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L2-DENSITY ESTIMATION UNDER CONSTRAINTS *

CHRISTIAN MUSSO.! aAND NADIA OUDJANE?

Abstract. This paper presents a general methodology to estimate a probability density under linear
constraints (on the support, bounded moments or quantiles,...). The proposed approximation is the
projection of the free density estimation on the set of the probability densities satisfying the constraints.
In some cases, the solution of this projection problem can be expressed in a simple parametric form as
a function of the free density estimate.

Résumé. Ce papier présente une méthode d’estimation de densité sous des contraintes linéaires (con-
traintes portant sur le support, sur des moments bornés ou sur des quantiles,. .. ). L’estimateur proposé
est la projection de 'estimateur & noyaux non contraint sur ’espace des densités de probabilité sat-
isfaisant les contraintes. Dans certains cas, cette projection s’exprime sous une forme paramétrique
simple en fonction de ’estimateur non contraint.
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1. INTRODUCTION

Kernel density estimation is one of the most popular approach to approximate the underlying density f
of independent and identically distributed (i.i.d) observations (Xi,---, Xy). It consists in approximating the
underlying density by a mixture of kernels equally weighted and centered on each point of the data set. In some
statistical applications, one can have additionnal information about the underlying density f, for instance the
support or some moments can be known. Different approaches have been proposed to modify the kernel estimate
to take into account an a priori knowledge on the density. For example, in [8] a weighted bootstrap method is
described in order to construct a density estimator for salary data which are necessarily non-negative. In [4], the
author proposes empirical-likelihood density estimation which consists in weigthing the mixture of kernels with
probability weights such that the weighted discrete distribution on the data points is the nearest to the original
empirical distribution subject to the constraints to satisfy. In [10], the authors propose to modify locally the
kernel density estimates around the support bound, then they apply their approach to the distribution of waves
height which can take only non-negative values. Others kinds of constraints in density estimation are considered
in the literature, like in [9], where the constraint is the unimodality of the density. In the present paper, we
propose an alternative approach to modify properly the initial kernel density estimate. Our approach consists

Keywords and phrases: Kernel, Density estimation, Non-parametric estimation, Optimization under linear constraints.
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2 L2-DENSITY ESTIMATION UNDER CONSTRAINTS

in projecting the initial kernel density estimate on the set of L? probability densities satisfying the constraints.
The method relies on a characterization theorem stated in Section 3 specifying a simple and explicit parametric
form for the projection of a function on a closed convex subset of L2. This general result of optimization is
used to build our new density estimate. Then, we propose how to compute approximately the corresponding
parameters and how to simulate our new density estimate in some simple examples.

The paper begins by considering kernel density estimation using negative kernels (which can take negative
values). Such kernels can be useful because they allow bias reduction of the density approximation, but at the
same time they can produce density estimates which take negative values, which is of course undesirable. To
avoid this drawback, we propose to project the negative kernel density estimate on the subset of L2-probability
densities. This projection method has been introduced in [11]. It leads to a new density estimate and allows
both bias reduction and positiveness of the approximation. A similar approach has been proposed in [7] but
the authors have not seen the projection property of the new estimate, which allows useful generalizations.
Then, to be able to apply this projection approach to a more general context of density estimation with several
constraints, we need to generalize the result of Section 2 characterizing the projection of a function on the subset
of L2-probability densities. In section 3, we extend this approximation method in considering the projection on
a more general closed and convex subset of L2. In the fourth section, we consider the case of constrained density
estimation. In two specific cases (support constraint and moment constraint), we provide some conditions under
which the projection has a simple parametric form. Then, a method is proposed to compute and simulate the
resulting constrained density estimate.

The last section is devoted to simulations. We observe the good behaviour of the projection density on
simple examples with standard functions and on examples from density estimation. In particular, we analyse
the performance of the projected estimate in the case of negative kernels and in the case of a support constraints.

Notice that the same approach can be used in other applications. For instance, when we develop a density
with Edgeworth’s serie, the resulting expansion can produce negative values. One could use this projection
approach to obtain non-negative approximation.

2. PROJECTION OF A NEGATIVE KERNEL DENSITY ESTIMATE ON THE SET OF
PROBABILITY DENSITIES

2.1. Kernel density estimation: a brief review

Kernel density estimators were introduced by Rosenblatt [13]. Initially the kernel was itself a density. In this
paper, we focus on negative kernels which were introduced by Parzen [12] and Bartlett [2]. We briefly recall
some classical results of density estimation theory. For simplicity, in this section, we assume that samples are
one-dimensional, but the results presented here are generalized in a d-dimensional space (see [16] and [6]).

Let s > 2 be a positive integer, a function K defined on R is called kernel of order s if

/K(x)d:c:l, k52/|x|sK(I)dI<OO
R R

and /:EiK(:E)d:vzo, foralle=1,---,s—1.
R

A kernel of order s > 3 necessarily takes negative values. In view of the symmetry condition, we will only
consider kernels of even order.
Let K be a kernel of order s > 2, and h be a positive real the function Kj defined by

Kn(z) = %K(%) , forall z€R, (1)

will be called the scaled kernel associated to K with the bandwidth A.
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2.1.1. Error estimation

The following proposition gives an approximation of kernel density estimators error.

Proposition 2.1. Let K be a kernel of order s > 2 and p be a probability density defined on R having its
derivatives well defined and continuous up to the order s+ 1. Let (X1,---,Xn) be an i.i.d. sample from p. Let
us consider p the function defined, for all x € R by

A 1~ o—X 1 &
p(iﬂ):ﬂZK(T)ZNZKh(UC—Xi) : (2)
i=1 i=1

Then the following approximation for the asymptotic mean integrated square error (MISE) holds,

o Jo K*(z) da 1
Elld — pll2 = =& (s) 24 R O(— h2s 3
=9l = T [ 0@ o+ 2G4 O + o) 0
where the expectation is performed w.r.t. (X1, -+, Xn).

A proof of this expansion can be found in the monograph of Silverman [16]. For the treatment of the error
in the L' sense see the monographs of Devroye and Gydérfi [5] and Devroye [6].
Notice that the bias term (the first term on the right-hand side of (3)) can be reduced in increasing order s.
That is precisely the reason why we are interested in negative kernels. An alternative bias reduction method
consists of transforming the data as proposed in [14].

2.1.2. Kernel and bandwidth selection

Classically, the kernel, K, and bandwidth, h, are chosen so as to minimize the mean integrated error E||p—p||1,
or the mean integrated square error (MISE), E||p—p||3. For positive kernels of order s = 2, the density estimation
theory, see [6,16], provides the optimal choice for the kernel, in the MISE sense. The general expression of this
optimal kernel is the Epanechnikov kernel, which is given by the following expression in the one dimensional
case,

3
S —x?) if 1

Kgpan(z) = 4( |z[7) if |z < (4)
0 elsewhere,

The optimal choice of the bandwith depends on the unknown underlying density p. Therefore, one way to
choose the optimal bandwidth associated to the Epanechnikov kernel, Agpan, is to assume, for instance, that
the underlying density p is a centered standard Gaussian density. In this case, the optimal bandwidth, in the
MISE seunse, is easily computed and is given by [16]

hEpan = [40 \/E]% N_% . (5)

If the underlying density p is non standard (its standard deviation is different from one), hgpan is multiplied by
the standard deviation of p.

2.2. Characterization and properties of the L?-projection on the convex set of L2-probability
densities

In order to reduce the bias of the kernel approximation p (first term on the right-hand side of (3)), one can
use negative kernels with order s > 3. But, in this case, the appoximation p can take negative values which is
of course undesirable. We propose here an optimal (in some sense) solution to this problem. Hereafter, results
will be stated in the d-dimensional case.

More generally, if we are interested in approximating, by a probability density, a function (in our setting f = p),
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which can possibly take negative values and such that [ f = 1, one possibility, if f € L!, is to use the following
approximation,
()

gi(x) = W ) (6)

where (a)™ = max(a, 0), for any a € R. Notice that the function g} has the following property,

gt =gl <If =gl , (7)

for any probability density g. See Theorem 3 p. 269 in [5], for a proof. This property doesn’t mean that g}
minimizes the distance between f and the set of probability densities. It means that replacing f by ¢ can
only improve the estimation of a probability density p on the base of a first estimate f. Hence, in the case of
non-positive kernel density estimation where f = p, this approach leads to a new estimate g7 which is always
better (in the L! sense) than the original estimate p:

gt =l <P —pl1 -

Unfortunately, g7 is in general difficult to compute, because of the normalizing term [ f* which is difficult to
evaluate when the dimension d is high. An alternative, if f is in L2, is to build the projection of f on the subset
of L2-probability densities. The next proposition gives a characterization of this optimal approximation.

Proposition 2.2. Let f be a bounded function defined on RY with values in R, such that
fx)de=1, and fA(z)dr < o0,
Rd R4

then the projection g* of f on the convex subset of LZ-probability densities is determined by
g (x) = (f(x) —a*)T, forall xecR?, (8)

where o is the non-negative real such that

[ @) —ayran=1. )
Rd
Consequently, g* defined by (8) and (9) satisfies a property similar to (7) in the L? sense, i.e.

lg* —gll2 <Ilf —gll2 (10)
for any L2-probability density g.

Proof. First notice that [ f* > [ f =1 implies the existence of a* verifying (9). Indeed, the function H () =
[ (f(z) — a)tdz decreases continuously from H(0) = [ f* to H(+o0) = 0 (H(a) = 0 as soon as a > sup f).
The proof of Proposition 2.2 is based on the characterization of the projection X* of a point Y on a convex set
S in an Hilbert space. X* is the projection of Y on S if and only if

Y -X"X-X"<0 forall XeS.

In our case, S is the subset of L2-probability densities (we easily check that S is convex). Then, it is sufficient
to prove that the quantity,

A= | [f(z) = (f(z) =) ]lg(z) — (f(x) — a") "] da

Rd



L2-DENSITY ESTIMATION UNDER CONSTRAINTS 5

f

J (10 )" dx

FIGURE 1. Illustration of the characterization of a*.

is non-positive for any probability density g € L2, where o* is defined in (9). Let us introduce the subsets of
R?,

A= {o|f(2) > "} and A ={z] f(z) <a’},

we have

& = [ @)= 1@ +a)lg@) - fo) +alda+ [ flalgla)ds

- o [/A g(z) d _/(f(x) — o)t dw] + - f(@)g(x) dz
= o [/A g(z) dx — 1} . f(x)g(x) dx
I /A g(z)dz + - f(@)g(x) dx
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This quantity is non-positive since g is a non-negative function, which ends the first part of the proof. An
illustration of the charactrization of a* is shown on figure 1.
Property (10), is a direct consequence of the projection property. O

The following result shows that the L2-projection characterized by (8) and (9) approximates f in the L! sense
as well as approximation (6). Obviously, the L2-projection outperforms approximation (6) in the L? sense.

Proposition 2.3. Let f be a function in L?(R% R), such that /f(:t) = 1. Then the L2-projection of f on the
subset of L2-probability densities denoted by g* (given by (8) and (9)) is as close to the function f as g} given
by (6), in the L' sense i.e.
If =gl =1If—g"lh -
Proof. Let us denote by,
Ey=|f-gili, and Ex=|f—-g"[.
Let us now evaluate the difference between the two errors E; and E5. Scheffe’s theorem yields

f+
7

2/<f—J:’%>+—<f—<f—a*>+>+

Ey—-E, = |f- L= 1f = (f =) "
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Then notice that
T AN AN
[ ) ‘Amu 77) +A@u 77)
= [ur-Lr
[+

Using the same argument for /(f —(f —a®)")* yields

a—szz/u+—f%ﬁ+—u+—u—aﬂﬂ+.

Since /f =1, then /f+ > 1 which yields

)
J It

Since a* > 0 then f(z) > f(z) — o* which yields

>0, forallzeR?.

@)

fHa) = (f(x) =)t >0, forallzecR?.

Hence,

B— B — 2/@*—110—2/6*—U—aﬂﬂ,

2.3. Computing and simulating ¢*

Let us come back to the initial problem of estimating a density p on R? starting from an i.i.d sample
(X1,--+,Xn) according to p. Let f = p be a kernel density estimate like in (2) with, for all z € R9,

Kn(z) = 5 K(3)

hd " p

and with K being a negative kernel (a kernel which can take negative values). Assume that we know how to
K+

JE+

In this section, we are interested in computing and simulating the density estimate g* obtained as the L2-

projection of the possibly negative function f such that for all 2 € R?,

simulate the probability density

1 i
g*(x)-(NZKh(x—Xi)—a*> , (11)
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where o* is the non-negative real such that

N +
/Rd (%th(x—xi)—a*> do=1. (12)

In the first subsection, we propose a procedure to approximate the non-negative real a* which determines the
projection g*. In the second subsection, we describe a procedure to generate random variables from g*.

2.3.1. Estimation of o*

When the dimension d is high, estimating a* by numerical integration becomes computationally expensive.
So, we propose thereafter a fast method based on simulations. Let g denote the probability density defined as
follows,

N
1O K (2= X)) .
Given (X1, -+, Xn), let us consider the random variable
X N
D:N[ZKh(Y—Xi)—UZK;(Y—XiH ; (14)
i=1 i=1

where Y is a random variable following g and U is a uniform random variable on [0, 1], each variable being
independent of the others.

Proposition 2.4. The non-negative real o* characterizing the L2-projection g* given by (11) and (12) is the
(1/ [ K*)-quantile of D i.e.

. 1
Hence o* can be estimated empirically in simulating an i.i.d. sample (D1, --, Dys) according to the law

of D = D(Y,U) defined in (14) and in computing an approximation of the (1/ [ KT)-quantile of D using the
corresponding ordered statistic.

Proof. Let a be a non-negative real, the following events are equivalent,

{D=a}

Il
—N
£
=
v
g
——
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where

1 (1 & !
HQ(Y):W <N2Kh(Y—X1)—OZ> .
i=1
This yields

P(D>a) = IP’[

Since a > 0, then H,(y) < g(y) for any y € R%. Therefore, for any o > 0,

P(D>a)= [ Haly)dy .
R4
Notice that for a = o, we get
1
H,(y)dy = ,
which yields the desired result. (Il

2.3.2. Simulation from g*

The following proposition, proposes a method to simulate variables according to g*.

Proposition 2.5. Assume that we know how to simulate g defined by (13). Let h be the unnormalized function
such that for all x € R?,

N ket x — .
h(a:)_NZKh(x XZ)_g(x)/K : (16)

The following algorithm generates a random variable X according to g*,

Algorithm 2.6. (L2-projection generator)

(1) Simulate Y ~ g and U ~ [0,1];

2) IfU < I Y) phen set X = Y;
h(Y)

(3) Else go step 1.

The acceptance probability of this algorithm is

1

Pa:f?.

The proof is obvious using the well-known acceptance-rejection algorithm after observing that
g (z) < g(a:)/KJr , forall zeR?.

It is worth to note that the acceptance probability (17) is equal to one when K is a non-negative kernel.
Indeed in this case a* = 0, g* = p and the algorithm consists in simulating directly from p. The acceptance
probability P,, decreases when the integral of K~ = K — KT (the negative part of K) increases.

Notice that the variables Y required to simulate ¢g* can be extracted from the variables Y used for the
estimation of o* by Proposition 2.4.
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3. PROJECTION OF A FUNCTION IN THE GENERAL CASE OF n LINEAR CONSTRAINTS

3.1. General formulation of the problem

In this section, we are interested in generalizing the result of Proposition 2.2, characterizing the general form
of the projection on the subset of L2-probability densities, to the case of a projection on a subset S of L? defined
by n linear constraints. Let us consider an L? function f defined on R? with values in R. Let (fi,---, fn) be a
collection of functions defined on R? with values in R and (dy,--- ,d, ) some reals. Let S be the convex set of
L? defined as follows

S:{g€L2|gZO and /gszdk, fork=1---n}. (18)

Thereafter we will assume that the functions defining the linear constraints, (f1,---, fn), are such that S is
closed. In this paper, we are specifically interested in the case where one of the constraints is such that f; =1
and d; = 1, i.e. where S is a subset of LN P(R?) with P(R) denoting the space of probability densities defined
on R?. The aim of this section is to provide in most cases a simple expression for the projection g* of f on the
closed convex set S:

g = argmin/ If =gl (19)
ges

In the first subsection, we consider the projection as the solution of an optimization problem with linear
constraints and a positivity constraint. The method of Lagrange multipliers provides the solution which is of
the form ¢* = (f — > p_, a,jfk)+, for some given reals aj, in the special case where the functions defining the
linear constraints fi belong to L2. Unfortunately, this approach is not valid if we are interested in probability
densities defined on R since the probability density constraint will involve the constraint function f; = 1 which
is not in L2, except in the special case where we consider functions f, fi,- - - fn defined on a bounded support
C C R%. To overcome this difficulty, we consider, in the second subsection, the same optimization problem with
constraint functions fi that do not necessarily belong to L2. We show that the projection on S has the same
form as before as soon as there exist coefficients o such that [(f — > p_, o fe)"fu = di for k =1,--- ,n.
The last subsection considers the special case of two contraints with contraints functions f; > 0, fo > 0 not
necessarily in L?. We give the conditions on (di, d2) under which there exist non-negative coefficients «} such
that [(f —affi — abfe)T fu = di for k = 1,2. Therefore, under these these conditions, the solution can
be expressed as g* = (f — aff1 — a5 f2)T. The main interest of these results is that we determine sufficient
conditions under which the functional optimization problem (19) reduces to determine real valued coefficients
o

3.2. The case where the functions defining the constraints are in L2

The projection problem (19) can be viewed as an optimization problem with several linear constraints and
a positivity constraint. The following proposition gives the expression of the projection ¢g* of f on S defined
in (18) using the method of Lagrange multipliers.

Proposition 3.1. Let f € L%(R%, R), consider the following optimization problem.:

1rni1%/|f—g|2 with g>0 and /gfk:dk for k=1,...,n, (20)
g€eL
where (f1,++- , fn) are linearly independent functions in L2(R% R), then there exists (af,---,a’) € R™ such

that the solution of (20), g* is given by

g ==Y af)’ (21)
k=1
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Proof. The Lagrange function associated to the problem (20) is:
1 n
L:5Hf—9||2—z)\k(dk—<fk,9>)—ﬂ97 (22)
k=1

where (fi,g) = [ frg is the usual scalar product in L? and p a real valued function defined on R¢. With the
assumption that the functions fi belong to L2, the theory states [1] that (20) has a unique solution g* given by
the necessary and sufficient following conditions :

g == Mefe— =0,

Let us introduce the subset of R?, A = {z € R?|g*(x) > 0}. The second equation of (23) implies = 0 on A.
Then, using the first equation of (23), we obtain the following equality on the subset A

g la=(f+ Y Mfi)la=(F+) fe) 1a.

k=1 k=1

Since g* > 0 on R? then g* = 0 outside of A. On the other hand, the first equation of (23) leads to

(f+ Z)\kfk)lfi =-—pulg <0.
k=1

where A denotes the complement of A, hence

gLi=0=(F+> Mfr)"1s.
k=1

This finally yields the following equality valid on the whole space R,

g =+ > Mf)

k=1

Then, we end the proof by setting o, = =\ for k=1,--- ,n. (|

3.3. The case where the functions defining the constraints are not necessarily in L2

Proposition 3.1 gives the form of the solution of the problem (19) when the constraint functions f1, -, fn
are in L2 without any other conditions. To be able to take into account the probability density constraint for
densities defined on R?, which corresponds to f; = 1 and d; = 1, we would like to relax the assumption that
the functions defining the constraints fi,--- , f, belong to L2. The following proposition achieves this goal, but
on the other hand requires the existence of coefficients af, - - - o satisfying equation (25).
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Proposition 3.2. Let f € L2(R% R), and S be the closed convex set defined in (18). Assume that for k =
17 ... N n

/ Ffil < oo . (24)

Assume moreover that there exist reals (o, -+ , k) such that for k=1,--- ,n

/(f = aifi) e =di - (25)

k=1

Then the projection g* of f on the convex subset S of L? non-negative functions with linear constraints (18), is
determined by

* = —na* + — argmin —q*. 26
7= (= D aif* = arg) [17-4 (26)

S

Proof. The proof is similar to the proof of Proposition 2.2 and is based on the characterization of the projection
X* of a point Y on a closed convex set S in a Hilbert space [3]. X* € S is the projection of Y on S iff

Y -X"X-X"<0 forall XeS.

In our case, S is the subset of L2 non-negative functions with linear constraints (18). First, we easily check that
S is convex. Then, we notice that under conditions (24) and (25) (f —>_;_, affe)™ € S. Hence, it is sufficient
to prove that the quantity,

A= / ==Y atfe o - (F = Y aifit], (27)
k=1 k=1

is non-positive for any function g € S, where o, - - , o} are defined in (25).
Let us introduce the subsets of R¢,

NE

A" ={z eRY f(x) 2 ) aiful@)} and A*={zeR!|f(z) <) ajfu(z)}.
k=1

E
Il

1

Splitting expression (27) of A into two terms yields
8= [ r-r+Yaiflla-f+dain+ [ fo
A k=1 k=1 A

- éaz [A*gfk—/q—éazm*fk +/A,*fg

Zak [/*gfk_dk]‘F A*fg-

k=1
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Then using the fact that g € S and hence / 9fr = dy, yields

n

—;ai /A*gfwr/g*fg
/. g(f—kzzoe:;fk) .

Then notice that this quantity is non-positive since g € S is a non-negative function, which ends the proof.
O

A

In general, it can be difficult to check whether the existence condition (25) is satisfied or not. The next
proposition describes some conditions under which (25) is satisfied for non-negative coefficients and for two
non-negative functions (not necessarily lying in L?) defining the linear constraints. This result will be used
later, in Section 4, to determine a practical way to compute coefficients af and o3 in the case of two linear
constraints.

Proposition 3.3. Let f be a bounded function in L?(R? R), consider the following constrained optimization
problem:

1rnin/|f—g|2 with ¢g>0 and /gfk:dk for k=1,2, (28)

g€eL?

where fi and fo are two non-negative measurable functions defined on R® which are linearly independent (and
not necessarily lying in L2(R?, R)) with fi > 0 and bounded. Assume that the following condition is verified:

Ogdkg/f+fk<oo, for k=1,2. (29)
Then there exist non-negative scalars (o, ad) such that the solution of (28) has the following form
g* = (f - Offfl - a;f2)+ ) with (O‘Taaz) € R* x RF ) (30)
if and only if one of the following conditions is verified:

Condition 1: : f fTf1 <dy and ds is such that,
f2=0

/(f—@2f2)+f2 <dy < /(f—@1f1)+f2 : (31)

where (a1, &2) are the non-negative solutions of

[G-anyihi=a. or k=12, (32)
In that case o € [0,a41] and o € [0, as].

Condition 2: : [ ftf1 >dy and dy is such that,
f2=0

0<dy< /(f—a1f1>+f2. (33)
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In that case of € [a1,@1] and o € [0,00), where &1 and &1 are the non-negative solution of

/(f—d1f1)+f1 =dy , and / (f—aaf) fi=d . (34)

f2=0

Under one of these conditions, the solution points (a7, ad) is either a unique point or a continuum of points of
Rt x R*.

Notice that this proposition considers only the case of non-negative coefficients (aq, as).

Proof. By Proposition 3.2, it is sufficient to prove the existence of non-negative coefficients o and o3 satisfy-
ing (25). Let us introduce the non-negative function, H defined on RT xR, such that for any (as,as) € RT xR™

H(a, ) = / (f—onfi—aafo)" f1. (35)

This function is well defined for non-negative scalars (o, az) because of condition (29). f; and f2 being non-
negative functions, the maximum value of H (a1, a2) on RY x Rt is [ f* f; and is obtained for (a1, ) = (0,0).
Now, let us consider the following equation,

H(Oq, ag) = dl . (36)

By Lemma 1 in Appendix A, as — H(0,a2) = [ (f — azf2)t f1 decreases continuously as s increases, from

H(0,0)= [ f*f1 to H(0,00) = [ f*f1. Now, let us consider the two following cases,

f2=0
e Case 1: [ f*f1 <dy. From (29) we deduce that H(0,0) > d; while H(0,00) < di. Therefore it
f2=0
exists @ such that H(0,as) = d; . For a given as € R, there is a solution a1 = a1 (2) of equation (36)
iff e < ap. Indeed, if s < ag, a; — H(aq,a9) decreases from H (0, as) > dy to H (0o, ) =0 (using
again Lemma 1 in Appendix A and the fact that f; > 0). Hence, for any ay € [0, @2], there exists
ai1(az) € RT such that

H(Oél (ag), 042) = d1 5 (37)
where @ is given by equation (32). Moreover, notice that as — aq(az) decreases continuously from
a1(0) = a3 (where a; is given by the first equation of (32)) to ay(a@2) = 0. Hence, in case 1, af € [0, aq].

e Case2: [ f*fi>dy. From (29) and Lemma 1 in Appendix A, we deduce that H(0,0) > d; while
f2=0
H(0,00) > d;. Hence, H(0, ) > dy for any as > 0, a3 — H(a1,as) decreases from H (0, az) > dy to
H (00, a3) = 0. Hence, for any as € R, there exists a1 (az) € RT such that

H(O&l(ag), 062) = dl .

Notice that by Lemma 1 in Appendix A, as +— «a3(a2) decreases continuously from «;(0) = a; to
a1 (g = 00) = @& where @y is solution of [ (f — &1 f1)" fi = di. Hence in this case af € @1, a].
f2=0
Now, let us deal with the second constraint. Let us introduce the following non-negative function G defined for
any ag € [0, ae] in case 1 and for any as € [0, 00] in case 2:

Glaz) = / (f —oa(a2) fi —aafa)" fa (38)

e Case 1 : G varies continuously from G(0) = [(f —a1f1)Tf2 to G(a2) = [(f — aaf2)T fo. That is,
G(a2) = dq has a solution iff G(az) < d2 < G(0), which gives the condition (31) and then o3 € [0, o).
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e Case 2 : G varies continuously from G(0) = [ (f —a1f1)" f2 to G(aa = c0) = 0. The last equality
results from Lemma 1 in Appendix A which gives:

Jim / (f —ar(an)fr —asfo) fa =0,

g —+00
f2>0

observing that lim aj(a2) = &1 < co. We conclude that G(as2) = da has a solution iff dy < G(0),

gy ——+00

which gives the condition (33). Therefore, ab € [0, c0).

By Lemma 2 in Appendix A, we know that G is a decreasing function which implies that G(az) = ds has either
a single or a continuum of solutions o under the conditions (31) - (33) while af = a1 (ad) is the unique solution
of (37), when o3 is given. Hence, the solutions (af, %) is under conditions (31) - (33) either a unique point or
a continuum of points of RT x R*. O

4. KERNEL DENSITY ESTIMATION UNDER CONSTRAINTS

In this section, we consider the problem of estimating a density p on R? based on a sample (X, -- , Xx)
i.i.d according to p and an additionnal information on p (e.g. the support, the mean or the variance, ...). Let
f = p be a kernel density estimate like in (2) with, for all z € RY,

and with K being possibly a negative kernel (a kernel which can take negative values). Standard kernel density
estimation cannot exploit extra information on the underlying density. Different approaches have been proposed
to modify the kernel estimate to take into account an apriori knowledge on the density [4,8,10]. In this section,
we propose an alternative approach based on the projection of the first kernel estimate p on the set probabilty
densities statisfying the constraints using the general results of Section 3. More precisely, we are interested in
computing the density estimate ¢g* obtained as the L2-projection of the possibly negative function f = p on the
set of probability densities satisfying the constraints, when it is of the following form

1 i
g (z) = <N2Kh(:v—Xi) —ajfi(z) —aéfz(:v)> , (39)
=1

where (f1,d1) = (1ga, 1) represents the probability density constraint, (f2,d2) the additionnal information on
the underlying probability density p and aj, a5 are the reals such that,

N +
/Rd (% ZKh(:v - X;) —aifi(z) — azfg(:c)> fr(z) do =dy , (40)
i=1

for £ = 1,2. In the first subsection, we consider the case of a constraint on the support of the density. In
the second subsection, we consider the case where the functions f; defining the constraints are positive and
bounded.

4.1. Kernel density estimation under support constraint

Suppose we want to approximate a real valued function f defined on R by a probability density with support
C C R%. Similarly as for non-positive density estimation in Section 2.2, one possibility, if f € L', is to use the
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following approximation,
ey — A H@Le@)
! fRd fr@)1e(x)ds ’
Notice that, here again, the function gi has the following property,

for all z € R?, (41)

gt — gl <If =gl , (42)

for any probability density g, (see Theorem 3 p. 269 in [5], for a proof).
An alternative is to consider the L2-projection of f on the set of probability densities with support C. The
following Proposition gives the parametric form of this projection in a specific case.

Proposition 4.1. Let f be a bounded function in L?(R? R), consider the following constrained optimization
problem:

min/|f—g|2 with ¢g>0, /gzl and /gzl, (43)
c

gel?
where C is a given subset of R%. Assume that the following condition is verified:

1§/f+§/f+<oo. (44)
c
Then the solution of (43) has the following form

g7 (x) = (f(z) — of — a5 1c(x))" (45)

with o} = sup f(z) and o such that [g* =1 .
zeC

Proof. Notice that [ g =1 and ], o 9 = 1 implies that the set of constraints represents the densities with support
included in C. Now, since |, c fT >1and f is bounded then there exists a* > 0 such that

L=ar=1.

Then, if we set a} = a* — af, we easily check that g* = 0 on C and that the constraints are satisfied
Jt—at-asery = [(r-a s [(r-ant =1,
c c
By Proposition 3.2 we conclude that (45) is the L2-projection of f on the set of constraints. Notice that a} can

be negative. O

Just as Proposition 2.3 in Section 2.2, the following proposition shows that the L2-projection characterized
by (26) and (9) approximates f in the L! sense as well as approximation (41). Of course, the L2-projection
outperforms approximation (41) in the L? sense.

Proposition 4.2. Let f be a function in L?(R%,R), such that /f+(:1c) > 1. Then if the L2-projection of f on
the subset of L2-probability densities with support C C R? denoted by g* has the following form

g* = (f - Of{ - a§10)+ ) with (aglﬁvaz) € RQ ’
then g* is as close to the function f as g}, in the L' sense i.e.

* * . * f+1c
If=gili=1f=g"llh, with g7 =+
Je!
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Proof. The proof is similar to the proof of Proposition 2.3. O

Under assumptions of Proposition 4.1, where the L2-projection has the form (45), one can use exactly the
same procedure as described in Section 2.3 to compute o = af + ab > 0 as a quantile (assuming that we know

how to simulate the probability density K/ f KT). Then, to compute af = sup f, in the specific case where
C

f =P, is a kernel density estimate i.e. f(z) =p(z) = & Efil Kp(r — X;) , it can be interesting to notice that
if the support C' is convex then

sup f(z) = sup f(z),
zeC zedC

where OC is the frontier of C. Indeed, no sample X; fall in C' (and of course K is assumed unimodal).

4.2. Kernel density estimation with bounded moment constraint

In this section, we consider the case where we have an a priori knowledge on a moment of the underlying
density p:

E[fe(X)] =d2, where X ~ p, (46)

and f5 is a positive and bounded function defined on R%. In this case, we wish that our estimate will also satisfy
the moment constraint (46). To achieve this goal, we propose to project the kernel density estimate p (2) on
the set of probability densities satisfying (46). The following Corollary which derives from Proposition 3.3 will
help us to characterize and to compute such estimate with bounded moment constraint.

Corollary 4.3. Let f be a bounded function in L?(R? R), consider the following constrained optimization
problem:

rnin/|f—g|2 with ¢g> 0, /gf1:d1 and /ngZdQ, (47)

g€eL?

where fi and fo are positive and bounded functions defined on R%. Assume that the following condition is
verified:

Ogdkg/f+fk<oo, for k=1,2. (48)

Then there exist four non-negative scalars (@i)kl:lﬁg such that
/(f—df;fk)Jrfg:dg, for k=1,2 and £=1,2. (49)

For any k,£ = 1,2, for any 8 € [0, d%], there exists a non-negative real ot (B) € [0,a%] such that

[ -akrn— st si=de, where k={ ) FE=T (50)

and B+ af(B3) is a decreasing function from o (0) = ai to af(at

) = 0. Then there exist non-negative scalars
(o, ad) such that the solution of (47) has the following form

g* = (f - anl - a;f2)+ ’ with (afuaz) € R+ X R+ ) (51)
if and only if the following condition is satisfied:

(a1 <ai and as>a3) or (a7 >ai and az <as). (52)
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\

a2

FIGURE 2. o2 and of as functions of ay

If condition (52) is verified then of € [0, min(at},a?)] and b € [0,min(a3, al)] are solutions of the following
equivalent systems:

aj(az) = aja2), az() = aj(an),
or (53)
a = o?(ag) . Qs = ad(a) .

Proof. The proof is a consequence of Proposition 3.3 noticing that since f; and f> are positive we only consider
the Condition 1 of Proposition 3.3. The figure 2 represents (af,a3) as the solution of the first system of (53)
in the case where @} < af and a3 > a3. O

Here again, one can use a similar approach as described in Section 2.3 to compute (aj,a}) as quantiles,
when f = p is a kernel density estimate. Let us consider the random variable D**(/3) defined for any integer
k,? = 1,2 and for any non-negative real 3 as follows:

LIS KnY = X) fo(Y) = U XY KF(Y — X)) = Bf(YV) fo(Y)

kLay
DHo) = Te(Y) fe(Y) 7

(54)

where U is a uniform random variable on [0,1] independent of Y which follows the density g (13) given
(X17 "'7XN)5

N
1 &L K (2= X)) .
g(a:):N;:lfT , forall zeR®,
The following Proposition allows us to compute af () as a quantile of D¥¢(3).

Proposition 4.4. Assume that the functions fi and fs defining the constraints are non-negative and bounded
by one and that Condition (48) of Corollary 4.3 is satisfied. Then for any k,¢ € {1,2} and for any 8 € [0, d%],
the non-negative real of,(B) defined by (50) is the (d¢/ [ KT)-quantile of D**(8) i.e.

dy

Mﬂﬂmz%wnzﬂﬁs1. (55)
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Notice first that since f; and fo are positive and bounded functions, then it is always possible to con-
sider the case where the functions defining the constraints are bounded by one, in replacing (f1,d1) b

(f1/sup f1,d1/sup f1) and (fa,d2) by (f2/sup f2,da/sup fa).
R4 R4 Rd R4

Hence o () can be estimated empirically in simulating an iid. sample (D¥(8),--- ,Dﬁ/’jg(ﬁ)) according
to the law of D*(3) and in computing an approximation of the (d¢/ [ K*)-quantile of D*¢(3) using the
corresponding ordered statistic.

First we compute a}, a2, &}, a3, (using definition (49)), to check wether Condition (52) is satisfied or not.
If Condition (52) is satisfied then one can approximate (o}, a}) by dichotomy as follows. Let us consider a small
threshold € > 0 of tolerated error.

Algorithm 4.5. Computation of (o, a3).
(1) Generate independently Y1, ---Yas i.4.d. according to g and Uy, -+ ,Up i.i.d uniformly in [0,1];

2) Set B, = fo = a3/2;

3) Compute 61(5y) and 63 (8,) by ordering (D1 (B,), -+ Dy (B,)) and (DV(8B,), . Dy (By));

4) If |a3(B,) — &3 (By)| < € then set &5 = 41 (B,) and &5 = By;

5) Else if a3(Bp) —al(Bp) > € then set Bpi1 = Bp/2 else if al(By) —a3(By) > € then set Bpr1 = (Bp+a3)/2
and go to step 3.

Noticing that o is the inverse of a3 and that similarly of is the inverse of a3, one can also use a fixed-point
algorithm to estimate (af, a}) as solutions of one of the following systems:

az(ai(az)) = a2, af(ab(an)) = o1,
or (56)

a = o?(a) . Qs = ai(m) .

At each iteration of the fixed-point algorithm, one can approximate the evaluation of functions af; as a quantile

by Proposition 4.4.

Proof. Let a be a given non-negative real, the following events are equivalent,

N
{D"*(8) > a} {i Z Kn(Y = X3) fo(Y) — afi(Y) fe(Y) = Bfp(Y) fe(Y)

é;”}
S

2|Q

—afi(Y) = Bfi(Y)

foY)>2U

N +
<% ZKh(Y - Xi) —afe(Y) - ﬁfk(y)> fe(Y)

=1 ~ ZU
Z K (Y — X;)

HYG(Y)
{W S U} ’
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where
1 (1Y !
k4 - - _ N _ 3
Hos (V) = e ( ¥ ;Kh(Y Xi) = afi(Y) 6fk(Y)> fo(Y) -
This yields

HEL(Y)
g(Y)

. Hyl(y)
/]Rd min (1, o) ) g(y)dy

Since the functions f; and fo defining the constraints are both non-negative and bounded by one, and since
moreover the scalars a and § are also non-negative, then Hié (y) < g(y) for any y € R?. Therefore, for any
a >0,

>U

)

P(DM(B) > a) =

P(D*(3) > a) = . HY G (y)dy -
Notice that for a = a4 (3), we get
dg
HY (y)dy =
Rd a,ﬁ(y) y fK+ 9
which yields the desired result. (Il

5. SIMULATION RESULTS

5.1. Probability density constraint for negative kernel density estimate

In this section, we are interested in analyzing the performances of the L2-projection, g* (11), as a density
estimate. We focus on the one dimensional case. Let us consider the negative kernel, introduced by Bartlett
in [2] and defined, for all z € R, by

2(1 - §|x|2) if 2] < 1
KBar(:E) =

o

elsewhere.

Epanechnikov (4) and Bartlett’s kernels are represented on figure 3.

Notice that Kg,, is a four order kernel, hence this kernel allows a bias reduction of the density estimates (see
Jr

K
Section 2.1). Moreover, notice that we know how to simulate the probability density Bar_ Tndeed, for all

J Kgan
r € R,
K+
—_Bar?] (JJ) = \/EKEpan \/EI .
Jo Kibor(x)d 3 3
+
Hence, generating from fl?ir reduces to generate from the Epanechnikov kernel [16]. Let (X1,---, Xy) be
Bar

a one dimensional sample from a density p. If we assume that the underlying density p is a standard centered
Gaussian, then the optimal bandwidth associated to Bartlett’s kernel can be explicitly computed as [16],

hpar = (3360 /7)Y N~1/9 (58)
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FIGURE 3. Epanechnikov and Bartlett kernel.

For a given sample size N, we simulate an N-sample according to a given probability density p on R. Then, we
compute:

(1) the kernel density estimate, Pgpan, using the Epanechnikov kernel (4), with the bandwidth given by (5)
and the mean integrated squared error w.r.t. the underlying density p,

MISEEpan = EHﬁEpan - pH% )

(2) the kernel density estimate, ppar, using the Bartlett kernel (57), with the bandwidth given by (58) and
the mean integrated squared error w.r.t. the underlying density p,

MISEga: = E||ppar — |3 ;

(3) the L2-projection of ppar, PBar2, defined by (11), using Proposition 2.4 to estimate a* as a quantile
of 10000 samples drawn from D defined in (14), and the mean integrated squared error w.r.t. the
underlying density p,

MISEBar,Q = EHﬁBar,Q _p”§ )

(4) the “Ll-projection” of ppar, PBar,1, defined by (6) (by means of 10000 grid points to estimate [ pg, )

and the mean integrated squared error w.r.t. the underlying density p,

MISEBar,l - EHﬁBar,l —p||§ .

This procedure is repeated one hundred times such as to estimate empirically the MISE of each density estimate
by the empirical mean of the MISE computed at each simulation.

The estimated MISE of the Epanechnikov estimation and the L2-projection are reported for different sample
sizes (N = 25,50, 100, - - - ,4000),

e on the left graph of figure 4, in the case where the underlying density p is a standard centered Gaussian,
p ~ N(0,1);

e on the right graph of figure 4, in the case where the underlying density p is a Gaussian mixutre,
p ~ 0.5xN(0,1)+0.5xN(5,1).
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FIGURE 4. MISER,y,2 and MISEgpa, w.r.t. the sample size N when the underlying density is
Gaussian (on the left) and a mixture of Gaussians (on the right).

The estimated MISE of Bartlett’s estimate (MISEg,,) and the “L!-projection” (MISEg,, 1) are not reported
on those figures because they are approximately equal to MISEg,y,2. Hence, on examples considered here, one
can observe that

e the “Ll-projection” is approximately equivalent to the L2-projection;

e the projection doesn’t improve so much the estimation provided by Bartlett’s estimate (which has the
drawback provide negative values);

e the L2-projection estimate is significantly better than Epanechnikov’s estimate, especially for the mul-
timodal case (see figures 4).

Hence, the approach developed in this paper leads to density estimates that are both probability densities
and more precise, in many cases, than classical estimates (using positive kernels). Theoritically, Propositions 3.2
and 2.3 show that the L2-projection is more precise than (at least as precise as) the “Ll-projection”, in the
L! sense or in the L? sense, (if p and p are in L?). But practical examples considered here showed that these
“projections” were equivalent for the special cases considered. It would be interesting to consider other practical
cases where the L2-projection is much better than the “L!-projection”.

5.2. Probability density constraint with support constraint

In this subsection, we consider two examples in dimension one of projection of a function on the set proba-
bility densities with a given support C' C R.

In the first example, we consider the framework of kernel density estimation just as in the above subsection 5.1
with an underlying density which is an exponential density with parameter A = 0.1 i.e.

p(z) = Nexp(—Az) 1,>0(z) , forallzeR. (59)

The difference is that we use the a priori knowledge on the support, C' = RT, to produce the new estimates
PBar,1 and Ppar,2 corresponding to the estimates g} and g* in (41, 45), on the base of the negative kernel estimate
DPBar- Notice that a] and aj characterizing ppar,2 are estimated as suggested at the end of Section 4.1:

e a* = aj + aj is estimated as the 1/ f K™ empirical quantile of D based on 10000 samples drawn from
D (see (14));

e of =supp(r) = pBar(0).
C
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FIGURE 5. MISE of each density estimate (with or without support constraint) w.r.t. the
sample size N (on the left) and example of density estimates for N = 2000 (on the right).

This approach is valid in the specific case where Condition (44) of Proposition 4.1, fR . f)gar > 1, is verified,
which requires implicitly that the number of observations IV is sufficiently large. Hence our approach is not valid
for small samples. On figure 5, we can observe the estimated MISE (on 100 runs) of Epanechnikov’s estimation
PEpan and Bartlett’s estimate pga, (Without taking into account the support constraint), and of the constrained
estimate Ppar,2, for different sample sizes (N = 100, - -- ,4000). We have not represented the performance of
DBar,1, the L!-projection of Bartlett’s kernel given by (41), since it’s MISE is close to the MISE of ppar2. We
observe that the projection improves Bartlett’s estimate pp,; and produces a density estimate that is much
better than Epanechnikov’s kernel density estimate prpan.
) ) 1 sin(x) .

In the second example, we consider the function f defined by f(z) = ————= translated such that it is
centered in z = 10. We intend to project f on the set of probability gensities with a bounded support
C = [0,25]. We can check that this function satisfies Condition (44) of Proposition 4.1. On the figure 6, the
L2-projection g* defined in (45) is compared with the so called L'-projection gi(z) = leoecfT(x)/ [o fT(2).
Simulation results show that the L' error is identical for the 2 projections which agrees with Proposition 2.3
but the L2-error is 0.18 for g; and 0.15 for g*. Notice that, unlike the L!-projection, the L2-projection tends to
preserve the main mode of the original function.

5.3. Probability density constraint with mean constraint

Here, we consider a function f with bounded support C, with f; = 1 and d; = 1 for the probability density
constraint and fo = z and do = p € R for the mean constraint. The constraint functions are therefore in
L2(C) and the method of Lagrange multipliers of Proposition 3.1 gives the existence of the coefficients (o}, a3)
(possibly negative) determined by the two constraints. The L?-projection g* of f is given by:

g"(x) = (f(z) — af — a5z))" . (60)

As an illustrative example we set f(x) = k(p1(z) + ¢2(z)) where ¢; = N(B;,02) are two Gaussian densities
of mean and standard deviation (8; = 1,01 = 1) and (f2 = 3,02 = 0.2). The support of f is given by
C = |1 — 301,01+ 301] and k is such that f is a probability density. The mean of f is 2 and the imposed mean
is u = 3. On figure 7, g* is compared with the original function.
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FIGURE 7. Original function f compared with the L2 -projection ¢g*. Case of constraint func-

tions belonging to L2.

APPENDIX A

A.l. Lemma 1

Let f be a bounded real valued function defined on R¢ and fi, fo two non negative measurable functions
defined on (R% R%) such that f; is bounded and J fTf1 < oo . Then, we can define the nonnegative function

k on R such that for any as € R,

k(az) :/(f—azfz)Jrfl :
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k is a non-increasing continuous function varying from k(0) = [ f* f1 to k(+o0) = J frfi.
{z: f2(x)=0}
Proof. Clearly k is a non-increasing continuous function with k(0) = [ f*fi. For any as € R*, we can

decompose k(az) as,
Moo = [(G—aihi= [ rn+ [ U-aprn. (61)
f2=0 f2>0
Then notice that

/ (f —asfo)" fir < MM, /1{z:j'2(m)€(0,M/a2)} ,  where M = Suﬂgd fx),
xe
f2>0

and My = sup,cpa f1(x) . Since f; is measurable then the right hand of the above inequality vanishes to zero
when ag grows to infinity, which ends the proof. O

A.2. Lemma 2

Let f be a bounded function in L?(R% R). Consider f; and f, two non-negative measurable functions
defined on R? which are linearly independent (and not necessarily lying in L2(R? R)) with f; > 0 and bounded.
Assume that the following condition is verified:

ogdkg/f+fk<oo, for k=1,2. (62)

Let us consider the two following cases,
Case 1: : f fTfi <dj . Then there exists as such that /(f —asfo) 1 =d; .

f2=0
Case 2: : ftfi>d .
f2=0

Let G(aa) = [(f — an(az2)fi — aaf2)T fo defined in (38), with as € [0, a2] in case 1 and with ao € [0, 00] in
case 2. Then G is a decreasing function.

Proof. First, applying the implicit function theorem to H(ay(ag), ae) = dy defined in (37) gives :

dona(oz) _ (OHN\T' OH (63)
dOéQ 6041 8a2 a1=cte
Formally, by approximating
dOél(OQ)
a(as+e) = aj(ag) +¢ s
for small € , we develop G(as + ¢€) around «s as follows
dOél
Glaz +¢) — Glaz) ., V2 — Vf2—¢ (o fit f2)fes
V2e(Gag f1+rl2) $20 $p>0 Q2
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where ¢ = f — a1 (a2) f1 — a2 fa. One can prove that:

dOél
/¢f21’¢'25(%f1+f2) - ,/¢>0 ¢f2 ~ E(Efl + f2)

(/f21€(%f1+f2)§w§0 _/f210§w§€(%f1+f2)) = A(e) (64)

. A _ .

Observing that slggo = =0, we deduce by (64):

dG(az) / day

2/ — _ - 65
dos o) (da2 fit fa)fz, (65)

where, for any a = (a1, a2) € R?, Q(a) denotes the following subset of R?,

Qa) ={z| f(z) — a1 f(2) — azfa(x) > 0} .

Similarly, we can prove that

OH , OH
— == and — = — .
e " e W

Injecting (63) in (65) we finally express the gradient of G as follows

2
% (fﬂ(a) f1f2) - fQ(a) f? fQ(a) 13

= . 66)
5 (
day fsz(a) fi
Thanks to Schwarz inequality, we see that for all aq, 597?2 < 0 and G is strictly decreasing as soon as fi; and fo
are linearly independent on («). O
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