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Abstract

We develop a pure Monte Carlo method to compute E(g(X7)) where g is a bounded
and Lipschitz function and X; an Ito process. This approach extends the method pro-
posed in [7] to the general multidimensional case with a SDE with varying coefficients.
A variance reduction method relying on interacting particle systems is also developped.
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1 Introduction

Let d > 1 and W be a d—dimensional Brownian motion. We introduce the process X defined
as the unique strong solution of the multi-dimensional SDE with coefficients satisfying the
usual Lipschitz conditions :

{Xm?’“”O = b(t, X")dt + o (t, X0V AW, 1)

0,z0 _
X() = Zo,

where b : [0,7] x RY — R? is the drift and o : [0,7] x R? — &9 is the diffusion of the
process, S¢ being the set of d x d dimensional matrices.

In this paper, we are interested in a Monte Carlo approach to compute an expectation
of the form

ult, z) := E[g(X1")] . (1.2)

When no explicit solution is available, the classical method to solve equation (|1.2)) consists
in using a discretization scheme of (for example Euler scheme [8], Milstein scheme [9],
Burrage schemes [2] ) and the error can be decomposed as a sum of an error due to the
discretization time step 6t and a statistical error of order 1/v/N due to the Monte Carlo
method for a number N of simulations.
In this paper we propose to extend a method originally developed in [7]. The main idea
developed in this seminal paper is to start by simulating exactly a SDE :

dXP"0 = b(t, XDT0)dt 4 6(t, X0V dW,
X0 = g
0 — 0>
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where the coefficients b and & are updated at independent exponential switching times. Then
the change in coefficients in SDE is taken into account by a representation using the
automatic differentiation technique developed in [6]. By carefully choosing the coefficients b,
0, the authors were able to provide a finite variance method in the case where the diffusion
coefficient is constant or with a general diffusion term but without drift and in dimension
one. However, the variance of the resulting estimator is proved to be infinite in the most
general case.

To bypass this drawback, we extend the original framework to more general switching times
and exploit the switching time distribution to control the estimator variance. We prove
that under suitable assumptions on the switching times distribution, we can provide a finite
variance estimate of the solution of in the most general case with drift and diffusion
coefficients both varying. For instance, the Gamma distribution is proved to verify those
assumptions as soon as the shape parameter x satisfies k < %

Another contribution consists in proposing an original interacting particle scheme that helps
to stabilize even more the estimator. This approach results in a new estimator combining
both branching and interacting particle techniques. The new estimator is proved to be
unbiased with finite variance. Finally, numerical tests confirm the interest of our new
algorithm showing significant variance reduction in various examples.

2 Notations

Let C; 2([0,T] x R% R) denote the set of continuously differentiable bounded functions with
bounded derivatives of order 1 for the time variable and bounded derivatives up to order 2
for the space variable. Let £ denote the infinitesimal generator associated with such
that for any sufficiently regular function ¢ : [0,7] x R? — R in the domain of £, Ly is
given as the real valued function such that

(Lp)(t,x) = b(t,z).Dp(t,z) + %a(t,x) - D*p(t,z), forall (t,xz) € [0,T] xRY, (2.1)

where a(t,z) := o(t,x)o(t,z)T, A: B :=tr(ABT) and D (resp. D?) denotes the differential
operator of order 1 (resp. of order 2) w.r.t. the space variable x. Let us consider a real
value bounded continuous function g defined on R¢. By the Feynman-Kac formula it is well-
known that if there exists v* € C'bl 2([0,T] x R R) solution of the linear Partial Differential
Equation (PDE)

{ O+ Ly =0 (2.2)

o(T,x) = g(z)

then this PDE has a unique classical solution v*(t,x) = u(t,z) = E[g(X;m)] In the sequel
|lz|| stands for the Lo, norm of a vector or a matrix x.

All along this paper, we will consider this specific situation assuming the following assump-
tion.

Assumption 1. 1. The linear PDE (2.2) admits a unique classical solution v* € C;’Q.

2. The diffusion o(t,x) is non-degenerated such that for some constant ey > 0:

a(t,z) > el, Y(t,z) € [0,T] x R%



3. b and a are uniformly Lipschitz w.r.t. the space variable i.e. there exists a finite
constant L such that for any (t,z,2') € [0,T] x R? x R?

1b(t, 2) — b(t, 2")|| + [la(t, z) — a(t,2")|| < Lljz — /|| .
4. b and a are uniformly 1/2-Hélder continuous w.r.t. variable t i.e. there exists a finite
constant H such that for any (t,t',x) € [0,T] x [0,T] x R?
||b(t,(1,’) - b(t/a $)” + ||CL(t, .II) - a(tla {II)H < H|t - ZL//|1/2 :

For a fixed point (,%) € [0,T] x R, we introduce some operators and processes that
will be useful in the sequel

o LB the differential operator similar to £ with the drift and diffusion frozen at (Z,7)
such that for any regular function ¢ in the domain of £%

LYot x) = b(f,ic).Dgo(t,x)—i—%a(f,i’) : D%p(t,z), forall (t,z) € [0, T]xR?, (2.3)

. (f(f 10:70), . the Gaussian process with infinitesimal operator L5 defined by
XpPhowo — g0+ b(E, )(t — to) + o (£, 7) (Wy — Wy - (2.4)
for a given initial condition (g, z) € [0,7] x R?.
o pHbE [0, 7] x R — R involving the unique solution v* of (2.2) is defined by

h*’f’j(t,m) = (b(t,z) — b(t, &)).Dv*(t, ) + %(a(t,x) —a(t, @) : D*v*(t,x) . (2.5)

Notice that h*2 is a well defined continuous function since v* € C’; 2 and in particular

Kb (t 1) = Lo*(t, ) — L5%0*(t,2)  for all (t,z) € [0,T] x R% . (2.6)

3 Probabilistic representation using a branching process

Recalling [7], the following representation holds

Lemma 3.1. Suppose that Assumption 1| holds and XtE s the Gaussian process defined
in (2.4), then u defined by (1.2) and its (bounded and continuous) derivatives Du and D*u
are solutions of the system

ut,w) = Elg(XEP) + [T HY (s, XPPT Du(s, XPPHT), D2u(s, XEP)) ds]
Du(t,z) = Elg(Xp""")Mpp+ [[F HY (s, X0P57, Du(s, Xo™"), D2u(s, Xe™*)) My L ds]
DZU(t,l‘) _ E[g( :f;“”’t"‘)vf”:“ﬁ + ftT Ht’m<8,Xéw’t’x,Du(s,X;’x’t’w),D2u(8,X§’$’t’$))V:7’Z ds] ’
~ (3.1)
where for any (t,%) € [0,T] x R? the function HY® : [0,T] x R? x R? x §% ++ R s such that
- . 1 N
H J(ta LY, Z) = (b<t7x) - b<t7i')>y + i(a(t7x) - a(tv jf)) = (32)



Mﬁ:f and V;’f are respectively the first and second order Malliavin weights associated with
the process XU that is using 0y W = Wy — Wy
i ~ O, s W
6E | _ =\ —1\T 9%,
M = (ol 7))o

S —

S5 W WT — (s —) -
TY,s t,s “\—1
(512 o(t,z)"" .

(3.3)

. and VT = (0(f,2)7")

Proof. The proof relies on the uniqueness property of classical solutions of PDEs satisfying
the Feynman-Kac representation. Notice that under Assumption |1} u is the unique classical
solution of (2:2). Of course, thanks to equation (2.6), for any (,%) € [0, 7] x R? u is also a
C’; 2 solution of the following linear PDE

Oru + L8y 4 pohE — 0

Then one can use again Feynman-Kac formula to represent the unique solution u of the
above PDE as

o T . .
u(t, z) = Elg(Xh) 4+ / pbE (s, XEEbT) gg) | (3.4)
t

Finally observe that
R (g, XEBLEY — HYE (5, XE2LE Dy(s, XET), D2u(s, XEE0Y) (3.5)

The equations relative to Dv and D?v are obtained by applying Elworthy’s formula [5]
(which simply results here in the Likelihood ratio of Broadie and Glasserman [I]) in
and by using some technical estimates placed in the Appendix [0 to be able to differentiate
under the time integral.

O

Let 7 be a random time independent of the Brownian W following the density f supposed
to be positive on [0, 00]. One can rewrite representation (3.1)) by using a change of measure
to replace the time integral by an expectation according to the random time 7.

Elg(X3"")1r7—]

t
u(t, ) R
H' (t+, Xff;_t’x, Du(t + T, Xff;t,r)’ DQU(t + 7, X:f;tm))
+E[ 1T<T—t]
f(7)
Du(t,z) = Elg(X7"" ) Milrsr]
T 1— F(T —t)
cp R KR Dult 4 X, Dot 1 X)) e
f(T) tt+r +7<T—t
D?u(t,z) = Elg(X7"™")WVirlror-d
T 1—F(T —t)
HU (47, XE5 Dult+ 7 X5, D2ult + 7 K)o
+E[ f(T) Vt:t—i-T 1T<T—t]

(3.6)



where F' is the cumulative distribution of f. We will now apply recursively this representa-
tion (3.6 by considering a sequence of i.i.d. random times (7).
Let us introduce a non regular (stochastic) mesh of the interval [to, T,

W::(TO::tO<T1<"‘<Tk"'<TNT<TNT+1:T)a (37)

characterized by the Markov chain (T}) defined by

To = 1y
Ter1 = T+ 0Ty ,for k € N where (3.8)
i1 = Tt AT = (T + 1))

where (73) is an i.i.d. sequence of random times distributed according the common proba-
bility density f. Notice that (7)) defines a Markov chain with an absorbing state, T'. (T})
will define the so-called switching time.

The random integer N7 is defined as the following stopping time

From now on, the following assumption will be in force.

Assumption 2. The density distribution f underlying the random variables 3 is such that
the stopping time N7 is almost surely finite.

Remark 3.1. In the sequel, we will consider an i.i.d. sequence (1) of Gamma variables with
parameters (k > 0,0 > 0) recalling that the Gamma density with parameter (k > 0,0 > 0)

s given by

0 Sn—le—s/ﬁ
7(s) = Toe forall s >0, (3.10)
where I' is the Gamma Euler function. With that specific choice of density, one can verify
that Nt defined in is a.s. finite. This can be proved easily, after remarking that by
Borel Canteli Lemma it is enough to prove that there ezists a sequence of integers (My,)
increasing to infinity such that ) P(Np > M,) < oo which can be proved by showing that

S P 7, < T) < .

For a given mesh 7 (defined as in (3.7)) (3.8])), we consider the following sequence (defining
a Markov chain conditionally to the mesh )

{ Xo = X7, = o (3.11)

Xpr1 = Xp +0(Th, X3)0Tpq1 + 0 (T, X3 )OWii1

where Wy 1 := Wy, ., — Wr,. For the sake of simplicity, we will often note by, or oy instead
of b(Tk, XTk) or J(Tk, XTk)

Using representation with (£,%) = (T, Xi) and 7 = 741, conditioning with respect
to (#,2) one gets for any integer k > 0

ST X
E[9<X’3:k k)lTk+1:T]

Ty, X = E[Hkiq11 3.12
u(Ty, Xr) 1= F(T —Ty) + E[Hg+1 173, <7] (3.12)




with
HTe: Xk (Tk+1’Xj7;/€c;)1(k’Du(Tk+1’XTk, &), D%y (Tk+1’XTk:Xk))

Tri1
H =
FH J(0T41)

and X;‘F’“’Xk = ng’xk’T’“’Xk for s > T,.

The derivatives Du and D?u in Hy,; are given by applying the representation (3.6) with
(t,Z) = (Thy1, Xpy1) and T = 742, conditioning with respect to (£,Z) one gets for any
integer k > 0

& Ther1,X Tret1,X
E[g(X k+1> k+1)M k41> k+11T :T]
Du(Tis1, Xps1) = T Tpy1,T k+2 + E[Hk+2MTk+17Xk+l 17, <]
1— F(T — Tk+1) Tpt1,Tht2 k+2

]E[g(X;:k+1an+1 )V%Ll:;fkﬂ

1= F(T = Tps1)

1Tk+2:T]

+ E[Hy oV 0 1y 43113)

Tkt1,Tkt2

Du(Tyq1, Xp41)

Let us introduce the sequence of weights (Pj)x>1 such that for k =1,--- , Np
Mg +iVin
Pepi = oty
M1 = Ob.(o *1)T‘f5¥k+l, with  0bg := by — bp_y (3.14)
o Wi 6WT —6Thaal .
Virr = dag: (o kl)T k+1(5T:+1)2 s O'kl ,  with dap:=ap —agp_1 .

Following the same lines as the proof of Theorem 2.3 in [7], one can derive by recurrence a
representation formula for u as the expectation of an exactly simulatable variable. Before
one has to introduce some new assumptions.

Assumption 3. The coefficients b and a are uniformly bounded i.e. there exists a finite
constant M such that for any (t,z) € [0,T] x R?

[be()[| < M, lag(z)]| < M .
Proposition 3.2. Under assumptions[1}, [3 and[3 , the following representation holds

(X
u(to, zo) = E[g(X?’xO)]—E[ﬁHNT“P] (3.15)

with the convention [[,c, = 1.

Remark 3.2. 1. Using an Exponential distribution for f, one recovers the representation
given in [7].

2. The proof relies on a recurrence arqument and on representation (3.6). It proves that
any v satisfying the equation (3.1)) is given by the above explicit equation (3.15)). Notice
that this a posteriori proves the uniqueness of the solution of (3.1]).

We next define a second representation that will be interesting in order to get some finite
variance estimator for some given switching distribution, f. Following [7], one can introduce
antithetic variables to control the variance induced by the last time step. Let (F;) denote
the filtration generated by the Brownian i.e. F; := o(Ws, s € [0,¢]) and recall that 7 denotes
the stochastic sequence (T})g—o.... Ny +1 independent of the Brownian. Observe that

EIMNy 1| Fry, V7] =BV [Fry, V7] = E[Pypy [Fry, V7] =0



Hence replacing g(Xn,+1) by 9(Xnp+1) —9(Xn,) in (3.15) does not change the expectation
since due to tower property :

Nr+1 Nt

9(Xny) 9(Xny)
E—mF bl =E—">+—"_P Pl=0.
TGl | ity 1 R |
Notice that the following decomposition holds whenever Ny > 1
Nr+1
r _ Mnp+1 1 VNT+1
9(Xnr1) [ Pe= g(XNT+1)f(6T H Py + Q(XNT+1 H Py .

k=2

Then using antithetic variables for the second term in the r.h.s. of the above equality yields
the following estimator.

Proposition 3.3. Under assumptions|[1], [4 and[3, the following representation holds

Nt

X
u(to, ro) = E[ H Pl >1] + E[(F(g)ﬂ)lNT:O] , (3.16)
k=2
where 3 := %(Bl + B2) with

b o= O M s

- Np+1 N ’
By = Q(XNTH)*QT(XNT) *MNTHJ%VNTH (3.17)

2 [=F(0TNp+1) FTny)

and XNT-H = XNT + bNT(STNT-i-l — UNT5WNT+1-

4 Variance Analysis in the case of Gamma distribution

The previous representation given by Proposition is general but the variance associated
to the estimator is generally infinite as it is the case when f is an exponential density.
From now on, we will suppose that the density f = fl'f’e is the Gamma density with
parameters (k, ) with cumulative distribution F' = Fl'f 0

First, we will introduce the following assumptions.

Assumption 4. The following assertions hold
1. g€ C;’Q
2. k< %
Now, we can state the following proposition.

Proposition 4.1. Under Assumption @ and the estimator defined by (3.16]) in Propo-
sition 3.3 has finite variance.



Pr00]_‘. Let Fj, denote the sigma-field generated by the Brownian up to the random time 7T},
ie. Fi:=o0(Wste|0,Tg]) and H" := 0(Ty, 0 <k < Np+ 1)V {Nr = n}. Let us consider
the first term in the sum (3.16)).

E[(81np21 ﬁ Pk>2] = iE[(ﬂ f[ P,g)2 |Np = n]P(Np = n)
k=2

n=1 k=2
(4.1)
The proof will be decomposed into several steps
1. Bounding E[32%|F;, vV H"]
First considering My, 1 and Vi1 one easily obtains
= Sby, ) = (daz)*
B By i < o0 BV 1B e < 0 0% g
[ k+1| k ] = (5Tk+1)2 [ k—‘rl‘ k ] = (5Tk+1)4 ( )

Notice that in the sequel, C' will denote finite constants that may change from line to
line that does not depend on k or n but only on the characteristics of the problem (T,
the bounds or Lipschitz constants related to g, b, o, a). Then consider the general

term of the sum (4.1)).

B [[ P2 INr =n] = E[E[IF v H")([[5) INr=n] .
k=2 2
We get
EPIF VHY € o B{(g(Xas) — 6(X0)? My FaVHY +  (4.3)
SR TR A (O
C . V2 B :
TR b

Consider the first term on the r.h.s. of inequality (4.3]), by the Lipschitz property of g,
the boundness of b,0 and using the fact that ¢ is uniformly bounded away from zero,
we obtain

M7’2L T n 5b7’b 2
Ellg(Xor1) — g(Xn) g | B v i) < C—lotnl

K,0 — K,0
(fr7(6tn)) (fr™ (6T2))?
C|[8balP(OT)* " (4.4)
Consider the second term of (4.3). By Assumption 3 (g € C’; ’2) one can apply Ito
and obtain

’g(Xn+1) + g(Xn + 00T 41 — O'n(SWnJrl) - QQ(XH)’ < CoThya -

IN

This implies still using the boundness of b, ¢ and using the fact that o is uniformly
bounded away from zero :

: Vi |z |8ay >
E[(g(Xpni1) + g(Xni1) — 29(Xn)) 22 | Fy VHY] < C(6Th41)?
(9(Xns1) + 9(Xnt1) = 29(X0))* 7258 | s OOt o iy

IN

C(6T,)? =9 ||6an||? . (4.5)



Injecting (4.4) and (4.5 into (4.3)) finally yields

E[5 |7 v H"] < COT)20 ) (Jl6ball? + l6an?) - (4.6)

. Bounding E[||0bx||? + ||6ak||* | Fr_1 V H"]

E[[|6be]|* [Fre—1 vV H"] = E[|b(Th, X1,,) — b(Th—1, X, )II* [ Fio1 V H"]
< 2E[|[b(Tk, X1,) — b(Th, X1, [I” +

2016(Tx, X1, _,) — b(Th—1, X1 )II? | Fim VA"

C(1 + 0T})0T, + C8T, < CSTy,

IN

using the fact that b is Lipschitz w.r.t. the space variable and 1/2-Ho6lder continuous
w.r.t. the time variable. With the same development on daj one finally gets

E[||6bk]1* + [|6ar|? [Fe1 VH") < COTy, (4.7)
Similarly we obtain

E[||6bg||* + [|0ar||* | Fee1 vV H™] < C(0T3)? , (4.8)

. Bounding E[P}, , | Fj V H"]
Using (4.2)), we obtain

_ 1 _
E[P | FVH"Y] = E[(My1+ §Vk+1)4(5Tk)4(1_”)94”F4(/<;)e4‘5T’“/9 Fi VHY
Sag||t \ (8T3,)41=+)
< (ol + L
(” ¢l (5Tk+1)2) (0T5s+1)2
5Tk)4(1—n)
002(7, 4.9
= Gy -

observing that 67,1 < T < C and with the C}, defined by
Cy == [|6bx|* + [[6ar]® . (4.10)

Observe in particular that by ([4.8), E[C?|Fxr_1 V H"] < C(61%)?. Using the tower
property of expectation and bound (4.6) yields

n—1 n—1
B3 [] P2 INp =n] = E|B[8 |7, v H" T P2y INr = 1]
k=1 k=1
n—1
< CE[(6T:)* = (||danl|? + |66]1?) [T PRis IN7 = 1]
k=1
n—2
< CE [E[((STH)M—H)CnPg (Fae1 VHY [ PEey [N = n] .
k=1



By Cauchy-Schwarz, for any k we have

_ _ 1/2 _ 1/2
ECWPAIFa VHY < (BICHF 1 vH") " (BRI v H"))

(5Tk71)2(17n)

< C0T,Ch—
(5Tk)2(1—n)
< COCjpq————. 4.11
< oo, T (a.11)
Hence, we obtain by recursion
n—1 n—1 (5Tk)2(1—n)
ES* [] PeaINe =n] < C"ME[(6T,)*" 9 [ 55— [Nr =n]
0T+
k=1 k=1
observing that E[C}|F V H"] < C6Ty < CT.
Then recalling that x < 1/2 implies (67})! 2% < T172% and finally yields
n—1
E(B* [[ P2y INr =n] < CC™. (4.12)
k=1

4. Convergence of the sum > 7| C"P(Nyp = n). Let us introduce S,, = Y ,_; 7} , notice
that S, ~ I'(nk, §) with cumulative distribution

s Tnn—le—r/H
Fo.(s)= [ = ¢ "4
Sn(s) /0 I‘(nli)Q”” r

Hence one can bound P(Np = n) as follows

P(Nr=n) < P(Np=n)
< P(S.<T)
T -1
/r.nh) TTL:‘{
< dr =
- /0 [(nk)onr " nkl(nk)g™

This implies that
o e C,n
Y C"P(Np=n) <> —— |
n=1 n=1

nkl(nk)

with € = C%. Using the generalization of the Stirling formula I'(z) ~ 2~ 1/2e=%y/27

“n A —3 AL 1 . .
one proves that mlg(m) ~ 02\;2% 2 (6;1';6)”’”5 which is the general term of a convergent
sum.
O

Remark 4.1. The convergence of the previous series relies on two facts :

10



e Conditionally to the number of jumps, Np = n, one has to be able to bound for all
k<n E[W!NT = n], where f is the underlying probability density of 0Ty. In
the case of an exponential density, it is well-known that the conditional distribution,
L(0T|Nr = n), is the uniform distribution on [0,T], hence this integral is infinite.
In the case of a Gamma distribution, m < COTE 2% < C(sup(T, 1)) 2% with

Kk < % (the occurrence of small jumps is high) so the integral is bounded whatever
the conditional distribution, L(6T,|Nr = n). Notice that one could consider other
densities f with a smaller intensity of small jumps as soon as the conditional law

L(0T|N7 = n) ensures that E[mﬂ\% = n| is bounded.

o The sum Yy ;o) C"P(Ng = n) has to converge. By increasing the intensity of small
Jumps as explained at point 1., we expect that P(Np = n) will decrease more slowly with
n. This results in a tradeoff one has to achieve : increasing small jumps intensity to
be able to bound E[W!NT = n] but not too strongly to ensure the convergence
of >pe C"P(Np =n).

Consequently, the representation provides a Monte Carlo approach to compute
E[g(X7)], by simulating the regime switching process instead of the SDE ([1.1)) which
would potentially require to implement a stochastic Euler discretization scheme. However,
even though our estimator is proved to have finite variance, one can observe in practice huge
variances due to the product of a random number of terms Py that could potentially take
values greater that one. This expectation of products is by nature not a good candidate
for Monte Carlo estimation. Hence, we propose to use a resampling procedure to change
this expectation of products in a product of expectations which is known to be much more
stable for estimation.

5 Resampling method for branching processes

In this section, we propose to introduce an interacting particle system (in the same vein
as those thoroughly discussed in the reference books [3] and [4]) to approximate u(tg, zo).
We will prove that the resulting estimator has finite variance under the same assumptions
required to bound the variance of estimator . However, in practice, the new estima-
tor relying on interacting particle systems will show better performances providing smaller
variances in many examples, as illustrated in Section [6}

5.1 A Feynman-Kac measure representation

First we have to express u(tp, o) as an integral according to a Feynman-Kac measure. Let
us consider the Markov chain consisting of the sequence of random variables X = (Tx, Xk),
where (7)) and (X}) are given respectively by the dynamics and (3.11)). In the sequel,
we note Xg.p = (X'o, e ,X'k) the path valued Markov chain. Let us introduce, for any
integer k > 0, the real valued function e depending on the path Zg.;, € Ey := (R4 x Rd)kH
with the notations Fo., := (Zo, -+ ,¥%) and &, := (t,,7,) € Ry x R? such that

1 ifk=0ork=1

Co(Fow) i= 4 Mel@ot3Vel@or) i 1 5 9 and 68,16t > 0 (5.1)
I (6tk—1)
1 elsewhere .

11



with 6tx41 = tgr1 — tr and where the real valued functions Mk+1 , f/k+1 and 6I7Vk+1 are
such that for any Zg.x11 € Fri1

M1 (For1) = (Ot zk) — b(tk—1, zk—1)-(0 (L, xk)_l)Ti(SW’“gtlS?”““) if 6tpy1 >0
‘ 1 elsewhere
. Bet1(Zokt1) -
‘N/k—‘,—l(fio:k—i-l) — (a(tka .iUk;) - a(tk—lv xk,’—l)) . k(t;;kflgc;rl if 5tk+1 >0 (52)
1 elsewhere ,
with
Bisi(fors1) = (0t o) ™) (0W kit (Foai)0W ki (Foa) T = Stial) ot )~

Wii1(Zont1) = ot k) (@pr1 — 2 — bty z1)0ty) -

Observe that @k+1 does not really depend on the whole path Zg.x+1, but only on (Zx_1, Tk, Tx+1),
for k > 0. Recalling (3.14)), notice that the following identity holds

Gr(Xox) =Py, Pas. forall k=2--- Np.

In the sequel, it will appear to be crucial to consider positive potential functions with uni-
formly bounded conditional variances, more specifically such that sup; , cp, ]E[G% +1(Xokr1) [Xow =
Zo.] < 00, thus we define the potential functions (Gi)r>0 (depending implicitly on T") such

that for any k& > 0 and for any Zg.x € E},

) |1G1 )| (6t1)17F/c1(Z01) i : _ (1) to < T, and &ty > 0
Crlo) = \Gk(xo:k)\ ) <5f,ffl>1_ﬁ if k>2, 0tg—10tp >0, (53)
1 elsewhere ,
where the real valued function ¢ is defined on Ej, by
cr(Zok) = |0ts] + 10(ths wx) = b(tk—1, 2p—)II* + llalte, k) — alts—1, zp—1)[|? (5.4)

Notice that this definition of ¢; is such that ck(f(o;k) = C} + 0T}, where C}, was defined
in (4.10)), hence

Cy + 6T}, ( Oty )2(1—@ 9

2
X P, Pa.s. f 1 k=2,---,Np.
G ( Ok) Ck; 1+5Tkz 1 5tk—1 k > a.s or a. ’ s VT

Then observe that one can prove an inequality similar as (4.11)) with C replaced by ck()z'o; k)

- _ - _ 1/2 _ 1/2
Elex(Xox) P2 Fir VHY] < (E[cz(XO;k)]fk,l v H”]) (E[P,f\fk,l v %”])

(5Tk_1)2(1—n)

< 1 ( Xk '
< Ceg-1(Xok-1) 5T, , (5.5)
which yields as announced, that for all Zg.x,_1 € Ep_1
E[G}(Xou) [ Xok—1 = Foum—1] < C < 00 . (5.6)
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Notice that HkN:TZ Pi = Hy,11(Xo:Np41) HiV:TO Gr(X0:6)S:(Xo4) , P a.s. where for any
k > 0 and for any Zo., € Fg,

Sk(Zour) := Sign(Gr(Tox)) (5.7)
and
N — L ifk>1anddt; >0
Hk+1($0:k+1) = (6tk) Ck’(mO:k) (58)
1 elsewhere .
Let us introduce [p41 = %B17n+1 + %ﬂgmﬂ defined on E, 41 such that 81 1(Zo1) =

1

mg(ﬁ) and for any n > 1

BZ 1 (l‘o n+1)

. g(:l?n+1)fg(1‘n Mn+1(£O:n+l)+%‘~/n+1(1%0:n+l)

Brn+1(Zont1) =

)
10 (8t s1) £ (0tn). (5.9)
B (z ) = 9(Ent1)=g(@n) —Mnt1(Fo:nt1)+3Vat1(Fomt1) '
2,n+1\L0:n+1 . 1_F;’9(6tn+1) fl“mg(étn) ’

with p41 = zn + b(tn, :cn)étn+1 — U(tn, xn)5Wn+1(570;n+1).

Recalling (3.16)), observe that

_ S IC.SV
u(to, xg) = E[Bkl;[gpklNTZl]+E[1—F§’9(6T1) Np=0]
= E[(Byrr1Hnp 1) (Xong 1) (So:ng Goong ) (Xovz)] (5.10)

where to simplify the notation Gp.q (resp. Sp.q) denotes the product H%:p G, (resp. Hz:p Sk),
with in particular G, = 1 when p > ¢, where 1 denotes the function which takes the unique
value 1. Now, we can define the sequence of non negative measures (y;)r>0 such that for

any real valued bounded test function ¢ defined on E, := (R x R)"*! we have
W(p) = Ele(Xox) [ [ Go(Xoy)] = Elp(Xow)Gour—1(Xok—1)] , fork>1.  (5.11)
p=0

We set by convention g := g where pg denotes the probability dlstrlbutlon E(XO) of the
initial condition Xo = (to,z0) i.e. uo = L£(Xo) = O(ty,z0)- Gathering (5.10) together with
the above definition one readily obtains the following proposition expressing u(to, xo) as an
integral w.r.t. the non-negative measures -,.

Remark 5.1. The weights used in equatzonn can be generalized with o € [ 1—k| as

1 ifk=0
N |G1 5t1 l’o 1 if]{? = 1, to < T, and (5t2 >0
W0 = o S ()" ko2 i v0. O
1 elsewhere ,

Proposition 5.1. Under Assumptions[1] and[3, the following identity holds for any n > 1
u(to, 20) = Yn(¥n) (5.13)

where (pn)n>1 is a sequence of real valued functions such that for any n > 1 and Zo., €
E, = (Ry x R+l

Spn(i‘l):n) = E[(ﬁNT+1HNT+1)(XO:NTJrl)(SlzNTGn:NT)(XO:NT) |X0:n = -%O:n] . (514)
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Remark 5.2. Observe that for a given n > 1, ¢, is defined by as a conditional
expectation of a terminal payoff delivered at a future random time Np + 1, knowing the
state of the Markov chain from time 0 to m. Hence, evaluating pn(Zo.n) is not trivial,
for a given Zo.,, since it requires to compute a conditional expectation. However whenever
Zp = (tn,xy) is such that t, > T, then the knowledge of X(]:n = XZgo., determines completely
both Ny = q <n and XO:NT—H; which implies

en(Zom) = E[(Bnp+1HNp+1)(Xong+1)(S1:80Gring ) (Xoing ) [ Xom = Foin)
= (5q+1Hq+1)(jO:qul)Sl:q(fO:q)-
Now, let us introduce the sequence of probability measures (1) defined by normalization
of (Vk)k>1

() = w(p) _ Elp(Xok)Gor—1(Xok-1)]  forany k>0, (5.15)

(1) E[Gox—1(Xok-1)]

where 1 denotes the function which takes the unique value 1. Observing that for £ > 1,
Yk(1) = vk—1(Gk—1), we obtain by recurrence

(p) = m(e)mw(1)
= (@) -1(Gr-1)
= (e)Mk-1(Gr-1) - n0(Go) - (5.16)

As announced, we have replaced the expectation of a product of functions by the product
of expectations of functions, since for any n > 1

u(to, 20) = Yn(pn) = E{Son(XO:n)] = Nn(n)n-1(Gn-1) - - 1m0(Go) -

Our objective is now to approximate the sequence of probability measures (1;)r>0 by a
sequence of empirical measures (n,iv )k>0 based on a system of N particles to finally end up
with an approximation of the type

u(to, zo) =~ mp (on)nh-_1(Gn—1) -+ 1 (Go) -

5.2 The particle approximation scheme

The sequence of approximating measures (77,{:\[ )k>0 will be defined by mimicking the dynamics
of (nk)k>0. Hence, we begin by describing this recursive dynamics.

First let Kj denote the transition kernel of the path valued Markov chain (X ,’€ = Xo;k)
from k — 1 to k for any integer £ > 1. Recall that Kj can be considered both as an integral
operator on the space of measurable functions defined on E; and on the space of finite
measures, M(Ej_1), such that

e for any measurable test function fj defined on Ej, Ki(fx) is a measurable function
defined on Ej_; such that for any z},_, € Ey_y

K1) = UKD X = o] = [ Kelohv i) fuoh)
Y, EEk
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e for any finite measure my_q on Ey_1, mp_1 K}, is a finite measure on Ej, such that for
any zj, € Ej,

(mea K ) = | M1 () K (91 )
y;c—l €L

In particular, let yu;; denote the probability law underlying the random variable X b=
Xo., (we will often write py = E(X,Q))7~ for any k > 0. Then observe that puy K41 =
Wi+1 the probability law of X,’€+1 = Xo:.x+1. Besides, notice that if K} denotes the
transition kernel of the Markov chain (X i) from k—1 to k, then the transition kernel Kj,
is obtained as the following cartesian product, for any (y,._,2}) := (Yo.k—1, dZo:k) €
Ex—1 X Ey

K (Yh—1, dzh) = Kp(Yo-k—1, dTok) = Syo.p (droup—1) X Ki(yr—1,dxk) -

Now we can describe the dynamics of (n)r>0 with k. For any real valued test function f
defined on FEj, the following identities holds

Vi (fx)
(1)

ne(fr) =

(fiCran) ~ :
= BeVkTik-l) ., where py, := L£(X}) = L(Xo:) ,and Gy, = H Gp

pe(Gre-1) s
_1(K e
- Kk 1Bk (fr) Grir1) by the tower property of conditional expectation
pi—1(G1:k—1)
_1(K G
_ e (e (fi)Gr-1) by definition (51T) of 7 1
Ye-1(Gr-1)
_1(K _
= 1 (K5(fr)Gr1) by dividing the numerator and denominator by ~yx_1(1)
Me—1(Gr—1)

= ((Gr-1-m-1)Kr)(fr)

where the - sign denotes the projective product between a non-negative function G defined
on E and a non-negative measure p € M™(E) returning the probability measure G - u such
that

(G- p)(dr) := G(z)u(dr)/u(G) . (5.17)

Hence, one can describe the evolution from n;_1 to n into two steps

Correction . Evolution ~
Moot —s R 1= Gho1 o1 — oy gy 1= N1 K (5.18)

In other words, the sequence of probability measures () satisfies the following recursion

mo = o , where pg = L(X}) = L(Xo)
My :=Gr-np, forall 1<k<n, (5.19)
77k+1:77kKk y for all 1§k§n
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An Interacting Particle System will be used to approximate the sequence of probability
measures (1)o<k<n by a sequence of empirical probability measures (n,iv )Jo<k<n, such that
for all 1 < k < n, n is associated with an N-samples (511’]\[,--- ,{éV’N) approximately
distributed according to 7. To snnphfy the notation, we will often drop the exponent N
and write (fk)Z 1. instead of (& e )Z 1,.N. The recursive evolution described by (5 is
approximated by the following dynamics:

ny = po

AN =GN, forall 1<k<n (5.20)

n,iv+1:SN(ﬁ,]€VKk) , forall 1<k<n,

where S™V(u) denotes the empirical measure associated to an N-sample (£',---,¢V) iid.
according to u, that is

N
1
*NZ(Sgi, where (€1,--- M) iid. ~ pu.

Hence, the algorithm proceeds as follows. Recalling that Gy = 1, we initiate the algorithm
by generating N i.i.d. random variables (&}, ---,£V) according to pg, then we set

nN =SNGy - po) = SN (o) Zagl (5.21)

The evolution of the discrete measures, (n,iv Jo<k<n, (Where N denotes the size of the particle
system) between two iterations k and k 4 1, consists into three steps:

1. Weighting: each particle is weighted according to the value of the current potential

. G (&
function Gy. For all i € {1,---,N}, we compute wj, = NLQ)] and we set
Zj:l G ({k)
N

~N _ l .

M = Zwllc—i-l 5§;+1~
2. Selection: N ii.d. random variables (f,i, e ,é,iv ) are generated according to the

N

weighted discrete probability distribution ﬁ,]cv = z:(,ufC 65}; . More specifically, for all

i=1
ie{l,---,N } an index I € {1,---, N} is generated independently with probability
P(I = j) = wj, and we set §k = §k

3. Mutation: FEach selected particle evolves independently according to the dynam-
ics Kj4+1. This produces a new particle system (&} IRTREE ,flﬁ_l). More specifically,
for all i € {1,---, N}, we generate independently £ ; according to the conditional

distribution £(X; ,|X}, = £), then we set
| X
N o _ .
Me+1 = N Z‘Sgiﬂ : (5.22)
i=1
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For all k£ > 1 let us introduce % , the particle approximation of 7, based on nk defined by
recursion and such that for any real valued measurable test function f; defined on
Ek:a
Wt =t (fe) I n(Gyp) - (5.23)
0<p<k—1
We begin by stating a Lemma that will be crucial to prove the convergence of our new
estimator.

Lemma 5.2. Let (X]),>0 be a Markov chain (with initial distribution o and transition
kernel K},) defined on a sequence of measurable spaces (Ey, En)n>0 and (Gpn)n>0 be a sequence
of positive measurable functions defined on (Ey, £,)n>0 such that there exists a finite constant
A > 2 such that

sup Go(zg) <A, and sup E[G;%(X;;)‘Xg/;—l =a, 4| <A, foranyp>1.
NS z, 1€Ep—1
(5.24)
We consider the sequence of Feynman-Kac measures () such that for any measurable real
valued function f, defined on E,,

Yol fn) = Elfa(X. H G(X})] - (5.25)

Let (YY) be a sequence of particle approzimation measures of (v,) defined similarly as

in (5.23)), with (név)ogp defined by (5.20). For a given n > 1, let us consider a real valued
measurable function f, defined on E,, such that there exists a finite positive constant B such

that
sup | [fn(X/ )Gpn 1( ]/):n)|XI/)71 = ;)71] < B for any p = 17 en, (526)

J?;ileEpfl

for a given positive constant C. Then the particle approzimation .Y (f,) is unbiased with
finite variance, more precisely

n+2

E['Vv]zv(fn)] = (fn) , and E[('Yv]zv(fn) _'Yn(fn))2] < QBA for N> A" (5.27)

The proof of this Lemma relies on the formalism developed in the reference books [3| [4].
However, we had to carry out an original proof to take into account our specific framework
where the potential functions G, are unbounded which is not considered to our knowledge
in the existing literature. The proof is placed in the Appendix

We are now in a position to state the main result of this section.

Theorem 5.3. Suppose that Assumptions [1], [3 and [] are satisfied. For any n > 1, the
resampling estimator vY (p,) defined by (5.23)) is unbiased with finite variance. More pre-
cisely,

n+2

Elya ()] = ulto,w0) ,  and E[(32 (o) — ulto, 20))°] < for N > C"1, (5.28)

where (on)n>1 15 a sequence of real valued functions defined on E, by (5.14) and C is a
constant depending only on the characteristics of the problem (T, the bounds or Lipschitz
constants related to g, b, o, a).
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Remark 5.3. Computing 7 (¢n) reduces to compute the following product of empirical
means

v (pn) = nﬁ(wn)nffl(Gn_)mnév(Go)

() (1) (1)

where (§,i€)1§i5]v 1s the particle system at the kth iteration of the algorithm as stated by .
This in particular requires to compute @, (&) for each particle of the final particle system
(€8)i=1..n- Recalling Remark this may require to compute a conditional expectation. In
practice, one chooses n large enough such that most of particles have already reached time
T after n iterations implying that for most particles o, (&) can be computed explicitly. In
the rare cases of particles &' that have not reached yet time T, the computation of pn(EL)
that should normally require to compute a conditional expectation is approximated by one
simulation according to

L((BNp+1HNp 415087 +1) (Xo:vp41) Gy (Xoovg ) [ Xom = €3) -
Notice that it would be interesting to consider the estimator
’y,]lVN(gonN) . with ny =inf{n|€& has reached T for alli=1,---N} .
This will be left for future work.

Proof. Theorem is a direct consequence of Proposition stating that v, (¢n) = u(to, o)
and of Lemma after havmg verified that there exists a ﬁnlte posmve constant C' for which

the bounds and are verified. Observe that ( is automatically implied
by (5.6). Let us consider lb similarly to the proof of Proposition one obtains

E[Spn(XO n)Gpn 1/ ~p:n)p?O:pfl = Zo:p—1]

¢ p1=: ) 5.29
= Zq:OE[(pn(XO.n)G;:n—l(Xp:n)’XO:p—l = Z0:p—1, Np = Q]P(NT = Q) . ( )

Now considering the general term of this sum for ¢ > p > 2

[(5NT+1HNT+1)(XO Nr+1) HkT G2(X0 k) | Xop—1 = Zosp—1, Nr = ]
[/82 Cp— 1()%017 1) (§T 1)2(1 K) Hq_p 1 +1 |X0]7 1= $0p 1 NT — q]
< CE[((ST )2(1 ©) . ) (6Tp— 1)2(1 ) Cq(XO q)P2 Hk =p—1 ]34.1 ‘XO:pfl = i‘O:pfla NT = Q] )

Cpfl(XO:pfl

where C' is a constant that may change from line to line. Recalling (5.5)) finally gives

E[(83p 1 HE 1) Kovy 1) [ThZ, Gi(Xok) [ Xop-1 = Fop-1, N = g

1 1- (Xo:p-1) 1 (0T,)2(1 =)
< CoPHIE[(T,)X “)Zi@xi)(m Soomr I o [N =]

< ca—r+l

We proceed similarly when p = 1. We conclude by observing that the sum (5.29) is finite
by the same argument as in the proof of Proposition O
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6 Numerical simulations

In this section we analyse and compare the performances of the three approaches described
previously

1. Monte Carlo simulation with exponential switching times;
2. Monte Carlo simulation with gamma switching times (with parameter x < 1/2);

3. Interacting Particle Systems (IPS) with gamma switching times (with parameter k <

1/2).

We consider a one dimensional case (d = 1) and a four dimensional case (d = 4). Because
the variance of the results is closely related to the diffusion coefficient variation, we will
consider various examples with ¢ more and more space dependent.

In all cases, we consider

a drift coefficient b(t,z) =1 — =z,

an initial condition zg = 1,

a terminal condition or payoff function g(z) = (3 Zle x—1)T,

e a terminal time T = 1.

The parameters of the switching time distributions is A = 0.4 for the exponential distribu-
tion. Even if the exponential distribution gives a theoretical infinite variance (in cases we
consider here), the numerical variance observed is finite so it is interesting to compare the
results obtained by the gamma distribution and the exponential distributions.

To exploit the parallelism, for each number of particles npary = 96N, where 96 is the num-
bers of computational cores, we allocate N particles to each core. When Interacting Particle
Systems (IPS) are used, a resampling estimator 'yf,v () is simulated independently on each
core j and we return the average estimator : 9—16 Z?il %1)\/ - (¢p). Then the procedure is re-
peated independently for 1000 estimations, so as to approximate empirically the expectation
and the variance of each estimator by the empirical average and variance computed on the
1000 estimates.

The whole procedure is then repeated for different values of npary = 4919 from g = 0 to
q = 5, with ng = 10°. We reported on the graphs the evolution of the estimator expecta-
tion as a function of log(npart) and the related standard deviation is represented on log-log
graphs. On each figure devoted to the standard deviation, the theoritical decrease at a rate
1/ (npart)l/ 2 is represented by the plot of a line with slope —0.5.

6.1 One dimensional tests
6.1.1  o(t,z) =0.5+02(22 A1)

This first case shows some quite small variations of o¢. The parameters of the gamma
distribution are # = 2.5 and x = 0.5. The reference value is 0.17466. Evolution of the global
estimate and the standard deviation are given on figure
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Figure 1: Estimation and standard deviation observed for case 1 with gamma distribution
k=0.5, 0 =2.5.

In this simple case easily converging, importance sampling doesn’t improve the standard
deviation. Besides the sampling has a cost. Taking 1600000 just add 15% in computational
time, but while taking 410 millions particles, importance sampling doubles the computa-
tional cost.

6.1.2  o(t,z) =0.5+04(2x%2 A1)

With this more interesting case, we plot results obtained with § = 2.5, Kk = 0.3, Kk = 0.5
with and without resampling. Besides we add the case of the exponential distribution. The
reference value is 0.21408. Evolution of the global estimate and the standard deviation are
given on figure
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0.200

Figure 2: Estimation and standard deviation observed for case 2.

With or without importance sampling, the standard deviation is decreasing steadily
while using gamma distributions. As we double the number of simulations, the standard
deviation is roughly divided by two which is coherent with the theory. Using the exponential
distribution with resampling, the numerical standard deviation goes to zero but at a pace
impossible to quantify : this is the consequence of an infinite theoretical variance, whereas
the convergence without importance sampling seems to be slow and erratic.

In the case of gamma distribution, the standard deviation with importance sampling is
nearly half of the one without importance sampling clearly showing the interest in this
method. Results with k = 0.5 and x = 0.3 are very similar especially with importance
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sampling, but the number of jumps increases as k decreases and the computational time is
nearly doubled with x = 0.3 indicating that the optimal choice is to take x = 0.5.

6.1.3 o(t,z)=05VaiAl

This case is more difficult than the two firsts. We drop the exponential distribution that
still shows some erratic decrease in the standard deviation. The reference value is 0.2100.
We keep 6 = 2.5 and we use x = 0.3 and x = 0.5. On figures 3| and |4} we show that without
importance sampling the method is not clearly converging, while it is converging always
with the same pace when importance sampling is used.

0.26 0.0

— Reference N S — Theoretical
. - Kappa 0.5 -0.5 N PN - - Kappa 0.5
0.24 b --- Kappa 0.3 A \\\ --- Kappa 0.3

0.22
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0.18

Log of the standard deviation
o
>

U'1[‘11 12 13 14 15 16 17 18 19 74'011 12 1‘3 14 15 16 17 18 19
log(n) log(n)

Figure 3: Estimation and standard deviation observed for case 3 without resampling.
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Figure 4: Estimation and standard deviation observed for case 3 with resampling.

6.2 Some four dimensional cases

The parameters of the SDE (I.1)) are z € R* : b(t,z) =1 —z, 70 = 1 and o (¢, z) = (0.5 +
amin((3F_; #;)%,1))I for a a positive real number. Besides we take g(z) = ( S -1t

T=1.

6.2.1 a=04

The reference solution is 0.11806. We keep 6 = 2.5 for the gamma distribution. For this
first case, we plot on figures [5][6] the result obtained by the different distributions with and
without importance sampling.
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Figure 5: Estimation and standard deviation without resampling observed for the first 4
dimensional test case.
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Figure 6: Estimation and standard deviation with resampling observed for the first 4 di-
mensional test case.

In this case with importance sampling with gamma functions, the log of the standard
deviation decreases linearly. This is not the case with the exponential distribution. Without
importance sampling, the decrease in standard deviation is not regular. On this test case
importance sampling is effective by reducing the standard deviation by a factor rougly equal
to 2 and by stabilizing the results.

6.2.2 a=0.6

On this test case it was impossible to get convergence without importance sampling and
with importance sampling with the exponential distribution. On figure [7] we only give the
results obtained with importance sampling and the gamma distribution. We notice that the
standard deviation calculated are far higher than in the previous case. We have difficulties to
get a linear reduction in the standard deviation. The influence of # parameter is not obvious
on the curves, but because higher 6 give higher jumps, it gives smaller computational times.

22



— Theoretical
- Kappa 0.5, theta 2.5
- Kappa 0.25, theta 2.5
Kappa 0.5, theta 1
oF . s § " | — Kappa 0.5, theta 0.5
! - Kappa 0.5, theta 5
- Kappa 0.5, theta 10

ng
ampling

°
>

" [ Reference
- Kappa 0.5, theta 2.5
- Kappa 0.25, theta 2.5
Kappa 0.5, theta 1
—— Kappa 0.5, theta 0.5
- Kappa 0.5, theta 5
- Kappa 0.5, theta 10

°
S

-3

Global estimate gamma law resampli
o
S
@

3
o
8

Log of the standard deviation gamma law res;

°
°
2
|
)

12 13 14 15 16 17 18 19 11 12 13 14 15 16 17 18 19
log(n) log(n)

=

Figure 7: Estimation and standard deviation observed for the second 4 dimensional test
case for gamma distributions with resampling.

7 Appendix: Algorithms

We give a description of the algorithm using interacting particle sytems with gamma switch-
ing times Note that here the importance sampling is applied during the whole algorithm
and not only for a fixed number of steps.

In the sequel, g denotes the sample of a d dimensional Gaussian distribution and w a sample
of the one dimensional distribution with density pdf and cumulative distribution cdf used for
time steps generation. This algorithm is decomposed in one initialization algorithm for
the first time step, and a resampling algorithm and a final step calculating the solution

(2)-

Algorithm 1 Initialization step for algorithm (4]

1: procedure INITIALIZATION(X, W, K jump, AT, T, i, a, R, SgnW')

2 Kjump =0 > First jump

3 R=1 > Renormalization weight for importance sampling

4 for i =1, M do

5: X(i) =z, W(i) =1, SgnW (i) =1 > Position,weight, and sign of the weights

6 Sample g, w > for time step and Brownian

7 AT(i) = (T —To) Nw, T(i) =Tp + AT(i) > Time increment and time update

8 () = p(0,X(4)), (i) = 0(0, X (7)), a(i) = %a(O,X(i))a(O,X(i))T > Update
SDE coefficient

9: X)) =X)+ p()AT () + (i) g/ AT (i) > One step for position

10: end for

11: end procedure
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Algorithm 2 Final step for algorithm (|4)

1: procedure FINALIZE(X, AT, T, 0,9, W, W, R, SgnW)

2 S=0

3 for i =1,M do

4: Xp = X(i) — VAT (1)o()g(7)

5: X = X (i) — 2¢/AT ()0 (i)§(i) > Antithetic position

6 if T'(i) = AT(i) then > Only on step

7 G=0

8 else

9: G=yg(T X,)

10: end if

11: E=(g(T, X (i) — G)W (i)

12: E=(g(T,X) - Q)W(i) > Antithetic

13: S=5+ 1—cfd(1AT(i)) EXERSgnW (i) b take into account renormalization factor
and sign of the weights

14: end for

15: S = % > Final estimation of the solution

16: end procedure

Algorithm 3 Importance sampling for algorithm ({4))
1: procedure RESAMPLE(X, N, SgnWV ,...)
2 for i =1,M do

3 if T(i) < T then

1 W (i) = W)

5: if W(i) <0 then
6

7

8

9

SgnW (i) = —SgnW (i) > Update of the product of signs for particle
end if
else
: W@E)=1 > Particle arrived in T' so weight equal to 1
10: end if
11: end for
12: R= Rﬁ Zf\i LW (3) > Renormalization update according to average of weights
13: Resample X according to weights W
14: update W, W,SgnW, AT ... according resampling
15: end procedure
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Algorithm 4 Algorithm for Feynman Kac resolution

1: Initialization(X, W, Kjump, AT, T, i, a, R, SgnW')
2: while min; 7(7) < T do

3:

11:

12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

for i =1,M do
if T(:) <T then

d = pdf (AT(i)), AT = AT(i > Store density, time step

p(i) = u(T(i), X (1)), o(i) = o(T(i), X (1)), a(i) = 30(i)o ()"
Sample g, w

AT(i) = (T —T()) ANw, T(7) =T(i) + AT(3) > Time step update
X (3) = X (1) + p(i) AT (i) + o(i) /AT (4) > Position update
W, = 2 (u(i) — a(i).((c(i)~H7T \/AMT@-)) > Malliavin weight 1
Wo = htrl(ad) — a() (o))" Griio() ™) > Malliavin weight 2
(i) = p(i), a(i) = a(i) > for next step

if KJump =0 then
if T(i) < T then
W (i) = (Wy + 5Wa) AT (i)
else
W (i) =W, + sWh,, W(i) =W, + $Wa, (i) = g > Antithetic weight
end if
else
if T(i) < T then

. AT(i
W) = (W + 5Wa) 57
else ) )
W(i) = “eEate (i) = 2T gi) =g > Antithetic weight
. T AT
end if
end if

end if

end for

kJump =1

if min; T'(i) < T then
Resample(X, N, SgnW,...)

32: end while
33: Finalize(X, AT, T, 0,9, W,W,R, SgnW)
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8 Appendix: Usefull notations and proof of Lemma

8.1 Classical notations and results

Let us recall somme classical notations and results stated in [3, 4]. We consider a Markov
chain (X)) (with initial probability uo and transition kernel K}) taking values on a sequence
of measurable spaces (E,,&,) and a sequence of positive potential functions (G,,) defined
on (B, &).

e For all 0 < p < n, we define the sigma-finite measure v, € M(E,) such that for any
real valued bounded test function f, defined on F,,

W(fp) = E[ fp(X}) H Gr(Xp) ]

0<k<p—1

e For all 0 < p < n, let us define the probability measure 7, obtained by normalization
of 7, and such that for any real valued bounded test function f, defined on F,,,

Yo (fp)
’Yp(l) .

Notice that «, can be written as the following product involving the probability mea-
sures 71, - - - p,

Mp(fp) =

(fp H 77k sz

0<k<p 1

e For all 1 < p < n, let us introduce the nonlinear operator, ®, defined on the space
of sigma-finite and non-negative measures M*(E,_1) and takmg values in MT(E),)
such that

®,(mp-1) := (Gp—1-mp-1)K, , forany my_1 € MT(E,_1). (8.1)
Then the nonlinear evolution of (7,) can be summarized by
Mpt1 = Ppr1(np) (82)

e For all 0 < p < n, let us define the Feynman-Kac semi-group @, associated to the
distribution flow (7,)1<p<n such that for all x;, € F, and any real valued bounded test
function f, defined on E,,,

Qpa(f)(2y) =E[fu(X) I Ge(XD) X, =], with Quu=1d, (83)

p<k<n—1
Notice that for all 0 < p < n, v, can be written as the transformation of v, via @p»,
Yn = ’Vpr,n . (8-4)
Moreover, for any sigma-finite non-negative measure u € M*(E,),

MQp—l,p )
(MQP—Lp)(l)
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e We introduce (7)) the particle approximation sequence of measures as defined on
Lemma Notice that by definition ([5.23]) of ny the following relation holds

Tp (fp)
(1)

e Let f,, be a real valued test function defined on E,,, then the error between 2 (f,,) and
Yn(frn) can be decomposed as the sum of n "local errors” as follows, using relation (8.4])

' (fp) = (8.6)

n

(r)/?JIV - ’Vn)(fn) = Z[’YZJ)VQp,n - ’ng;v—lQp*l,n](fn) (recalhng that ’Y(J)V = 70)
p=1

= > Y = Q1) (Qpn(fn)

p=1
Then using relations |D and and recalling that %17\7 (1) = fyI]JV_ 1(Gp-1) yields

(Ve =) (fn) = val o)1y — ()] (Qpan(fn)) - (8.7)

e Let us introduce the following notations

Fév(fp) = (’Y;J;V Vp)(fp),
AY(fo) = Iy = @)l ))(fo) = & ity Fo(6h) — Bp(m)_1)(f) -

e For any p > 0, let us introduce the o-algebra G, generated by the particle system until
the p-th generation, observe that since

:SN( 77p 1) = 2552

where (f;, e ,§}],V) are i.i.d. according to ® (np_l) conditionally to G,—1. Thus

(8.8)

E[A (fp ‘gp 1 N ZE fp §p ‘gp 1] — (Uﬁl)(fp) =0, and E[Fév(fp)] =

(8.9)
e Moreover one can bound the conditional variance of A (f,) as follows
EIAY (F)* 1 Gp1) = BI(( = B 1)(£)’ Gp-1]
- }Vif (&)~ @y 1)) 1G]
- %@p(nﬁl))(fp) ~ (@ ))()
< B0
= G () (8.10)

We are now in a position to prove Lemma
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8.2 Proof of Lemma 5.2

Let us introduce the notation Gy, = Qp(Gp) for any p > k > 0. Recalling (8.7) and
notations (8.8]) gives

k
Fl]qV(Gk,p) = Z'Yév—l(Gq—l)[név_(I)q(név—l)](Qq,k(Gk,p))
q=1

k—1
= W (Gr)AY (Quk(Grp)) + Y A1 (Ga1)AY (Qqi—1(Qr-1.4(Grp)))

q=1
= 7119\[—1(Gk—1)Aév(Gk,p) +F],§V_1(G,€_1’p) -

Using stating that E[AY (G p) | Gr—1] = 0 gives
2 2 2 2
E[(TR (Grp))” | Gr1] = (W21 (Gro1)) EI(ALY (Gryp)) | Gri] + (Til1 (Gro1p)) -
Recalling assumption ([5.24)), observe that for any z)_; € Ex_;

Ki(Gip) (k1) = E[(B[Grp(Xp)|XE])?[ X}y = )]
< E[Gip(X;,)”Xllc—l = $;c—1]

APTRHL oo

IN

Then using the bound (8.10)), with p = k and G}, as a test function implies

Ap—k+1

E[(A/{cv(Gk,p))Z | Gr—1] < N

Using the above inequality and recalling that ’y,]gv_l(Gk,l) =Yk—1(Gg—-1) —i—chV_l(Gk,l) yields

N 2 Ap—k+1 2 N 2 N 2
E[(Ty, (Gip))” |Gr] < N [(Yh-1(Gr-1))" + (T3=1(Gr1)) T+ (Tp—1(Gro1p))” -

Again recall that by assumption (5.24))

Ve-1(Gr-1) := E[Grr-1(X}_1)] < (E [le 1(X1271>])1/2 < AF < o0,

which finally yields

p+1

B[ (Grp) ] < 5 (L EITY1(Cion)) ) + BITE L (Grop) -

Adding the above inequality from & = 1 to k = p gives for any p < n

Ap+1 P Antl P

E[(TY(G,)?) Z 1+E[(TY (G 1)) - < Z (1+E[(TY,(Gr1)?]) -
k=1 k=1

We obtain by recursion

E[(TY(Gy))%] < (1 + P—1. (8.11)



Now let us consider a test function f,, verifying assumption ([5.26)). Using again . stating
that E[AN(Gy,) | Gr—1] = 0 gives

E{(TY ()] = DB (Gp) (A Qo (f)) ] -
p=1
By and Assumption (5.26)), we obtain E[(A) N(Qpn(f ))) |Gp—1] < B/N which yields

E[(T (f)"] < NZ (1 1(Gp1)]

IN

ﬁpz;(wpl D)2+ BT 1 (Gpo) )
25 S (4 BT 1(Gy0)))  since (3p-a(Gpr) < 47
p:l

By we finally get
B n
E[(T ( S2% Z:: (

as soon as N > A"t and A > 2.

B <& B
r=1_q <27§ APl < 9= APt+2
) )— szl = N

An+1

9 Appendix: Technicalities related to the proof of Lemma

This section provides technical arguments allowing for differentiating under the integral sign
that are necessary to prove the second and third identity of (3.1)).

9.1 Concerning the second identity of (3.1))

Assume the first identity of (3.1)) is verified. Let us introduce the real valued function such
that for any (s,#,%,t',2') € [t',T] x [0,T] x R? x [0,T] x R?

¢b 7 (s,t,x) = E[p*3 (s, XL2Y

/

I (9-1)

where (X E”E’t"”’) is the Gaussian process defined by (2.4) and h*7 is the real valued function
defined on [0,7] x R? by (2.5). Recalling identity (3.4) and using Fubini’s lemma gives

~7 T g
u(t, z) = Elg(X5""")] + /t P (s,t, ) ds . (9.2)

Notice that by a simple application of Elworthy’s formula [5] (which simply results here in
the Likelihood ratio of Broadie and Glasserman [1]), we get

DQZ)E’E(S, t/7 1E/) — E[h*,f,:ﬁ(s’ Xi’it/’w/)Mf}i]



where p denotes the centered and standard Gaussian density on R? and M;,i is the Malliavin
weight defined at . Recall that b and a are Lipschitz w.r.t. the space variable and 1 /2-
Holder continuous w.r.t. the time variable as stated at item 3. and 4. of Assumption [I] and
that Dv* and D?v* are bounded as stated at item 1. of Assumption [} Thus there exists a
finite constant C' depending on T" and that may change from line to line such that

157 (s, 2" + b(E,#) (s =) + Vs —to@,@u)| < CO+ (=o' + bE )|+ o E2)][|ull) -
Thus for any 2’ such that ||z — /|| < C.

lo(Z, )~
Vit

Since the term on the r.h.s of the above inequality is integrable w.r.t s on [t/,T] one can
differentiate under the integral sign in (9.2) which ends the proof of the second identity

of .

|Dg (s, 2")| < © (1+ 16 D) + 1o, 2)1). (9.4

9.2 Concerning the third identity of (3.1)

Let us introduce the RY valued function ¥ such that for any (¢,%,t,2') € [0,T] x RY x
[0,T] x R?

where (s, t,Z,t,2") == 1(s,t, &, ', 2') + 1ba(s, t, 2, ¢, 2") with

Observe that ¢ = (!, - ,9%) is differentiable w.r.t. the variable 2’ and for any j =
l,---,dandi=1,---,d

J Jj o Jj o
?f, (5,8, 2,1, 2") = gw} (5,8, 2,1, 2") + gw?( bt al)

where

opd ,E,t T\ b
ot (5,1, 0') = (PE0(KE " )VA)

S (5,0,3,0, ") = (BI85, XEHT V)
Notice that ¥ does not depend on the pair (£, %), hence one can fix t = ¢ =t € [0,7].
Let us consider a fixed point z € R, two indexes i,j € {1,---d}, and a point Z € R? such
that each coordinate Z, = xy for any ¢ # i and Z; is fixed at a given value. We want to
prove that %%(t,i“,t,x) exists and is continuous (which implies the differentiability of W)
and to give an explicit expression for it. By the mean value theorem, there exists a real
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07 (t,%;,z,h) € [-1,1] (to simplify the notations we will forget the dependence on t) such
that for any i =1,---d

1 . . T .
—h[\Iﬂ (t,Z,t,x + he;) — W (t, &, t,z — he;)] = / %[1#](5, t,Z,t,x + he;) — I (s, t,&,t,x — he;)] ds
t
T oy .
@(t, Z,t,x + 0’ (T, x,h)he;)ds , (9.8)
t

where e; denotes the vector of R? with zeros coordinates except for the i* coordinate that
equals 1. Consider the following equation w.r.t. the variable z; € R

N (#) =0, where N (%) i= @+ 07 (0, h)h — & .

One can check that there exists a solution Z;(x, h) to this equation. Indeed, taking &; = z;+h
and ¥; = x; — h and recalling that 67(;,x,h) € [~1,1], we obtain

A (@i +h) = h(07 (2 + by, h) = 1) <0, and AL (@ — h) = (07 (2 — h, 2, h) +1) > 0

which, by continuity of )\;]h, implies the existence of a solution. Now we choose to take in
equation , Z as the vector having the same coordinates as x except that Z; = Z;(x, h),
this vector will be denoted by Z(x,h). Observe that by construction choosing & = &(x, h)
implies
T=x+ Hj(:fi, x,h)he; .

We are now interested in the limit of as h — 0. The technical point will consist in
applying Lebesgue theorem to permute the limit with the integral sign. First, by Lebesgue
theorem, and observing that Z;(z, h) — x; when h — 0, we have

A ) T ou]
(s,t,8(x, h),t,2(2, b)) ds = /t W Bl

T g,

. o
lim ;
h—0 Jy Ox

(s, t,z(x,h),t,&(x,h))ds

Ta J
= / 8}(s,t,x,t,x)d5.
t €Z;

Considering the integral term involving 1/1%, using the Lipschitz and Holder properties of b

and o, we get A o A
|h*,t,:p(m,h) (S, X;,z(a:,h),t,:p(m,h)” < C’(i(az, h),t)\/m

SO

o C(&(z, h),t

19% (6 1, (e, ), 1, (e, )] < CE@ALD
ox’ 5 —

where C(Z(x, h),t) is locally bounded due to the non degeneracy hypothesis and the Lips-

chitz properties in assumption [} The rhs of the previous equation is integrable so that we

can use the Lebesgues Theorem,

i

lim ' aw% (s,t,&(x,h),t,2(x,h))ds = /T lim 3¢% (s,t,&(x,h),t,z(x,h))ds
h_>0 ' ax; T ) b ) - . h_).O ax; P ) T )

T 9]

t ?{ﬁ? (s,t,x,t,x)ds .
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We finally obtain

T
o (b3t 7) = (E[g(x;m”)vg;])” + /t (E[h*m(s,X;@vt@)vf;j])m ds

which ends the proof.
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