¢) = (...,1,0,1,0,...) yields m; = m = 0.5, whereas the sequence

(s¢) =(...,1,0,0,1,0,0,...) yields m; = 2/3 and 7 = 1/3 (with e; = 0,e3 = 1). !

2. It should be noted that the solution obtained in (3.4) is nonstationary. Indeed,
the random coefficients in the infinite sum depend on the values of the s;_,. For
instance if a(-) = f(-) = 0, the solution process is defined by € = \/w(s¢)n: and is

non identically distributed when w(-) is not constant.

3. The local stationarity condition, i.e. the condition for stationarity in each regime,
E{loga(e;,no)} <0forj=1,...,d, implies the existence of a solution by (3.3). The

converse is not true. Condition (3.3) does not entail local stationarity of all regimes.

4. Since a(ej,no) > B(e;), a simple necessary condition for the existence of a solution

to model (2.1) is given by
d
[15% ;) < 1. (3.5)
j=1

5. In the ARCH(1) case, a more explicit condition can be given. Since loga(e;,n) =

log a(e;) + log 3 we find
d
[T o™ (ej) < e Plesms. (3.6)
j=1

In particular this condition holds when the distribution of 7y has a mass at zero. It
can also be noted that when ~y > 0, the condition F|log 778| < oo is automatically
satisfied in the ARCH case, and thus Theorem 3.1 shows that €2 — 400, a.s. Indeed,
since Elog™ n? < En? = 1, where log™ () = max{log(z),0} for x > 0, we have
E|logn3| = oc if and only if Elogn? = —oo. Hence, if H?:l a’i(ej) > e~ Elognd we

must have Flogni > —oo.

!An example of a sequence (s;) which does not satisfy this condition can be constructed as follows:
let so = 0 and, for t > 1, let s, = 1 until 137 _si > 3/4. Then, let s; = 0 until + >20_;s; < 1/4.
Then let s; = 1 until + 3¢ s; > 3/4 and continue this way. The first ten elements of this sequence are
0,1,0,0,0,0,1,1,1,1. To complete the sequence let s_y = s; for any ¢ > 0. It follows that (3.2) is not

satisfied because for j = 1,2 and the sequence (|7 (0, j,n)|/n) has two accumulation points 1/4 and 3/4.



A consequence of Theorem 3.1, without further assumption, is the existence of a finite

moment, of small order, for the process ().

Theorem 3.2 Under the assumptions of Theorem 3.1, we have
E{e}" < o0, for some r >0

where (&) is defined in (3.4).

3.2 Predictions of the squares

For standard GARCH(1,1) models, the predictions of €7 are obtained from the ARMA(1,1)
representation for the squares. Similarly, for Model (2.1), letting u; = €2 — hy = (97 — 1)hy

we have
6% = w(St) + (CY + ,3)(815)6?,1 + ug — ﬁ(st)ut_l.

Letting 6; = €7 — w(s;) — (o + B)(st)e?_;, we thus have under the assumptions of Theorem

3.1,

& = wlse)+ (a+P)(se)efs — Zﬁst B(8t—k)0t—k—1 + us.

k>0

This representation is valid because (3.3) implies

U

Zﬂ] log B(e;) Z jE{loga(ej,mo)} <0,

from which the existence of the infinite sum is deduced, by the arguments used in the proof
of Theorem 3.1. Note that the expectation of u; conditional on €7 past values is zero. The

optimal predictor €2 of €7 is then

& =w(s) + (a+ B)(s)ef 1 — Y B(se) ... Blst—p)Ft—p1.

k>0
Predictions at higher horizons can be derived similarly. Contrary to standard GARCH
models, predictions formulas are time dependent trough the coefficients s;.
3.3 Existence of a non explosive solution with finite moments

We now consider the existence of second-order moments for the solution (3.4).



Theorem 3.3 Let Assumption (3.2) hold. Then if

d

v = H {Ea(ej,mo)}™ < 1, (3.7)
j=1

Model (2.1) admits a non anticipative solution (e;) with Ee? < co. If y1 > 1 there is no

nonanticipative solution (e;) such that Ee? < oc.

The already given comment applies: the local second-order conditions, E {a(e;,n0)} < 1
for all j, are sufficient but non necessary for the global second-order condition.

The following is an extension to higher-order even moments.

Theorem 3.4 Let m denote a strictly positive integer such that En?™ < oo. Under the
assumptions of Theorem 3.1 and if

d

Vm 1= H {Ea(ej,m)"}™ <1, (3.8)
j=1

Model (2.1) admits a non anticipative solution (€;) with Ee2™ < co. If v > 1 there is no

nonanticipative solution (e;) such that Ee?™ < 0o,

Note that Condition (3.8) is stronger than (3.3) since, by the Jensen inequality,

d d d
> mmiE{loga(ej,m)} < Y mjlog E{a(ej,n0)}™ =log [ [{Eale;,mo)™}™.
j=1 j=1 J=1

3.4 Some special cases

(a) standard GARCH. The classical GARCH(1,1) model is a particular case of model
(2.1), obtained when d = 1 (or equivalently when the functions w, @ and [ are constant).
In this case, (3.3) reduces to the strict stationarity condition established by Nelson (1990),

and the solution in (3.4) is strictly stationary.

(b) periodic GARCH. The use of periodic models for characterizing seasonal time series
has a long story. In particular, the class of periodic ARMA models has received a great
attention (see e.g. Tiao and Gruppe (1980), Anderson and Vecchia (1983), Lund and
Basawa (1990)). Periodic GARCH models where considered by Bollerslev and Ghysels
(1996) and correspond to sy1q = s¢ for any ¢, in our framework. For instance if d = 5,

for daily series, the volatility at each day of the week has a different specification. The



periodicity of s; allows to simplify the stability conditions. Indeed we have 7; = 1/d, for

j=1,...,d and Conditions (3.3) and (3.7) reduce to

d d
Elog H a(ej,mo) <0 and H E{a(ej,mo)} < 1.
j=1 j=1
It can be seen from (3.4) that in this case, the processes (€gi4):, for i = 1,...,d, are

strictly stationary.

(c) (s¢) realization of a stationary process. Model (2.1) can be viewed as being
conditional on a realization (s¢) of a process (S;), with values in E. Suppose that the
process (S;) is stationary, ergodic, defined on the same probability space (€2, A,P) as (1),
and independent of (7). By the ergodic theorem, (3.2) holds with m; = P(S; = ¢;). It
follows that vo = E{loga(St, ne)}-

It is interesting to compare Model (2.1), which is conditional on (S;), with the uncon-

ditional model
st = Vhsym,  hsy =w(S) + a(S)eg, 1 + B(S)hsi—1, tEL (3.9)
The proof of the following result is omitted for brevity but is available from the authors.

Theorem 3.5 Suppose that (3.3) holds. Then Model (3.9) admits a unique strictly sta-

tionary solution (eg;), which is also ergodic and nonanticipative.

The existence of () in (3.4) is guaranteed under the assumptions of Theorem 3.5.

However, it is important to distinguish the strictly stationary solution of Model (3.9),

+o0 1/2
€5t = {W(St) + Za(stant—l) . ~'a(St—n+1a77t—n)w(St—n>} Nt Q.S (3.10)

n=1
from its realization, (e;), which is a non stationary solution of Model (2.1). The proba-
bilistic properties of the two processes are not the same. For instance, we have seen that
Ee? < oo under (3.7). But this condition is neither necessary nor sufficient for Eeg’t < 00.
In fact, the existence of the latter expectation requires more assumptions on the process
(S¢) than those already made. For instance, in the case of a Markov chain (S;), such condi-
tions involve the transition probabilities of the chain (see Francq, Roussignol and Zakoian,
Theorem 2, 2001). By contrast, Condition (3.7) only involves the stationary probabilities

of (St), not its dependence structure.



4 Quasi-maximum likelihood estimation

Berkes, Horvath and Kokoszka (2003) and Francq and Zakoian (2004) (hereafter FZ)
have established the consistency and asymptotic normality of the QMLE for standard
GARCH(p, ¢) models under mild conditions. See also Straumann (2005) for a comprehen-
sive monograph on the estimation of conditionally heteroskedastic time series, in which the
asymptotic properties of the QMLE are investigated when the volatility process is a gen-
eral function of the form o2 = go(X;_1,... ,Xt_p,gf_l, . ,atz_q), where the observations
are X1,...,X,. However, these results cannot be used for the model of the present paper
because the volatility is a time dependent function of the past variables.

In the previous section we have seen that, under appropriate conditions, Model (2.1)
admits a well-defined solution. However this solution is in general nonstationary and, from
a statistical point of view, this entails difficulties. In particular, the ergodic and central
limit theorems for stationary sequences cannot be used in this framework.

For convenience we will index by zero the coefficients of the data-generating mechanism
e = \Vhe, e =wo(s) + ao(se)er_y + Bo(se)hi—1, (4.1)

and denote by 0 = (w(e1),...,w(eq),aler),...,aleq),Bler),...,0(eq)) = (01,...,033)
the vector of parameters, with true value 6. The parameter is assumed to belong to a
parameter space © CJ0, +o0o[?x [0, 0o[??. The sequence (s;) is observed, and the orders p, ¢
and d are known a priori.

We introduce the following assumption.

AO: (s;) is a realization of a process (S;) which is stationary, ergodic, defined on the same
probability space (2, A4,P) as (1), and independent of (1;). Moreover, (3.2) holds
with m; = P(Sy =€), j=1,...,d.

It can be noted that, by the ergodic theorem, the first part of AO implies (3.2), but only
for almost all sequences (s¢). The second part of A0 ensures that (s;) is a sequence for
which the convergence in (3.2) holds. Note also that A0 is not in contradiction with the
motivations of Model (2.1). Even if (s;) is the realization of a stationary process, (&) is in
general non stationary.

Let (e1,...,€,) be a realization of length n of a nonanticipative solution (&) to model



(4.1). Conditionally on initial values &y and 63 the gaussian quasi-likelihood is given by

- 1 6?
Ln(e) :Ln(e;ﬁlw"aen) = H €xXp | — )

~2
201

with 62 = w(s1) + a(s1)é + B(s1)53. For instance, the initial values can be chosen as

€3:58:e% or 6025'(2):’}/ (4.2)

for some constant « which may depend on 8. A QMLE of # is defined as any measurable
solution én of

0,, = arg max L, () = arg min1,(6), (4.3)
0cO 0O

where

n 2
L0)=n"> 0 and & =10(0) = % +log 2.
t=1 t
Let ag(z,y) = ap(z)y? + Bo(z). We make the following assumptions.

Al: 6y € © and O is compact.
A2:  For 6y, we have Z?Zl njE{logag(ej,no)} < 0 and VO € O, H;'l:1 BTi(ej) < 1.
A3:  There exist 7, p € (0,1) and C' > 0 such that

Vi >0, E{a5(Se,ni-1)-..ah(St—i,n—i—1)} < Cp'L. (4.4)
A4: n? has a nondegenerate distribution with En? = 1.

A5:  For all i, ap(e;) + Bo(ei) # 0 and there exist £ € {1,...,d} and k > 0 such that
ap(eg)P(Si—x = ep, St = €;) > 0.

Assumption A1 is standard. Note that the stability condition in A2 is only imposed
for the true value. For 6 # 6y we impose the weaker condition in (3.5). Assumption A3 is
a technical assumption which will be discussed below. Assumption A4 is required for the
consistency of the QMLE of standard GARCH models (see the aforementioned references).
Assumption A5 is made for identifiability reasons. In particular it precludes, for the true
parameter value, (i) regimes with constant volatility, and (ii) cancelation of all coefficients
ap(e;). This assumption also implies P(S; = e;) > 0 for all i. Notice that in the standard
GARCH(1,1) case, with d = 1, A5 reduces to a1 > 0, which is the usual identifiability

assumption. When d > 1, states with ag(eg) = 0 are allowed (but then Gy(ep) > 0).

10



4.1 Asymptotic results

Our first asymptotic result establishes the strong consistency of the QMLE.

~

Theorem 4.1 Let (6,,) be a sequence of QMLE satisfying (4.3), with the initial conditions
(4.2). Then, under A0-A5, almost surely 0,, — 0y, as n — oo.

For the asymptotic normality, the following additional assumptions are made.
AG6: 6y belongs to the interior of ©.
AT: k, = En} < cc.

Assumption A6 precludes the case where some GARCH coefficients are equal to zero. This
assumption is necessary for the asymptotic normality because the estimator 0,, is obtained
under positivity constraints. See Francq and Zakoian (2007) for the asymptotic distribu-
tion of the QMLE for standard GARCH with coefficients equal to zero. Assumption A7
is required for the existence of the variance of the score vector. Without this assump-
tion, usual estimators in the standard GARCH framework have non standard asymptotic
distributions (see Hall and Yao (2003)).

In the theoretical developments considered in the sequel, for clarity we will sometimes
index by S,n the expectation of a variable depending on both processes (S;) and (n;).
Notice that the stability condition (3.3) takes the form

Esp{log ao(So,m0)} < 0. (4.5)
It will be convenient to introduce the model
est = \/hsime,  hsi = wo(Si) + ao(St)es—1 + Po(S)hsi—1, teL.

By Theorem 3.5, under (4.5), this model admits a strictly stationary solution (eg¢) given

(3.10). For any 6 € O satisfying the second part of A2, denote by (J§7t)t = {U§7t(0)}t

the strictly stationary, ergodic and nonanticipative solution of
08 = w(Se) + Sty + B(SH)og 1 (4.6)

Note that a?g,t(ﬁo) = hgy.

11



Theorem 4.2 Under Assumptions A0-AT, \/n(0,—0) is asymptotically N'(0, (ky—1)J71)

distributed, where

1 8U§,t(90) 8U§,t(90)
= Esn <a§,t(90) 20 o0 (47)

is a positive-definite matrix.

It is worthnoting that for the standard GARCH(1,1) (obtained for d = 1), Theorems 4.1
and 4.2 reduce to the results established by FZ. It can also be noted that the asymptotic
covariance matrix not only depends on the stationary probabilities (7 (1),...,7(d)) but

depends on its whole dependence structure of the process (.St).

4.2 Discussion of Assumption A3

Assumption A3 can be verified in particular cases. If (S;) is an independent process then,
by AO, (St ) is an independent process and the left-hand side of the inequality reduces
to {Eaj(Ss,n:)}"!. By the first part of A2 we have Eajj(S;,n;) < 1 for some r > 0 (see
Berkes, Horvath and Kokoszka (2003)). Thus A3 holds true, under A2, when (S;) is an
independent process.

Another case of interest is when (S;) is a Markov chain. Let p(A) denote the spectral

radius of any square matrix A.
Theorem 4.3 Suppose that (S;) is a homogeneous, stationary, irreducible, and aperiodic
Markov chain and denote by p(k,¢) = P(S; = ¢ | Si—1 = k) the transition probabilities.
Let gr(x) = E{ay(z,m)}, for r € (0,1), and let

p(L,1)gr(1) -+ p(d;1)gr(1)

P, — . :

p(1,d)gr(d) --- p(d;d)g,(d)

Then (4.4) is verified if p(P,) < 1.
Finally, without any further assumption on (S;), a sufficient condition for A3 to hold

can be given. Let &g = max;{ag(e;)} and B, = max;{Bo(e;)}. Then if
A3’ Elog{aon? + By} <0,
A3 holds true, by the argument used for the independent case. Note however that A3’ is

more restrictive than A2-A3 because it precludes "nonstationary regimes" (i.e. regimes

in which the standard strict stationarity condition for GARCH is violated).

12



Appendix: Lemmas and Proofs

Proof of Theorem 3.1. Iterating (3.1) yields

N
hy = w(st)+ Z a(s,Me—1) - - a(St—nt1, Ni—n)w(St—n)
n=1
+a(sg,ne—1) .- a(S— N, M—N—1)hi—N—1. (A1)

Note that the terms involved in the sum are nonnegative. Therefore this sum converges
almost surely (a.s.) in RT U {400} and we can use the Cauchy rule to see if the limit is
finite. Letting wp ¢ = a(s¢, me—1) - .. a(St—n+1, Ne—n)w(St—n), for n > 1, we have

1/n

Upt = {G(St,ﬁt—l)---G(St—n+17ﬁt—n)w(St—n)}I/n

1 ¢ 1
= P Z log a(st—it1,mt—i) + n log w(st—n)
i=1

d
1 1
= exp Z Z loga(e;,n—i—1) + - log w(st—n).
j=14€7(t,j,n—1)
Note that, for j = 1,...,d, the process (a(e;,n:)): is strictly stationary. It follows by the

strong law of large numbers that

d
u,ll/tn — exp ZﬂjE{log a(ej,mo)} | =exp(y) <1, a.s. whenn — oo.

j=1
Therefore, if (3.3) holds, the series ) u,: converges. The process defined by (3.4) is a
real-valued solution to model (2.1). This solution is nonanticipative, €; being a function of
the ny—_;,7 > 0.

Now we assume that vy > 0. For any starting value hy we have, in view of (A.1), for

t> 2,
t—2
ht Z H Q(St—iv nt—i—l)w(sl)a
i=0
thus
1 12 1
n log hy > n iz_%log a(se—i, Me—i—1) + n logw(s1),
and

1
liimtﬂoo; log hy > 7o > 0.

It follows that log hy — +00, a.s. and then h; — +00,a.s. Similarly, in view of €7 = hyn?,

t—

~+ | =
N

1 1 1
i log ef > loga(si—i, m—i—1) + n logw(s1) + n log 77?.

I
o

13



Under the assumption that logn? has a finite expectation, the last term in the right-hand

side converges to 0 as t — 400 and the conclusion follows.
O

Proof of Theorem 3.2. We will use the following lemma, which is proved in Berkes,

Horvath and Kokoszka (2003).

Lemma A.1 Let X be a positive random variable such that Elog X < 0 and EX" < o0,

for some u > 0. Then there exists a number r > 0 such that EX" < 1.

Note that (3.3) can be equivalently written as Elog{H;l:1 a(e;,n;)™} < 0. We will apply

the lemma to the variable l_[;-lzl a(e;,n;)™. We can take u = 1 since

a(ej,n;)™ HEa ej,m5)™ <H{Ea ej,n; +1}<H{a ej) + B(ej) + 1} < oo.
Jj=1 7=1

=
=t

It follows that .
H a(ej,n;)™ <1, for some g € (0,1). (A.2)

Let J={j|1<j< d, mj > 0} # (0 and let r = rgminjc s m; € (0,1). Using the elementary

inequality (z +y)" < 2" +y" for any x,y > 0, we have, using (3.4), for K = max;{w(e;)}

+oo
E(&) < E {w(st)r + Z a(st,ne—1)" - - a(St—n+1, ntn)rw(stn)r} E(n})"
{1 + Z {HE 5t—i+17770)T]}} E(n7)"
n=1
= K" {1 +> vn,t} E(n?) (A.3)
n=1

where vy, ; = H?:1{Ea(€j7 no)" P 3=l To apply the Cauchy rule we compute

IN

d
1/n

d
nt = H{Ea(ej’UO)T}|T(t’j7n_1)‘/n ~ H{Ea(ej’no)r}ﬂj = H{Ea(ebnO)r}ﬂj'

Jj=1 j=1 Jj€J

v

Moreover, in view of the Jensen inequality E(X"Y) < (EX)Y for any v € [0,1] and any
positive variable X, and since r < ro7; for all j € J, we have
; romjyrory |
[T{Eate;, )y = TT |Elates,no)m}7ow |
jeJ jeJ

[] {Eatej,mo)™itw <1,
jeJ

IN
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where the last inequality follows from (A.2). The convergence of the infinite sum in (A.3)

follows from the Cauchy rule and the theorem is proved.
O

Proof of Theorem 3.3. First note that, because EnZ = 1, the expectation of log a(e;, 7o)
is well-defined on R U {—oc0}. By the the Jensen inequality we have

d d d

v =Y miE{loga(ej,m)} < Y milog E{a(e;,m)} = log [ [{Ea(e;,m0)}™ = logm.
j=1 j=1 J=1

This proves that (3.7) implies (3.3). Thus we know that, under (3.7), the solution in (3.4)

exists. Squaring it and taking the expectation yields
+oo
Ee¢ = E {w(st) + Z a(st, M—1) - - - alSt—n+1, ntn)w(stn)} En;
n=1

+o0
= w(s) + > E{a(se,m-1) - a(si-ns1,M—n)} w(St-n)

n=1
+oo n

= wis) + Y [ Elalsiizrm—i)}wision), (A4)

n=11i=1
where the second equality follows from Beppo Levi’s monotone convergence theorem and
the last equality follows from the independence of the variables n;_;. Proceeding as in the

proof of Theorem 3.1 we consider the general term of the previous sum, given by

n d
v = [[E{a(simirr,m)}w(sin) = [ {Balej,mo) D wisi ).
i=1 j=1

Thus

d

d
o™ = T {Balejmo)} T b, ) — TT {Ealej. o)} = .
j=1 J=1

as n — oo. In view of (3.7), lim, v,%/n < 1 and, by the Cauchy rule, the infinite sum in

(A.4) converges. We have shown that Ee? < co.
Now suppose that v; > 1 and let (€;) a nonanticipative solution of model (2.1). Then
by (A.1), we have

N n
w(sn) + 3 [T E {alsi—ivrm)} w(sin)

n=11i=1

N d
= w(s) + Z H {Eale;, 770)}|T(t,j,n—1)\ W(St—n).

n=1j=1

2
Ee;

v

15



By the Cauchy rule, the sum in the left-hand side goes to infinity as N — oo. It follows
that Ee? = oo.

a

Proof of Theorem 3.4. By the argument used in the proof of Theorem 3.3 we have
m~yy < log~m, proving that when ~,, < 1 the solution in (3.4) exists. Define the usual
L™ norm by || X ||, = {E|X|™}/™ for m > 1. With the notation used in the proof of

Theorem 3.1, letting ug; = w(s;) and pay, = En?™, we have, in view of (3.4),

N my 1/m

lefllm = uéfnm{EN@mT(;un,t) }
N my 1/m

23]

N o0
1 1
/m Zun,t < MQ{an [n ], »
n=0 n=0

Hom
where the second equality follows from the monotone convergence theorem. Moreover,

lim
N—oo

m

|untll,, = {Ela(st,m-1) - - - a(St—nt1, Me—n)(5t—p) ]}/ ™

n 1/m
- {HE [Q(St—i+1ﬂ70)]m} w(st—n)
i=1

; 1/m
= ¢ [[{Elalej, no)ym om0 w(8t-n)-
j=1
Thus HuntH}r{n — ’Y71n/m which, by (A.5) and the Cauchy rule, shows that 7, < 1 is
a sufficient condition for the finiteness of E(e?™). The proof of the necessary part uses
similar arguments as that of Theorem 3.3.

The following lemma, which is an extension of Lemma 1 in Francq and Gautier (2004a),
will be used in the proof of Theorems 4.1 and 4.2. To facilitate reading we sometimes denote
by Px(A) (resp. Ex(Y)) the probability of an event A (resp the expectation of a variable
Y’) which is measurable with respect to the o—field generated by a process X = (X;). We

denote the set of the infinite sequences valued in € by £°°.

Lemma A.2 Assume that (n;) is a stationary and ergodic process and that AO holds. Let f
be a measurable function, f : {e1,...,eq}*xR>* — R, such that Ef(Sy, St—1, - Mt Me—1, - -

16
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exists in RU{—o00,+00}. Then, for Pg-almost all sequence (s;),
1 n
ﬁ Zf(stv St—1y s Mty Mt—1,5 - - ) - Ef(St7 St—17 ceey Ny Me—1,5 - - ‘)7 ]P)n — a.s.
t=1

More generally, if Xp, = X0n(Sn, Sn—1s-- My =1, - - -) is a random variable which is mea-
surable with respect to the o—field o({S¢, mi,t < n} and such that X,, — X a.s., where X

is a random variable. Then, for Pg-almost all sequence (s¢),
Xn(8ns8n—1, - sy =1, ...) = X, Py —a.s.

Proof: The only difference between the first part of this lemma and Lemma 1 in Francq
and Gautier (2004a) is that the expectation involved might not be finite. Their proof can
be straightforwardly adapted using the following ergodic theorem: if (X;) is a stationary
and ergodic process such that EX; € RU{4oo}, then n=! >} | X; converges a.s. to EX;
when n — oo (see Billingsley (1995) p. 284 and 495).

The second part of the lemma is also proved following the lines of Francq and Gautier
(2004a). We give the proof for completeness. The processes (S;) and (7;) being indepen-
dent, we can assume, without loss of generality, that Q0 = Q1 x Q9 where Q1 = {e1,...,eq}*
and Q9 = R*°, that A = A; ® Ay where A; and Ay are o-fields defined on €7 and s, and
that P is a product probability P; ® Py, where Py is defined on A; and P is defined on As.
It follows that if w = (w1,w2) with w1 = (w1¢),w2 = (war), then (Si, M) (w) = (wir, wat).

Define
" ={weQ: X,(Sp(w), Sn-1(w), ..., (W), Np—1(w),...) » X}.

We have P(€2*) = 0. For every wi € €1, define the set O = {w2 € Qp : (w1,w2) € Q*}.
Since the integral of a positive function is equal to zero if and only if the function is zero

almost everywhere,

PQ") = /m {/92 ]IQ*(wl,uJQ)dIP’Q(wg)}dIP’l(wl) ~0

/ HQ* (W1,WQ)dP2(CU2) = ]P)Q(QZZI) = P(Ql X Q:Zl) =0
Qo

when wy ¢ QF, for some measurable set 27 such that P1(Q}) = 0. If w; ¢ Qf and wa ¢ Q) ,

implies that

then (w1, w2) ¢ Q* which entails
Xn(5n7 Sp—1y--- 777n(w)7 Un—l(w)7 .. ) - X:

when (s¢) = {S¢(w1,w2)}.

17



Proof of Theorem 4.1. The scheme of the proof is the same as that of the strong con-
sistency for standard GARCH in FZ. See Pfanzagl (1969) for the consistency of minimum
contrast estimators in a more general context. It will be convenient to approximate the
sequence (£;(0)) by a sequence (£(6)) which is independent of the initial values. Therefore,
denote by (Jf)t = {O’?(G)}t the solution of

of = w(st) +alst)ei_y + Blse)oiy

given by
Ut2 =ct + Z 5(815) . /B(St—i)ct—i—ly a.s. (A5)
=0

where ¢; = w(s;) + a(st)ef_l. The almost sure convergence of the last sum is ensured by

the second part of A2 and arguments already given. Let

n

2
ln(e) = ln(e;enafn—l e 7) =n"! thy by = £t<9) = itg + ]thQ.
t=1

For any 6 € O the strictly stationary, nonanticipative solution (ag,t) to Model (4.6) is given
by

e}

0%, =08,(0) = cs(0) + > _B(Sy) ... B(Si—i)esi—i-1(0), a.s. (A.6)
=0

where cg; = cs+(0) = w(St) + a(St)E%'7t_1- Note that the infinite sum converges because

d
Elog B(St) = log Hﬂﬁj (ej) | <0 and Ellogecs(8)] < oo
j=1

under A2. The latter inequality follows from i) below and the positivity of w over ©.
Let sy = lg4(0) = j%—t +In O‘%yt. We will establish the following intermediate results :
i) Egm{e?g’t}r < oo’,t where r is defined in A3.
i) 1imy, o0 SUPgee |1n(0) — 1,()| = 0, a.s.
iii) 054(0) = 05+(00), Vt, Py, a.s. = 60 =0p.
iv) Ells+(0p)| < oo, and if 6 # 0y, Els(0) > Els(0p).
v) any 0 # 6y has a neighborhood V() such that

liminf inf 1,(0) > Els1(60), a.s.
Wty Bl () > BlsaGo), - as

The letter K is used for a positive generic constant, possibly random, whose value is allowed

to change throughout the proof.
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We start by proving i). Using the elementary inequality (x + y)" < 2" + y" for any
xz,y >0, r € (0,1), by assumption A3 and (3.10),

“+oo
Esy(es,)" < E {wS(St) + Y ap(Se 1) - ap(Se-ni1, ntn)w”(Stn)} E(;)"

n=1

+o0
< {maxwy(e;)} {1 + ) Eap(Se,m1) - - af(Si-ni1, m—n)} E(n)"

n=1
+oo
< K{l—i—KZp”} < 0
n=1

Now we prove ii). We have

zgglét—at! = Sgg!ﬁ(St).--B(Sﬁ{a(Sl)(%%—63)+ﬂ(81)(&§—03)}\
< KpB(si)...0(s2), Vt>2 (A7)

Thus, using logz < x — 1, almost surely,

sup |in(9) —1,(0)] < -1 Z sup {

)
of—0o
2“°g<” )’}
O

0co = 0co
< {328 max wQEei) } Kn™t ;ﬂ(st) ... B(s2)e
+ {zlelgmlax w(lel)} Kn_ltz:;ﬁ(st)...ﬂ(@). (A.8)

Now, using the second part of A2,

{B(st) ... Blsa)}V/! = Hﬁ T Lat=2l Hﬁ’” ¢j)
7j=1
as t — oo. It follows that, for ¢ large enough, B(s;)...[H(s2) < BL, for some 0 < B, < 1.
Therefore the second term, in the right-hand side of (A.8) tends to 0 as n — oo, and the
first one is bounded, for n large enough, by Kn=!>"1 | Ble?. By Lemma A.2, it will be

sufficient to show that n ! Yoy ﬁ*eS,t almost surely converges to 0 as n — oo. This result

follows from the Cesaro and Borel-Cantelli lemmas, and

Z]P)ﬂ*ESt>< <Z ﬁ*eSt

for any ¢ > 0, where the last inequality follows from ). Thus i) is proved.

Now we turn to i1). Let 05+(0) = 05+(6p), Vt, Py, a.s. Then we have

wo(St) —w(S) = {a(St) — ao(St)he§,—1 +{B(St) — Fo(Se)}o§ 1 (o)
= [{a(Se) — ao(So)}ni1 +{B(St) — Po(S)Hogs—1(00)-  (A.9)

19



By A5, P(S; = ¢;) > 0 for all i. Suppose that a(e;) — ap(e;) # 0 for some i. Then,

conditional on (S; = ¢;) we have by (A.9),

ni-1 = {ale;) — aole)} ogi_ (o) {woles) —w(en)} — {B(er) — Bolen)}]:

Because the right-hand side is independent from 77 ;, we deduce that n? ; is a.s. constant
conditional on (S; = ¢;). Thus, from the independence between n?_; and S, we find that
n?_, is constant a.s. This is precluded by A4. Hence we have a(e;) = ag(e;) for all i.

In view of (A.9) we then have

wo(Se) —w(S) = {B(S:) — Bo(St)}oz,—1(00)
= {B(St) = Bo(St) Hwo(Si—1) + ao(Se—1)ed ;o + Bo(Si—1)0%,_o}-

Let i € {1,...,d} and let j; the smallest integer k > 0 such that ag(es)P(Si—x = eg, St =
e;) > 0 for some ¢ € {1,...,d}. For ease of exposition we assume j; = 2. Thus ag(S;—1) =

0, a.s. conditional on (S; = e;). We then have, conditional on (S; = e;),

woles) —w(er) = {B(es) — Boled) Hwo(Si-1) + Bo(Si-1)0% o}
= {B(e:) — Bolei) Hwo(St-1)

+B0(Si-1)[wo(Si—2) + ao(Si—2)€d,;—3 + Bo(Si—2)0% 3]}

It follows that conditional on (S; = e;, Si—2 = €y),

wo(e;) —w(e;) = {B(e;) — Polei) Hwo(St-1)

+B0(Se—1)[wo(er) + (co(ee)nis + 50(66))0?5,15—3]}-

By independence arguments already given, the coefficient of 7?2 5 must be equal to zero

conditional on (S; = e;, S;—2 = €y):

P[{B(ei) — Bo(ei)}Bo(St—1)an(er) =0 | St = ei, Sp—2 = eg] = 1.

Noting that 5y(Si—1)ap(er) # 0 a.s. conditional on (S; = e;, S;—2 = €y) (because by the first
part of A5, ag(S;—1) = 0 implies [Fp(St—1) # 0), we can conclude that ((e;) = Fo(e;). The
argument clearly extends when j; > 2. Thus we have proved that for any i € {1,...,d},
a(e;) = ap(e;) and B(e;) = Bole;). It is straightforward from (A.9) that w(e;) = wp(e;) and

it) is proved.
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Let us turn to v). First note that E/g(0) is well defined and belongs to RU {oo}, be-
cause Elg,(0) < Elog™ 0% ,(0) < max{0, — logmin; w(e;)} < co. Remark that Elg;(0) =
0o, when, for instance, 0 = (w,0,...,0,w,0,...) and Ee%’t = oo. However, we will show

that E|ls+(0)| < co. It remains to show that E({,(6y) < co. By i),
1 1
Elog agv’t(Go) = E; log{a§7t(90)}T < ;log E{ag’t(Ho)}T < 00.

Therefore

2

0 2
Ets4(6y) = E{US,t( 0)7;

—5——~ +log aét(eo) =1+ Elog ng’t(eo) < 00,
057t(00)

which proves the first part of iv). Since logx <z —1, Vz >0 and logz = x — 1 if and

only if x = 1, we have

2 2
Og t(g) og t(@)
Elg.(0) — Elsi(6p) = FElog—> iy 1
054(00)  05,(60)
2 2
05.4(0) o5.4(0)
> Eqlog—- + log —= >0
{ U?g,t(@o) U%J(@)
0.2
with equality if and only if %t(f;))) =1 Pyya.s. In view of iii), i) then follows.
95t

It remains to show v). For any # € © and any positive integer k, let Vi (0) be the
open ball with center 6 and radius 1/k. Following exactly the lines of proof in Francq and

Zakoian (2005), we have

liminf inf  1,(0*) > liminf inf  1,(6*) — limsupsup [1,(6) — 1,(0)]

n—oo 9*eVy(0)NO n—oo 0*cV, (0)NO noo 9O
n
> liminfn_lz inf  £,(0%).
n—00 =1 0*eVi(0)NO

Now we will apply Lemma A.2. We note that {infg*evk(g)m@ ét(ﬁ*)}t is a measurable
function of (s¢, St—1,..., M, M—1,--.), whose expectation exists in R U {+oc}. Thus we

obtain

liminfn~! inf 4(0*)=EFE inf  £g1(6%).
lnn—1>1£ " tzle*el},?(e)m@ t( ) 59*6\2?(9)0@ S’l( )

By the Beppo-Levi theorem, when k increases to oo, Eginfgcy;, 9)ne £s,1(0%) increases to
Eglg1(8). Thus v) is proved. By a standard compactness argument the proof of Theorem

4.1 is completed.
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Proof of Theorem 4.2. The proof follows the scheme of the asymptotic normality proof
in FZ. Because 0, is strongly consistent and 6y belongs to the interior of ©, the criterion

derivative cancels at 6,, and we have :

(6n)

NE
SE

o~
Il
—

I
Sl= Sl-
gﬂ:

- I~ 9% - .
£(0o) + (n - (fmgt(%)> V(0 — 6o),

t=1

where the 67 are between 6, and 6. Let {F:} denote the o—algebra generated by the
random variables 7;_;,7 > 0. The norm of a matrix A = (a;;) is defined by ||A|| = >_ |aj|.

The proof of Theorem 4.2 consists of several intermediate steps.

s, t (6o) 04s,(60) 0205,4(60)
i) Esy H o0’ 20067

i) J is non singular and L 1" | Var {8@2)(50) | .’Ft,l} — (ky—1)J, a.s.
i11) There exists a neighborhood V() of 6y such that, for all 7,5,k € {1,...,3d},

< 00

< 00, Esﬂ7

030s4(0)

E =N 7
S ey | 90:00;00,

0€V(60)

Al ( Bl ( 02y ( 821, (0
) H\th 1{ ) — t }H — 0 and supgeyg,) DI 1{ 3939/ - aeta(e')}H -

0 almost surely as n — oc.

v) 0 iy 255 — N0, (ky — 1))
CRACH)
vi) L3 = — J(i,§),  a.s.

2
The first and second derivatives of fg; = Z“g—t + log J%t are given by :
St ’

Olsy _ ) é RN aag,t (A.10)
00 O'%t a%t 00 ’ ’
0%ls _ ) Eg,t 1 8202‘,16 119 6%’,15 1 iaa?s,t BN aag,t
600" o2, [ | o2, 0600 o3, o3, 0 (%, 0 |
(A.11)

2
For 6 = 0, ;‘g—t = n? is independent of the terms involving o7 and its derivatives. To
S,t

prove ), it will therefore be sufficient to show that:

1 o, 1 905, 1 dog, 003,
Eg, o2 a0 (Bo)|| < o0, Egspy gtaeaef(g) < oo, FEgy T 50 o (60)]| < 0.
(A.12)
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By (A.6) we have, for k € {1...,d},

30?% B o0

&u(ek) o nSt:e’“ + ; ﬁ(st) e ﬁ(st*i)]lst—i—1=eka (A.13)
Do’ 00

8040(;2) = e%’,t—1 Ls,=e), + ; B(Sy) .. -ﬁ(St—i)E?q,t_i_Qﬂst,i,lzek, (A.14)
80’2’ 00 5(S)ﬂ(5—z) i .

66(2) - ; t B(ex) : jz:;) Is, ;=e;, ¢ Cst—i-1, if B(ex) #0. (A.15)

Notice that by the positivity of coefficients in (A.13)-(A.15), the derivatives of 0%, are
nonnegative. By (A.14) we have :

2
oo St

m S CS,t]lSt:ek + Z /B(St) e ﬁ(stfi)cs,t—i—l]ISt_i_lzek g O‘%’J?

=0

a(ex)

from which we deduce, if a(e) # 0,

1 80?% _ 1

— . A.
73, Balex) = alen) (410
We similarly obtain, noting that w(ey) > 0,
1 0o%, 1
— : . A.
U%t ow(er) — wleg) (A-17)
Turning to the derivative with respect to G(ex) we get, in view of (A.15),
o 2 00
Hen) gaiey < D0+ A5 . BlSi-esiir (A18)
Thus, since fy(ex) > 0,
1 o3, Lo~ (i+1D)Bo(Sh) - Bo(Si—i)es,i—i—1(60)
— t_(p :
127 Taten) ) = PG 2 iy 0(ey) + ole) - olBe s i)
1 X, Bo(St) - .. Bo(Si—i)est—i—1(6o) /2
= Bolew) ;(Z + s { min; wo(€;) }
S D6+ s {G0(S0) - (Si-0) B fesaoima G0}
K o0
< G (s} S04 D {1050 Ao(51-0) )
K & :
. i/2
< Goler) ;(Z +1)p° < K. (A.19)

The first inequality directly follows from (A.18). The second inequality relies on the ele-

mentary inequality - < x° for any z > 0 and s € [0, 1]. The third inequality is based on
1+z
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the Holder inequality and the fact that the wg(e;) are positive. The elementary inequality
(a+b)* <a®+b° for all a,b >0, and s € [0, 1], together with ¢) in the proof of Theorem
4.1, entails the existence of a moment of order r for cg+(6p) = wo(S¢) + Oéo(St)E%,t_l- From
this, and the strict stationarity of (cg+(p)), we deduced the fourth inequality. Finally,
the last two inequalities are direct consequences of A3, p < 1 and the positivity of Gy(ex)
under A6. By (A.16), (A.17), (A.19) we can conclude that the first expectation in (A.12)
exists.

Let us now turn to the second-order derivatives of 0% ,. It follows from (A.13) that for

0 and, if B(eg) # 0,

9202 0202
any k, £ € {1’ d}’ Ow(ek) guf(eg) Bw(ek)gof(eg)

820'& > B(S S )
3 (o AR5 ) Z = Z]St i=€t ]lSt i—1=€k " (A'ZO)

w(er)9B(er) =

Thus, using A3

. Bo(er) 020?% () < ;i i+ 1D EB(Sy) - .. Bo(Si—i)
o2 (00) Ow(e)0B(er) ~  minjwo(ey) = ‘
< KZ(@' +1)p"! < . (A.21)
i=0
By (A.14) we find % — 0 and
0%03, -
a(ek)ﬁ(eg)m = a(ek)gﬁ(st) ﬁ St z ]ZO]lst j=e¢ et i— 2]15t i—1=€k
< ) GE+1D)BS) - B(Si-i)esi—iot.
i=0

The arguments used to prove (A.19) give for 6 = 6y,

E ! 005, (6o) < K K (A.22)
) < . .
52 ,(B0) Da(er)0B(ee)  * ~ aolex)foler)
Moreover, for £ # k
320?% :

,B(ek)ﬂ(eg)m Z,B St St z) h;() ]lSt_h:ek]ISt,j:elg CSt—i—1,

while
82‘7?% S
ﬂz(ek)aﬂ(ek’)z = Zﬁ(st)---ﬁ(st—i) Z ]ISt h= 5k]lst i=€k Z]lst j=ex ( CSt—i—1-
i= h,j=0
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By arguments used to show (A.19), we can conclude that

1 0? U‘ngt K

Esn 2 00) 03(en)08te) ™ = Bolen)oler)

This, together with (A.21) and (A.22), proves the existence of the second expectation in
(A.12). Now, since by (A.16)

1 ag?@',t . A 1 agg’t )
oZ Buler) bounded, and, by (A.16), o2 Batey) 1S bounded
‘< .

In view of (A.18), arguments already used to prove (A.19), in particular the inequality

at 6y, it is clear that

1 80?% (6o) 80%& (6o)
O’ét(go) &u(ek) oo

1 aag‘,t(eo) 8U§’t(90)

E
s ok, (60) daler) 00

‘<OO, Eg

x/(1+z) < 2"/2, and the Minkowski inequality, we have

1/2

B 1 80%715(00) ’
51\ 55:(00)2 0B(ex)

. o~ i1 {Es {ﬂo(st)---ﬂo(St—i)Ct—i—l(90)}T}l/2 < oo.

Bo(er) min; wo(e;)

i=0
Finally we conclude by the Cauchy-Schwarz inequality that the third expectation in (A.12)
exists.
Now we prove ). Note that J exists by (A.12). By (A.10) and i) we have
9ls,(0o) 5 1 90%,(6)
E ———°% = FE(l-9)E : =0
Sm { o0 ( nt) Sn qu,t(ao) o0 ’

0ls (0 Ofls+(0g) Ol (6
N (20} QU (A LIS

1 80’2 (90) 80’2 (60)
- E{“‘”t?)Q}ESm{Ug @) 00 on
)

= (ky—1)J.

Now suppose

902, (60)\
NJA = B, | ()\’ sl °)> —0

O’ét((go) 00
3d /80% t (00) . . .. 2
for some A € R”?. Then almost surely, \'—2;— = 0. Using the recursive definition of 0%,
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. . aff%,t(QO)
n (4.6), and the stationarity of { —%5— ¢ , we get, almost surely
t

]ISt=€1 ﬂSt:el
]lst:ed IlSt:ed
6%,1&71 Is,—e, 9 6%,1571 Is,—e,
0=\ . ,805,1;1(‘90) I, .
= : + B(SH)N ————F = A
a0
6?9,75—1 Is,=c, E?S‘,t—l Is,—c,
Ug,t_1(90)]15t=e1 U%,t_1(90)]lst=el
O—.%',tfl (00)1s,=c, Ug',tfl (00)1s,=e,

Writing A = (Auy, -5 Awygs Aars - -+ Aags Agy» - - -, Ag,) Wwe thus have

d d d
D Aolg—e, + {Z A, ]1St:el} €5+ {Z As; ]1St:el} 0%;_1(00) =0, a.s. (A.23)
=1

i=1 i=1
Suppose that for some i € {1,...,d}, Ao, # 0. Recall that P(S; = e;) > 0. Then,
conditional on (S; = e;), (A.23) leads to

-1
€Sa-1= 37— { M+ Ag051(00)}

or equivalently, conditional on (S; = €;),

-1

Ny = {Aw: + Ag, USt 1(60) }

US t— 1A0¢1

The right-hand side being measurable with respect to the o-field generated by {S, Sy, 7u; u <
t—1}, and n;—1 being independent of this c—field conditional on (S; = ¢;), this equality im-
plies that n? ; is a.s. constant. By the non degeneracy assumption in A4, we can conclude
that Ao, = 0 for all i. For the same reason, it can be shown that : A\g, =0,Vi € {1,...,d}.
Thus we get A\, = 0,Vi € {1,...,d}. Therefore N'JX = 0 implies A = 0 which shows that
J is nonsingular.

Finally, using again Lemma (A.2),

s +(6
72\/ {({%t | Fie 1}—>Var5m{asge(o)}, a.s.

which completes the proof of ).
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To prove ii7), we differentiate (A.11):

030s54(0) _ ) 6%,1& 1 830§7t(9)
96,00,00, o%,(0) [ \ 72.(0) 96,00,00,

I P TR 1 903,00 [ 1 9%0%,0)
O-g',t(e) 0’?975(9) aez O'gvt Gejaek
P P T 1 903,00 [ 1 9%0%,0)
O-g',t(e) 0'?9,75(9) 80] O'ét 8918@
+ 2 6%775 -1 1 aag,t(e) 1 820%7t(9)
o§7t(9) 0%71&(9) 00, J%‘,t(e) aglagj
M PR 1 1 00,0\ f 1 k@) [ 1 93,0
U?S',t(e) O-g't(e) 601 O‘ét(e) 801 o'ét(e) 89k

(A.24)

We first prove that {1 - eg,t/agt(@)} is integrable. Note that Sst(te) is not uniformly
integrable over © because we did not assume the existence of a second-order moment for

€%, and, for instance, 0% ,(f) can be constant for some values of 6. However, we will show

€2
that {1 — UQS(%)} is uniformly integrable in a neighborhood of y. Let ©* a compact set
S,t
containing 6y and included in the interior of ©. For all § > 0, there exists a neighborhood
V(eo) of 0y, with V((g()) C ©*, such that V0 € V(@o),w S {1, .. .,3d}, (1 — 5)91 < 90,1' <

(14 6)0;. Note that
cse(00) _ wo(Se) | @o(Sh)
CSJ(G) - W(St) Oé(St)

Then, in view of the elementary inequality x/(y + z) < (z/2)(z/y)® for any s € [0,1],

<2(1+0).

z,y,z >0,

sup ‘7?9,1;(90)
0ev(9y) 95,4(0)

< {Cs,t(9o) + > e B0(Se) - .. Bo(St—i)es,i—i—1(0o) }
S sup 0
0evo) U cs4(0) + 22020 B(St) ... B(St—i)cs—i—1(0)
Bo(St) - . Bo(Si—i)est—i—1(6o)
< 2(149)+
Z (St) + B( St . B(Si—i)es,i—i—1(0)
50 - Bo(St—i)es,i—i—1(0o) (ﬂ(St)---ﬁ(St—i)CSt—i—1(9)>s
< 2(1496)+ ’
B Z B(St—i)cs,i—i—1(0) w(St)
> /1 +5 A )

< K+KZ Ci—i1(80) {Bo(Sh) ... Bo(Si—i)}° . (A.25)

Choosing s = r/2 and ¢ small enough such that (1(1;_)(1)/2 p'/? < 1 and using A3, together
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with i) in the proof of Theorem 4.1 and the Cauchy-Schwarz inequality, we obtain

€2 %, (6
E sup QS’t =F sup SQt( 0) < 00
0eV(8y) 05,4(0) 0eV(80) O54(0)

Now choosing s = /4 and ¢ small enough so that (1(1;3i)/4 p'/* < 1 we find from (A.25),
the Cauchy-Schwarz inequality and arguments already used

U%}t(ﬁo)
0ev(9y) 95,4(0)

1/2
n

2
€t
sup

=K
6ev(0y) 784(0) )

2

> 1406 (+1) r/4 'r/ r/4
< -
< (T () e s o,
> 146 O . , 1/4
< K+ K {Z (W) {E{ﬁo(st) .- '/BO(St—i>} ESJICS,t—i—l} /
i=0
- 1+45 0\ (i+1)/4 ro1/4
Now we show that the second term into brackets in (A.24) is integrable. Note that, since for
20'2 ag
any k, 0 € {1,...,d}, 8w(ik)§:(e[) aw(czk)gof(e[) 0, it suffices to Considi; t2he ecases where
at least two indexes among i, j, k belong to {2d + 1,...,3d} in %%. We will

only consider derivatives with respect to coefficients [(ey), the other cases being treated

similarly. Following the lines of proofs of (A.18) and (A.19), we obtain

o0

agag,t . 3
D3 (e)0B(e;)0B(en) < ;(l +1)°B(St) - .. B(St—i)cs—i—1(0)
Now, as in the proof of (A.25):
1 83g%t(9)
sup
0€V(6o) Ust( ) 0B(ee)0B(e;)06(er)

< KZ i+1)° — 1)T D Bo(St) - - By (Si—i) { sup CS,t—i—l(e)} .

0€V(6o)

Blee)Blej)B(ex)

2r
Since E {supeev(eo) CSJ_Z'(Q)} < oo with 7 as in A3, choosing & such that p'/* < (1-6)",
we then have following the proof of (A.26),
1 83U§t(0)
0%,(0) 08(e)0B(e;)0B er)

More generally, it can similarly be shown that for any integer m, and an appropriate choice

< 00. (A.27)

E sup
6V (60)

of § that will depend on m,

m

1 830%t(9)

02,(6) 9B(er)0B(e;)05(er) < . (A.28)

E sup
6V (60)
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By the Cauchy-Schwarz inequality, (A.26) and (A.27), we get

E sup
9€V(6o)

< 00. (A.29)

1 _Sst 1 0%a%,(0)
0%,4(0) | 0,(0) 08(e)0B(e;)0B(ex)
To deal with the others terms of the sum in (A.24) we show that, similarly to (A.28),

1 0%0%,(0) 1 905,(0)
USt( ) 0B(ee)0B(e ) ‘75,:( ) 9B(ee)

for any integer m and appropriate . This allows to obtain, using the Hélder inequality,

m m

E sup
0V (6)

<oo, FE sup
9V (o)

the existence of V(6p) such that

eg,t 1 aag,t(e) 1 80%,75(9) 1 80%71‘/(6)
E sup 2—-6— 5 3 5
GEV(HO) OS,t(e) US,t(e) 691 0'5775(9) GQJ US,t(e) 80k
3
< sup 1 a"?@,t(@) max || sup 1 a"?@,t(@)
< ax
oevien) |054(0) 00 |||, T |jeevian |05.(0) 905 ]|,

The others terms of the sum in (A.24) can be treated this way. Therefore iii) is established.
To show iv), we first note that the derivatives of o7 are deduced from (A.13)-(A.15),
with (S¢) replaced by (s¢). We have

G2 =c+ Zﬁ s) - B(st—i)er—io1 + B(st) ... B(s2)é1 + B(se) ... B(s1)62  (A.30)

=0

where ¢ = w(s1) + a(s1)é?. Analogously to (A.13)-(A.15), we have for k € {1,...,d}

957 (0
i(0) = 1,,— 6k+2’8 5¢) o Bsi—i) s,y =ey,

Ow(eg)
801 85(2)
+ B(st).. .IB(SQ)aw(ek) + B(st) . ..ﬂ(sl)aw(ek), (A.31)
952(0) = 0%
aa(ek) - 6t 1]15t ek"”gﬁ St (St 1)6? i— 2]l$t i—1= 8k+/8<3t) ﬁ(32)8a<ek)
6'2
HB(s1) - Blsn) af:(gk) , (A32)
067(0) _ Bl Bl Jy L
8/8(€k) P /B(ek) j:D St—j =€k —1—
Blse) - Bls2) | 5y Blst) - Bls1) | 52
T ) {jo - } YT e {E%l} v
(A.33)

=2
if B(ex) # 0. Notice that 8590 = 0 when the initial conditions are given by the first

alternative in (4.2). The second-order derivatives have similar expressions. We have seen
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in the proof of ii) in Theorem 4.1 that for ¢ sufficiently large, 3(s;) ... 3(s2) < L, for some

0 < B¢ < 1. It follows that, almost surely,

do? 057 t o 52 t
_ - = K — K A.34
Wb\ 5~ e || < K Swaaas  aeag || < K0 (A-34)
In view of (A.7) we have,
L 1| |20 =30 ’ K8 o(6) t
- = == = ) ~ S 1 + Kﬂ* (A 35)
ot (0) 03(9)’ ot (0)57(0) of(0)" 57 (0)

Since

50 - - &§§e>}{&fl<e> 8552(50)} g )= {1‘0,?6529)}{031(9) 8052659)}

we have, using (A.35) and the first inequality in (A.34),

04y 04, & @\ 100} | 1 1) fO0F
a6, %) ~ g, %) ‘{a? at}{ 299, f © 52 (o2 &2\ 96;
2 ~2
€; do; 00}
A-sHa o
1 0o2(bp)
< fa+nH 11 L .
= A +{a$<eo> |

It follows that

_ 88 9 _ 9ly(6o)
n-1/2 +(0o) t{Vo

To show that the right-hand side a.s. converges to 0, it suffices to prove that the sum a.s.

< Kn~'2Y L1+ n7)
t=1

- {afgew aggéfo) } ’<A~36>

converges as n — o0. The independence between 7; and a§7t(90) and i) entail that,

= t 1 aag,t(eo)
E(Zﬁ*(lmf)w{agtwo) )

t=1
5* < oo

U%,t (6o)

1 80%,t(90)
1+ {U§7t(90) a0, }

straightforward extension of Lemma A.2, >"1' | BL(1 4+ n?)

< 2<1+E5

which shows that Y7, BL(1 + 7?)

converges a.s. Thus, by a

02 (6)
1+ {03(190) Ué(gio) H converges
a.s. Thus the right-hand side of (A.36) converges to zero, a.s., showing the first part of v).
The second convergence of iv) follows by similar arguments.

To prove v) we will use the following Central Limit Theorem (CLT) for martingale

difference (see Billingsley, 1995, p.476).
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Lemma A.3 Let {(X;), 5} a R-martingale difference such that

a) There ezists a d X d matriz A such that, when n — oo,

1 n
VA € RY, - Z Var{\N' X|Fi—1} — N A\, a.s.
t=1

b)

NX
d 2 : t
V)\ER,VE>O, E{<n> {/\Xt|>}} — 0.
Then % E ?:1 Xt i)N(O,A)

We will apply Lemma A.3 with X; = %Et(Oo). We have already shown that (X;) is a
martingale difference and that condition a) is satisfied with A = J. In view of arguments

used to prove i), it can be shown that :

%t ) VA e R3d
90 (o) p < o0, € .

Using Lemma A.2, we get:

4

1l o 4 o
nlngon;E{A’wét(eo)} :ESJ,{A 395“(90)} <oo VAeR¥ s

This result entails, using the Cauchy-Schwarz and Markov inequalities

- N-20,(60)
Ve > 0, Elgor 2% 1,
‘ ; { NG ML

4
n2 ZE {)\’Et 90)} — 0.

We get now all the conditions needed to use Lemma A.3 and obtain the asymptotic nor-

mality results v).
The proof of vi) is similar to that of Theorem 2.2-v) in FZ. For brevity it is omitted.

The proof of Theorem 4.2 is now completed.
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Proof of Theorem 4.3. Let w(k) = P(S; = k) denote the stationary probabilities of
the Markov chain (S;) and let II, = (7w(1)gr(1),...,7m(d)g,(d))’. Because the variables
{ay(St, me—1), - - - af(St—i, ne—i—1) are independent conditional on (St,. .., S¢—;), and by the
Markov property the expectation in (4.4) is equal to

E [E {aS(St, 77t—1) ce CLS(St—z‘7 77t—z‘—1) \ Sty aSt—i}] = E{gr<5t) .- ‘gr(St—i)}
= (1,...,1)PL,,

where the last equality follows from Lemma 1 in Francq and Zakoian (2005). Consider the
matrix norm defined by [|A[| = 3=, ; |A(¢, j)|, where A(i, j) denotes the generic element of

some matrix A. The matrix norm being multiplicative we have

E{GS(StWt—l)-"ag(st—imt—i—l)} < "(1771)||||P§«H||Hr||

It follows from the Jordan decomposition that ||PL|| < K{p(P,)}’, for some constant K.

The conclusion follows.
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