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Abstract

We analyze the robustness properties of the Snell envelope backward evolution equa-
tion for the discrete time optimal stopping problem. We consider a series of approx-
imation schemes, including cut-off type approximations, Euler discretization schemes,
interpolation models, quantization tree models, and the Stochastic Mesh method of
Broadie-Glasserman. In each situation, we provide non asymptotic convergence esti-
mates, including IL,,-mean error bounds and exponential concentration inequalities. We
deduce these estimates from a single and general robustness property of Snell envelope
semigroups. In particular, this analysis allows us to recover existing convergence results
for the quantization tree method and to improve significantly the rates of convergence
obtained for the Stochastic Mesh estimator of Broadie-Glasserman.

In the second part of the article, we propose a new approach using a genealogical
tree approximation of the reference Markov process in terms of a neutral type genetic
model. In contrast to Broadie-Glasserman Monte Carlo models, the computational cost
of this new stochastic particle approximation is linear in the number of sampled points.
Some simulations results are provided and confirm the interest of this new algorithm.

Key-words : Snell envelope, optimal stopping, American option pricing, genealog-
ical trees, interacting particle model.

Mathematics Subject Classification : Primary 60G40; Secondary 91G60.

1 Introduction

The calculation of optimal stopping time of random processes, based on a given optimality
criteria, is one of the major problems in stochastic control and optimal stopping theory,
and particularly in financial mathematics with American options pricing and hedging. The
present paper is restricted to the case of discrete time optimal stopping problem correspond-
ing in finance to the case of Bermudan options.
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It is well known that the price of the Bermudan option giving the opportunity to exercise
a payoff fr at discrete dates kK = 0,--- ,n, can be calculated by a backward dynamic pro-
gramming formula. This recursion consists in comparing at each time step k& the immediate
payoff fi and the expectation of the future gain (or the so-called continuation value), which
precisely involves the Markov transition My of the underlying assets process (X).

One first goal of this paper is to provide a simple framework to analyze in unison most of
the numerical schemes currently used in practice to approximate the Snell envelope, which
are precisely based on the approximation of the dynamic programming recursion. The idea
is to analyze the related approximation error in terms of robustness properties of the Snell
envelope with respect to (w.r.t.) the pair parameters (f, My). Hence, we include in our
analysis approximation schemes which are defined in terms of some approximate pairs of
functions and transitions (fg, My)r>0. Then, we deduce from the robustness Lemma 2],
stated in the preliminary Section 2l non asymptotic convergence theorems, including L,-
mean error bounds and related exponential inequalities for the deviations of Monte Carlo
type approximation models.

In Section Bl this approach allows us to derive non asymptotic error bounds for deter-
ministic approximation schemes such as cut-off techniques, Euler type discrete time approx-
1mations, quantization tree models, interpolation type approrimations, then recovering or
improving some existing results or in some cases providing new bounds. We emphasize that
this non asymptotic robustness analysis also allows to combine in a natural way several
approximation models. For instance, under appropriate tightness conditions, cut-off tech-
niques can be used to reduce the numerical analysis of the Snell envelope to compact state
spaces and bounded functions f,,. In the same line of ideas, in designing any type of Monte
Carlo approximation models, we can suppose that the transitions of the chain X,, are known
based on a preliminary analysis of Euler type approximation models.

In Section M, we focus on two kind of Monte Carlo importance sampling approximation
schemes. The first one is the Stochastic Mesh method introduced by M. Broadie and P.
Glasserman in their seminal paper [5] (see also [22], for some recent refinements). The
principle idea of this method is to operate a change of measure to replace conditional ex-
pectations by simple expectations involving the Markov transition densities w.r.t. some
reference measures. The number of sampled points w.r.t. the reference measures 7, re-
quired by this model can be constant in every exercise date. This technique avoids the
explosion issue of the naive Monte Carlo method. As any full Monte Carlo type technique,
the main advantage of their approach is that it applies to high dimensional Bermudan op-
tions with a finite possibly large, number of exercise dates. In [5], the authors provide a set
of conditions under which the Monte Carlo importance scheme converges as the computa-
tional effort increases. However, the computing time grows quadratically with the number
of sampled points in the stochastic mesh. In this context, in Section [£2] we provide new
non asymptotic estimates, including L,-mean error bounds and exponential concentration
inequalities. Our analysis allows us to derive Theorem [7] improving significantly existing
convergence results (see [Blor [I]).

The second type of Monte Carlo importance sampling scheme discussed in this article is an-
other version of the Broadie-Glasserman model, called average density in the original article.
The main advantage of this strategy comes from the fact that the sampling distribution 7,
can be chosen as the distribution of the random states X, of the reference Markov chain,

even if the Radon Nikodym derivatives, R, (x,y) = M#(:")(y) is not known explicitly. We



only assume that the Markov transitions M, (z, .) are absolutely continuous with respect to
some measures \,. We can then approximate this function with empirical measure. In this
situation, we can recover a similar approximation to the original stochastic mesh method,
except that the Radon Nikodym derivatives, Rk+1(§i,§i Jrl) is replaced by an approxima-
tion. The stochastic analysis of this particle model is provided in the second part of Section
and follows essentially the same line of arguments as the one of the Broadie-Glasserman
model.

In the final part of the article, Section [Bl, we present a new Monte Carlo approach based
on the genealogical tree evolution models associated with a neutral genetic model with
mutation given by the Markov transitions M,,. The main advantage of this new strategy
comes from the fact that the computational effort of the algorithm is now linear in the
number of sampled points. We recall that a neutral genetic model is a Markov chain with
a selection/mutation transition. During the mutation phase, the particles explore the state
space independently according to the Markov transitions while the selection step induces
interactions between the various particles. This type of model is frequently used in biology,
and genetic algorithms literature (see for instance [14], and references therein).

An important observation concerns the genealogical tree structure of the genetic particle
model that we consider. The main advantage of this path particle model comes from the
fact that the occupation measure of the ancestral tree model converges in some sense to
the distribution of the path of the reference Markov chain. It is also well known that the
Snell envelope associated with a Markov chain evolving on some finite state space is easily
computed using the tree structure of the chain evolution. Therefore, replacing the reference
distribution P,, by its N-approximation PY, we define an N-approximated Markov model
whose evolutions are described by the genealogical tree model defined above. We can then
construct the approximation iy as the Snell envelope associated with this N-approximated
Markov chain. Several estimates of convergence are provided in Section Bl Finally, some
numerical simulations are performed and show the interest of our new algorithm.

2 Preliminary

In a discrete time setting, the problem is related to pricing of Bermuda options and is defined
in terms of a given real valued stochastic process (Zj)o<k<n, adapted to some increasing
filtration F = (Fk)o<k<n that represents the available information at any time 0 < k <
n. For any k € {0,...,n}, we let 7 be the set of all stopping times 7 taking values in
{k,...,n}. The Snell envelope of (Zx)o<k<n, is the stochastic process (Uy)o<r<n defined for
any 0 < k < n by the following backward equation

Ur = Zi, V E(Up41|Fr)

with the terminal condition U,, = Z,. The main property of this stochastic process is that

Uk = su;) E(ZT‘fk) = E(Zq—:’fk) (2.1)
TEL
with m=min{k <Il<n : U =2}€T.

At this level of generality, in the absence of any additional information on the sigma-fields
Fn, or on the terminal random variable Z,,, no numerical computation of the Snell envelop is



available. To get one step further, we assume that (F,,),>0 is the natural filtration associated
with some Markov chain (X,,),>0 taking values in some sequence of measurable state spaces
(En,En)n>0. We let ng = Law(X() be the initial distribution on Ep, and we denote by
M, (xy—1,dz,) the elementary Markov transition of the chain from E,_; into E,. We also
assume that Z, = f,(X,,), for some collection of nonnegative measurable functions f,, on
E,,. In this situation, the computation of the Snell envelope amounts to solve the following
backward functional equation

up = Hpp1(urs)
= max(fi, Met1(ups1)) = fr V Mis1(ups1) (2.2)

for any 0 < k < n, with the terminal value u, = f,. In the above displayed formula,
M1 (ugsq) stands for the measurable function on Fj defined for any z; € Ej by the
conditional expectation formula

My i1 (ups1)(zp) = Myy1 (g, dzgy1) upg1(Trg1)
Ey 1

= E (upt1(Xp+1) | Xp = 21)

We let Hy; = Hi41 © Hpg1,, with £ <1 < n, be the nonlinear semigroups associated
with the backward equations (2.2]). We use the convention Hy, ;, = Id, the identity operator,
so that ur, = Hy (), for any £ < I < n. Given a sequence of bounded integral operator
M, from some state space Ej_; into another Ej, let us denote by Mj; the composition
operator such that My ; := My1 My o --- M, for any k <[, with the convention M}, ;, = Id,
the identity operator. With this notation, one can check that a necessary and sufficient
condition for the existence of the Snell envelope (ux)o<k<n is that My ;fi(z) < oo for any
1 <k <Il<n,and any state x € E}. To check this claim, we simply notice that

fe Sup < frt Mypquper, V1<k<n = fr<up < Y Mpyfy, V1<k<n. (23)
k<i<n

From the readily proved Lipschitz property |Hp(u) — Hi(v)| < M1 (Ju — v|), for any func-
tions u,v on Ej, we also have that

H () — Hya(v)] < Miy (Ju — o) (2.4)

for any functions u,v on Ej, and any k <[ < n.

Even if it looks innocent, the numerical solving of the recursion (2.2]) often requires
extensive calculations. The central problem is to compute the conditional expectations
My 1(ugs1) on the whole state space Ej, at every time step 0 < k < n. For Markov
chain models taking values in some finite state spaces (with a reasonably large cardinality),
the above expectations can be easily computed by a simple backward inspection of the
whole realization tree that lists all possible outcomes and every transition of the chain. In
more general situations, we need to resort to some approximation strategy. Most of the
numerical approximation schemes amount to replacing the pair of functions and Markov
transitions (fi, My)o<k<n by some approximation model (fx, My )o<k<n on some possibly
reduced measurable subsets Ek C E;. We let u; be the Snell envelope on Ek assoc1ated
with the functions fk and the sequence of integral operators Mk from Ek 1 into Ek As in



[22]), the computation of the Snell envelope u; amounts to solve the following backward
functional equation

U = Hys1(@rg1) = fr V Mygr (@) - (2.5)

We let ﬁk,l = ﬁk.}rl Oﬁk+1’l, with k£ <[ < n, be the nonlinear semigroups associated with the
backward equations (Z3)), so that u, = ﬁm(ﬂl), for any k <[ < n. Using the elementary
inequality [(aV a') — (bV V)| < |a —b| + |a’ — V|, which is valid for any a,d’,b,b’ € R, for
any 0 < k < n and for any functions v on Ej1 one readily obtains the local approximation
inequality

Hi1(u) = Higa (w)| < |fie = fel + [(Mig1 = M) (u)]- (2.6)

To transfer these local estimates to the semigroups Hj,; and ﬁk,l we use the same pertur-
bation analysis as the one presented [I0] 12 21, 28] in the context of nonlinear filtering
semigroups and particle approximation models. The difference between the approximate
and the exact Snell envelope can be written as a telescoping sum

n

up — Uy = Z [ﬁk,l(Hl+l(ul+l)) — Hyy(Hia (wii1))
Ik

setting for simplicity Hy11(upt1) = up and 7—A(n+1(un+1) = Up, for [ = n. Combining the
Lipschitz property (2.4]) of the semigroup ﬁkJ with the local estimate (2.0]), one finally gets
the following robustness lemma, which is a natural and fundamental tool for the analysis of
the Snell envelope approximations.

Lemma 2.1 For any 0 < k <n, on the state space E‘k, we have that

n n—1
g — ] <> Myalfi = Al + D Mig|(Migy — Mg Jugg| -
1=k 1=k

The perturbation analysis of nonlinear semigroups described above and the resulting
robustness lemma are not really new. As we mentioned above, it is a rather standard tool
in approximation theory and numerical probability. More precisely, these Lipschitz type
estimates are often used by induction or as an intermediate technical step in the proof of a
convergence theorem of some particular approximation scheme.

In the context of optimal stopping problems and numerical quantization schemes, these
techniques are used for instance in the papers of Egloff [16] and Gobet, Lemor and Warin
[19] or Pages [24]. To the best of our knowledge, the general and abstract formulation given
above and its direct application to different approximation models seems to be the first
result of this type for this class of models.

Besides the fact that the convergence of many Snell approximation schemes result from a
single robustness property, the lemma 2.1l can be used sequentially and without further work
to obtain non asymptotic estimates for models combining several levels of approximations.
In the same vein, and whenever it is possible, lemma 2.I] can also be used as a technical
tool to reduce the analysis of Snell approximation models on compact state spaces or even
on finite but possibly large quantization trees or Monte Carlo type grids.

To interpret better the L,-mean error bounds appearing in this article, we end this
section with the following lemma.



Lemma 2.2 Suppose the estimates have the following form:
1
VN sup E (Jug(z) — g (2)[")» < a(p)bi(n),
el
where bi(n) are some finite constants whose values do not depend on the parameter p and
a(p) is a collection of constants such that for all nonnegative integer r:

a(2r)? = (2r), 277 and a(2r+ 1)+ = CraDen o412 , (2.7)
r+1/2

with the notation (q), = ¢!/(q¢ —p)!, for any 1 < p < q. Then we deduce the following
exponential concentration inequality

sup P (’Uk(ﬂfk) — u(2g)| >
zely,

bf/(%) + e) < exp (—~Ne?/(2b,(n)?)) . (2.8)

Proof:
This result is a direct consequence from the fact that, for any nonnegative random variable
U, if there exists a bounded positive real b such that

Vr>1 E@U")r <a(r)b,
where a(r) is defined by (2.7]), then
P(U >b+e) <exp(—€*/(20%)) .
To check this implication, we first notice that

P(U>b+e¢) < %Eg{e_t(b“)lﬁl[ew]} .

Then developing the exponential and using the moments boundedness assumption implies
that for all ¢t > 0

E (e'V) < exp <@ + bt> :

P zb+e) < e (- <et_@>> .

>0 2

Finally

Hence, for any approximation model whose L,-mean error bound has the form listed in the
above lemma, we can interpret that the probability that the approximation model makes
some level of error is exponentially small.

3 Some deterministic approximation models

In this section, we analyze the robustness of the Snell envelope w.r.t. some deterministic
approximation schemes that are parts of many algorithms proposed to approximate the Snell
envelope. Hence, the non asymptotic error bounds provided in this section can be applied
and combined to derive convergence rates for such algorithms. We recover or improve
previous results and in some cases, state new error bounds.



3.1 Cut-off type models

It is often useful, when computing the Snell envelope, to approximate the state space by a
compact set. Indeed, Glasserman and Yu (2004) [18] showed that for standard (unbounded)
models (like Black-Scholes), the Monte Carlo estimation requires samples of exponential
size in the number of variables of the value function, whereas the bounded state space
assumption enables to estimate the Snell envelope from samples of polynomial size in the
number of variables. For instance, in [I7], the authors propose a new algorithm that first
requires a cut off step which consists of replacing the price process by another process killed
at first exit from a given bounded set. However, no bound is provided for the error induced
by this cut off approximation. In this section, we formalize a general cut-off model and
provide some bounds on the error induced on the Snell envelope.

We suppose that F,, are topological spaces with o-fields &,, that contain the Borel o-field
on E,. Our next objective is to find conditions under which we can reduce the backward
functional equation ([2.2]) to a sequence of compact sets E,,.

To this end, we further assume that the initial measure 79 and the Markov transition
M, of the chain X, satisfy the following tightness property: For _every sequence of positive
numbers ¢, € [0, 1], there exists a collection of compact subsets E,, C E,, s.t.

(7T) no(Eg) < e and VYn >0 sup Mpii(zn, Ef ) < €pq1 .
Tn€Ln
For instance, this condition is clearly met for regular Gaussian type transitions on the
Euclidean space, for some collection of increasing compact balls. -
In this situation, a natural cut off consists in considering the Markov transitions My
restricted to the compact sets

Vr € Ek—l ]\/Zk(a:,dy) = YAPRIC
Ey

These transitions are well defined as soon as My(x, Ek) > 0, for any = € Ek_l. Using the
decomposition

[My = My (ug) = My(ug) = My(1g, up) — My (1gcus)
1
= 1——— | Mp(upls ) — Mp(1acug
( Mk<1@k>> elg,) = Mellgy)
O g, — Ml
= —— Mp(uply ) — Mi(1gcug) -
Then using Lemma 2.1] yields
lue — ullg, = sup |ug(z) — ug(z)|
el
n Ml(lﬁ'c
l ~ ~ ~ ~
- I=k+1 Hm B ”Ml(UAEl)”E’*l+HMl(ullEf)”Elfl
- -1
n
€l R 2\ 1/2  1/2
< 3 | Il + DI

I=k+1



We summarize the above discussion with the following result.

Theorem 3.1 We assume that the tightness condition (T) is met, for every sequence of
positive numbers €, € [0,1[, and for some collection of compact subsets E, C E,. In this
situation, for any 0 < k <n, we have that

n 1/2
. € 1/2
lu =@l < D~ IMD)L?
I=k+1 1 = € -
We notice that
up <> M(fi)
=k
and therefore HMk(ui)HEk,l <(n—k+1) Z HMk—l,l(fl)2H§k71 .

=k

Consequently, one can find sets (El)k<l§n so that ||ur — | 5, is as small as one wants
as soon as HMk,l(fl)zuﬁk < oo, for any 0 < k < [ < n. A similar cut-off approach was

intoduced and analyzed in Bouchard and Touzi [6], but the cut-off was operated on some
regression functions and not on the transition kernels.

3.2 Euler approximation models

In several application model areas, the discrete time Markov chain (Xj)r>o is often
given in terms of an JR%valued and continuous time process (X¢)e>0 given by a stochastic
differential equation of the following form

dX; = a(Xt)dt—l—b(Xt)th, law(Xo) = no, (3.1)

where 79 is a known distribution on IR? and a, b are known functions, and W is a d-
dimensional Wiener process. Except in some particular instances, the time homogeneous
Markov transitions My = M are usually unknown, and we need to resort to an Euler
approximation scheme.
In this situation, any approximation or the Snell envelope, which is based on simulations
of the price process will be impacted by the error induced by the Euler scheme used in
simulations. We propose here to provide bounds for this error. Notice that in this setting,
the exercise dates are discrete and fixed, so that our results are not comparable with those
from Dupuis and Wang (2004) [I5] who analyzed the convergence of the discrete time optimal
stopping problem to a continuous time optimal stopping when the frequency of exercise
dates increases to infinity. Similarly, for numerical approximations of Backward Stochastic
Differential Equations (BSDE), [6] and [19] also analysed the case where the number exercise
opportunities grows to infinity.

The discrete time approximation model with a fixed time step 1/m is defined by the
following recursive formula

Gl) = x
5@;1)(1’) = 5%($)+a(§%($)> %er(g%(x)) %ei



where the ¢;’s are i.i.d. centered and IR%valued Gaussian vectors with unit covariance
matrix. The chain (Ek)kzo is an homogeneous Markov with a transition kernel which we
denote by M.
We further assume that the functions a and b are twice differentiable, with bounded
partial derivatives of orders 1 and 2, and the matrix (bb*)(z) is uniformly non-degenerate.
In this situation, the integral operators M and M admit densities, denoted by p and p.
According to Bally and Talay [4], we have that

[pvp] < cq and mlp—p| < cq, (3.2)

1 g2 .
with the Gaussian density q(z,2’) := 217me il , and a pair of constants (c,o) de-

pending only on the pair of functions (a,b). Let @, be the Markov integral operator on IR?
with density ¢q. We consider a sequence of functions ( f;)o<r<n o0 R, We let (uk)o<k<n and
(i )o<k<n be the Snell envelopes on IR? associated to the pair (M, fx) and (]\/4\, fx). Using
Lemma 2] we readily obtain the following estimate

n—1 n—1
— — c e~
—a. < M“F|(M — M < = Mk .
lup — ax| < l§_k I( Juip1| < lE_k Qlui41]

Rather crude upper bounds that do not depend on the approximation kernels M can be
derived using the first inequality in (B2l

1 n—k
~ 1 Al
U — ug| < — .
|up, k|_m§CQ|ul+k|
=1
Recalling that iy < Zl+k<l’<n Ml/_(”k)fl/, we also have that

n—k
e — | < 1 TAQ Y L Uy,
m
=1

I+k<l'<n

IA

n—k
%Z Z Cl’—k Ql/_kfl’ _ % Z l Cl Qlfk-i-l .

I=1 l4+k<l'<n 1<i<n—k
We summarize the above discussion with the following theorem.

Theorem 3.2 Suppose the functions (fi)o<k<n 0N IR are chosen such that Q' fy,;(x) < oo,
for any x € R%, and 1 < k+1 <n. Then, for any 0 <1 < n, we have the inequalities

n—1
~ c —~_ 1
lug, — uy| < - § M= Qlugq| < p— § L Q' frpr -
=k 1<I<n—Fk

3.3 Interpolation type models

Most algorithms proposed to approximate the Snell envelope provide discrete approx-
imations ﬂ% at some discrete (potentially random) points 52 of Ey. However, for several



purposes, it can be interesting to consider approximations 7 of functions ug on the whole
space Ej. One motivation to do so is, for instance, to be able to define a new (low biased)
estimator, Uy, using a Monte Carlo approximation of (2], with a stopping rule 7 associ-
ated with the approximate Snell envelope uy, by replacing uy by 4y in the characterization
of the optimal stopping time 77 (1], i.e.

Uy = MZ 5 (XL) with Al =min{k<l<n : @X])=HX)}. (33

where X' = (X%,--- , X!) are i.i.d. path according to the reference Markov chain dynamic.
In this section, we analyze non asymptotic errors of some specific approxi/rgation schemes
providing such interpolated estimators iy, of ug on the whole state Ey. Let Myq = Ty My
be the composition of the Markov transition My from a finite set Si into the whole state
space Ej.1, with an auxiliary interpolation type and Markov operator Zj, from Ej into S,
so that
V. € Sk Ik(xk,ds) = 5xk(d3) ,

and such that the integrals
v € B Tion)(a) = [ Tufeds) euls)
Sk

of any function ¢ on S} are easily computed starting from any point xx in Ei. We further
assume that the finite state spaces S} are chosen so that

If = Zefllg, < e(f,|ISk]) =0 as [Sk| — oo, (3.4)

for continuous functions f on Ej. An example of interpolation transition Zj is provided
hereafter. We let Mk =1_ 1Mk be the composition operator on the state spaces Ek = E}.

The approximation models Mk are non necessarily deterministic. In [I3], we examined
the situation where

Vs €Sk My(s,dr) = — D dyi((da)
k<i<ng

where X (s) stands for a collection of Nj independent random variables with common law
My(s,dz).

Theorem 3.3 We suppose that the Markov transitions My are Feller, in the sense that
M (C(Ey)) C C(Eg_1), where C(Ey) stands for the space of continuous functions on the
Ey. We let (ur)o<k<n, and respectively (uy)o<ip<n be the Snell envelope associated with the

functions fy = ﬁ, and the Markov transitions My, and respectively ]\/Zk = Zk_lﬁk on the
state spaces B = Ej.

n—1
luk — Ggllz, < [61 (Mit1wit, 1)) + |(Mig1 — Ml+1)uz+1||sl]
=k

10



The proof of the theorem is a direct consequence of Lemma [Z1] combined with the
following decomposition

lur — Ukl &, (3.5)

n—1

<y [ll(fd — L) Myr)uial g + 1T (Mg — J/\Zl-l-l)ul-i-lHEz] :
=k

We illustrate these results in the typical situation where the space Ej are the convex
hull generated by the finite sets Sy. Firstly, we present the definition of the interpolation
operators. We let P = {P! ... P™} be a partition of a convex and compact space E into
simplexes with disjoint non empty interiors, so that £ = Uj<j<,P;. We denote by 6(P) the
refinement degree of the partition P

8(P) = sup sup [z -yl .
1<i<m 2,yeP;

We let S = V(P) be the set of vertices of these simplexes. We denote by 7 be the interpola-
tion operator defined by Z(f)(s) = f(s), if s € S, and if z belongs to some simplex P’ with
vertices {x7,... ,xilj}

IO nahy= > N flz]),

1<i<d; 1<i<d;
where the barycenters (Ai)lﬁigdj are the unique solution of
r= Y Nl with (M)icicg; €[0,1]% and Y A=1.
1<i<d; 121,

The Markovian interpretation is that starting from x, one choses the “ closest simplex” and
then one chooses one of its vertices x; with probability A;.
For any ¢ > 0, we let w(f,d) be the d-modulus of continuity of a function f € C(FE)

w(f,0):= sup  |f(z) = f(y)l.
(zy)€B:[a—y[| <5

The following technical Lemma provides a simple way to check condition ([3.4]) for interpo-
lation kernels.

Lemma 3.4 Then for any f,g € C(E),

sup |f(2) = Tg(2)] < max|f(z) - g(2)| + w(f,8(P)) + wlg,o(P)) - (3.6)

xre

In particular, we have that

sup | f(z) = Zf(x)] < w(f,0(P)) .

zel

Proof:
Suppose x belongs to some simplex P? with vertices {z7, ... ,xﬁlj }, and let ()\;)1<i<q; be the

11



Since we have Zg(z)) = g(a)), and Zg(z!) =

_ i
barycenter parameters x = Zlgigdj AN T ; ;

‘.
g(x]) for any i € {1,...,d;}, it follows that

f(2) = Zg(x)| < > Nl(F(x) = fa)]+ ) Nilf(2)) — Zg(a))]
i=1 i=1

d;
+> Ni|Zg(x)) — g(a)]
=1
dj

= Y M@ = )+ Y Nilf @) - g(a))]
=1

i=1

dj
+y Nilg(a]) — g(@)] -
i=1
This implies that
sup |f(z) —Ig(x)] < max|f(z)— g(@)| +w(f,8(P7)) + wlg,8(P)) ,

z€PI S
with ' '
w(f,6(P")) = sup |f(z)—f(y)| and &(P’):= sup [lz—y| .
lz—yl|<6(P7) z,yePI
The end of the proof is now clear. [

Combining ([B.5]) and (B.6]), we obtain the following result.

Proposition 3.5 We let P, = {P,i, ..., P} be a partition of a convex and compact space
Ey into simplexes with disjoint non empty interiors, so that K = Ui<i<m,Pi. We let
Sk = V(Px) be the set of vertices of these simplexes. We let (uk)0<k<n, be the Snell envelope
associated wzth the functions fk = fir. and the Markov transitions Mk =Ti_ 1Mk on the state
spaces B, = Ek

lur — Ukl < Z[ (My1uig1,6(P)) + [(Migr = Miga)ugals,

3.4 Quantization tree models

Quantization tree models belong to the class of deterministic grid approximation methods.
The basic idea consists in choosing finite space grids

E\k:{l‘llg,...,lbzlk}CEk:Rd,

and some neighborhoods measurable partitions (Ai)lgkgmk of the whole space E}, such that
the random state variable X}, is suitably approximated, as mj; — oo, by discrete random
variables of the following form

Z JZ}C 1A};(Xk):Xk .

1<i<my,

12



The numerical efficiency of these quantization methods heavily depends on the choice of
these grids. There exists various criteria to choose judiciously these objects, including
minimal LL,-quantization errors, that ensure that the corresponding Voronoi type quantized
variable X % minimizes the I, distance to the real state variable Xj. For further details on
this subject, we refer the interested reader to the pioneering article of G. Pages [24], and the
series of articles of V. Bally, G. Pages, and J. Printemps [2], G. Pages and J. Printems [25],
as well as G. Pages , H. Pham and J. Printems [20], and references therein. The second
approximation step of these quantization model consists in defining the coupled distribution
of any pair of variables ()A( [ )?k) by setting

P <5€k = l‘i , Xk—l = $2_1) =P <Xk S Ai , Xp_1 € AZ—l) R

for any 1 < i < myg_1, and 1 < j < my. This allows to interpret the quantized variables
(Xk)o<k<n as a Markov chain taking values in the states spaces (Ej)o<i<n, with Markov
transitions

]\/Zk(xi_l,xi) =P (Xk = xi ‘ Xk—l = x2_1> =P (Xk S Ai ’ X € A%c—l) .

Using the decompositions

Mi(f)(wh—y) = Z P(Xy € dy | X1 =2} _y)

= Z XkEdy|Xk1€Ak1)

+ / [M(f)(xz_n ~M(f)(@)] B(Xes € de| Xy € AL )
and

)zt ) Z P(X, edy | Xp_1 € AL ),

we find that
= [ @)~ FE)] (X €dy | Xy € 4 y)

+ / [M(F) (1) — M(f)(@)] (X1 € da | Xp1 € AL_,) .

We let Lip(R?) be the set of all Lipschitz functions f on R?, and we set
) —
L sp M@ =IO
z,yeERL pHy |l‘ - y|

for any f € Lip(R%). We further assume that My(Lip(R?)) C Lip(R?) . From previous
considerations, we find that

)

==

My — M)(F)(@h_y)] < L(f) E || Xp — XpP | Xpoy = 2f_y)

~ ~ . 1
+L(Mi(f)) E(|Xk—1 — Xp—1|P | Xp—1 = 2_1)7 .

13



This clearly implies that

=

Mgl Moy — M) fI(@) < L) [B0Xis — Kl | K = )

RSB

FL(Myr (f) E( X0 — XoP | X, = 2})
We also observe that

(fr and wugyy € Lip(RY))
\
(uk S Lip(Rd) with L(uk) < L(fk) vV L(Mk+1(uk+1)))

Using Lemma 2] we readily arrive at the following Proposition similar to Theorem 2 in [2].

Proposition 3.6 Assume that (fi)o<p<n € Lip(R)"!, and M, (Lip(R?)) C Lip(R%), for
any 1 < k <n. In this case, we have (uy)o<k<n € Lip(R)™ 1 and for any 0 < k < n, we
have the almost sure estimate

g, — Uk (Xp) < L(Mygr(ugs)) | Xp — Xl

n—1
+ 37 (L(w) + LMy (ws1)) E(X; = Xl | X))
l=k+1

o

FL(fa) [BOX - 7 | X0)]”

Proof:
Using the decomposition

~

U (Xn) — un(Xp) = [r(Xe) — we(Xp)] + [ur(Xe) — we(X5)]

we have that R N
up (X)) — up(Xp)| < Llug) [ Xy — Xi

then the proof is ended by

RSl

(@) —ue(X)| < Lfa) [E(X, = Xl | X))
n—1

+ 3 (L) + L(Mig (wih))) E(X — XifP | X)7 .

I
B

4 Monte Carlo importance sampling approximation schemes

4.1 Path space models

The choice of non homogeneous state spaces FE, is not innocent. In several application
areas the underlying Markov model is a path-space Markov chain

X, =(X(),...,X}))eE,=(E)x...xEl). (4.1)

14



The elementary prime variables X/ represent an elementary Markov chain with Markov
transitions M} (x;_1,dz},) from E; | into Ej. In this situation, the historical process X,
can be seen as a Markov chain with transitions given for any zy_1 = (zf,...,2}_;) € Ex_1
and yr = (Y0, ---,Y) € Ex by the following formula

My, (z—1, dyk) = 0g,_, (dyg—1) My (y_1, dyy,) -

This path space framework is, for instance, well suited when dealing with path dependent
options as Asian options.

Besides, this path space framework is also well suited for the analysis of Snell envelopes
under different probability measures. To fix the ideas, we associate with the latter a canon-
ical Markov chain (Q,f , (X;L)nzo,]P’;i (,)) with initial distribution 7, on Ej, and Markov

transitions M,, from E; _,; into E,. We use the notation Ep ~to denote the expectations
o
with respect to IE";7 z We further assume that there exists a sequence of measures (17 )o<k<n

on the state spaces (E} )o<k<n such that
no~mno and M(x)_q,.) ~ g (4.2)

for any z)_, € Ej_;, and 1 < k < n. We let (,F, (X, )n>0,Py,) be the canonical space
associated with a sequence of independent random variables X, with distribution 7, on
the state space E}, with k£ > 1. Under the probability measure Py, the historical process
X, = (X{,...,X]) can be seen as a Markov chain with transitions

My (xp—1,dyg) = 6z, (dyr—1) mi(dyz,) -

By construction, for any integrable function f; on E}, we have

B, (£2(X1) = Ep,, (£2(X0)

with the collection of functions f on Ej given for any xj = (z,...,2}) € Ejy by
dP), dP), dn dM(2)_,,.)
z) = fi(zh) x —£(z with —E () = 2 (af DT 0y (4.3
fi(@r) = fr(zy) de( k) de( k) d770( 0) 1<ll_£k an () . (4.3)

Proposition 4.1 The Snell envelopes uj and uj, associated with the pairs (f;, M}) and
(fx, M) are given for any 0 < k < n by the backward recursions

u, = frV My (upyy)  and  up = frV Mg (uggr)  with (up,un) = (f, fa) -
These functions are connected by the following formula

dP,
VO<k<n V= (zp,...,2}) € F ug(zg) = up(z},) x dTP:(:Ek) . (4.4)

15



Proof:
The first assertion is a simple consequence of the definition of a Snell envelope, and formula
([#4) is easily derived using the fact that

dMy (), )

A ($§c+1) U2+1(l’2+1)>

up(zy) = frlay) v (// M1 (dxy )

Ek:Jrl

This ends the proof of the proposition. |

Under condition (£2]), the above proposition shows that the calculation of the Snell
envelope associated with a given pair of functions and Markov transitions (f;,, M},) reduces
to that of the path space models associated with sequence of independent random variables
with distributions 7,. More formally, the restriction [P, ,, of reference measure I, to the o-
field F,, generated by the canonical random sequence (X} )o<k<n is given by the the tensor
product measure P, , = ®}_ynr. Nevertheless, under these reference distributions the
numerical solving of the backward recursion stated in the above proposition still involves
integrations w.r.t. the measures 7. These equations can be solved if we replace these
measures by some sequence of (possibly random) measures 7, with finite support on some
reduced measurable subset Elg C Ej, with a reasonably large and finite cardinality. We
extend 7 to the whole space Ej. by setting 7y (E}, — E,’f) =0.

We let @% be the distribution of a sequence of independent random variables E;C with

distribution 7 on the state space E,;, with £ > 1. Under the probability measure I/ES%, the
historical process X, = (X{,..., X)) can now be seen as a Markov chain taking values in
the path spaces

Ej = (E{)x...xﬁ,;) :

v/v\ith Markov transitions given for any z_1 = ({,...,2}_;) € Ex—1 and yx = (¥, ---,Yp) €
E}. by the following formula

Mip(2—1, dyr) = 62, (dyp—1) Tr(dy}) -

Notice that the restriction ]?’%7” of these approximated reference measure ]@% to the o-field
Fn generated by the canonical random sequence (X} )o<k<y, is now given by the the tensor
product measure ]IA”%,,L = @)k

We let uy be the Snell envelope on the path space Ek, associated with the pair (ﬂ, ]\/Zk),
with the sequence of functions fr = fx given in ([@3]). By construction, for any 0 < k < n,
and any path zj, = (zf,...,2}) € E}, we have

dP’
~ o~ / k
ug () = Uy () ¥ —de (7r) ,

with the collection of functions (U}, )o<k<n on the state spaces (E})o<k<n given by the back-
ward recursions

a?ﬁ(x;c) = fllﬁ(x;c) \4 </E’ Ml/c—i-l(x;cvdx;c—i-l) a§c+1($§c+1)> ) (4.5)
k+1
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with the random integral operator M. .. from Ej into E‘; 41 defined below

Mllc+1(33§wd37§c+1) = ﬁk+1(dﬂf§€+1) Rk+1($27$2+1)

. : o am; . | (!,,.
with the Radon Nikodym derivatives Ry (2}, 2},,,) = %( 1)

4.2 Broadie-Glasserman models

We consider the path space models associated to the changes of measures presented in Sub-
section Il We use the same notation as in there. We further assume that 7, = % Zf\i 1 55?;
is the occupation measure associated with a sequence of independent random variables & :=
(§,i)1§i§N with common distribution 7; on E,’g = E,Q We further assume that (£x)o<k<p are
independent. This Monte Carlo type model has been introduced in 1997 by M. Broadie, and
P. Glasserman (see for instance [0], and references therein). We let E be the expectation
operator associated with this additional level of randomness, and we set Epno =E® Ep,, -
In this situation, we observe that

_ 1 -
(Myyy — My ) (), doyy ) = N Vir1(day 1) R (2, o yq)

with the random fields Vk+1 =N [Mk+1—Mk+1]. From these observations, we readily prove

—

that the approximation operators M, are unbiased, in the sense that
VO<k<I Vaje B Bp, (Mi(f)@)|F) = Mi(f)ah) (4.6)

for any bounded function f on Ejy;. Furthermore, for any even integer p > 1, we have

==

VR Br,, (|[Mh - M) (0GD]") <2 0l0) s [(Resaat. )1

The above estimate is valid as soon as the r.h.s. in the above inequality is well defined.
We are now in position to state and prove the following theorem.

Theorem 4.2 For any integer p > 1, we denote by p’ the smallest even integer greater
than p. Then for any time horizon 0 < k <n, and any ), € E;, we have

VNEs,, (Juf(ah) — @ (a})]") 7 (4.7)
< 2a(p) M@ dem [(Rusa (@l i 7 1L
p k<§l;n {/ I\ Lk> AL )TN+1 [ 1+1(2 1+1 ”

Notice that, as stated in the introduction, this result implies exponential rate of convergence
in probability. Hence, this allows to improve noticeably existing convergence results stated
in [5], with no rate of convergence, and in [I] with a polynomial rate of convergence in
probability.

Proof:

For any even integers p > 1, any 0 < k < [, any measurable function f on Ej,1, and any
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x), € E}, using the generalized Minkowski inequality we find that
1
~ — — p >
VN Ep,, (‘Milf,z ‘ [Ml/—i—l - Ml/—i-l} (f)‘ (332)‘ U‘?) !

< 2a(p) / ML (e, dad) s [(Rua (el ) )]

==

By the unbias property (£0), we conclude that
p) .

1/p
< 2alp) { [ Mialapodet) mos [(Realaf 117)}

VN Be,, (| My |[Mis = M| (D) ()

For odd integers p = 2q + 1, with ¢ > 0, we use the fact that
E(Y2+)2 < E(Y2) E(Y2@tD)) and E(Y%) < E(Y2etD)a |
for any nonnegative random variable Y and

(2g+D)gr1 =2 20+ Vg1 and (20)g = 20+ gs1/(20 + 1),
so that

a(2g)%a(2(g + 1)*H) < 27D (29 4+ 1)2,1 /(g +1/2) = (a(2g + 1)*H)

2q+1> 2
9

2
< (20 a(2q + 1)) [ My, dxp) mgr [(Riga(ag, ) )20 0]

N B, (|58 |[Miss ~ T0] ()] o)

x [ Milg,l(x;cvdx;) Mi+1 [(—Rl+1(w;7 .)f)2(q+1)}

Using the fact that E(Y#) < E(Y)Til, we prove that the r.h.s. term in the above display
is upper bounded by

2 2(1- 55w
(207 Datzg + 170) [0t ety [(Re e, ) 0700) ,

from which we conclude that

1
~ —~ —~ 2q+1\ 2¢+1
VN EPno <‘Mllc,l ‘ [Ml/—i-l - Ml/+1} (f)‘ (5172)‘ >

1
< 2a(2q +1) {f My, (), dzy) mga [(Riga (2, -)f)2(q+1)]}2(q“) .

This ends the proof of the theorem. [
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The L,-mean error estimates stated in Theorem are expressed in terms of L.,y norms
of Snell envelope functions and Radon Nikodym derivatives. The terms in the r.h.s. of ({7
have the following interpretation:

[ Mo da) min (R (o)

=E [(RHI(Xl,v§ll+1)ul+1(§ll+1))pl | X}, = x;] )

In the above display, E(.) stands for the expectation w.r.t. some reference probability
measure under which X] is a Markov chain with transitions M], and 5114—1 is an independent
random variable with distribution 7;,1. Loosely speaking, the above quantities can be very
large when the sampling distributions 7,11 are far from the distribution of the random states
X/ ., of the reference Markov chain at time (I + 1). Next we provide an original strategy
that allows for instance to take 7,1 = Law(X/, ) as the sampling distribution, even if R;
is not known (i.e. cannot be evaluated at any point of Ej;1). In the sequel, we consider N
independent copies (&), -+ £%)1<i<n of the Markov chain (X{, X}, - X},), from the origin
k = 0 up to the final time horizon k = n. Then, for all £ = 0,-- - n, we define the associated
occupation measure 7, = %Zf\il 5511’ For all kK = 0,---n, we let Fr be the sigma field
generated by the random sequence (§;)o<i<k-

We also assume that the Markov transitions M (2, _,
with respect to some measures \,(dx}) on E! and we have

! /
(i ¥y pnl) € (Byy x B Hywh o) = 2ot o g
n

where H,, is supposed to be known up to a normalizing constant. In this situation, we have
Ni+1 < Ag+1, with the Radon Nikodym derivative given below

dx!)) are absolutely continuous

M1 (A y) = MMy (dey ) = e (Hpra (0 @g0)) Ak (dagq) -
Also notice that the backward recursion of the Snell envelope u), can be rewritten as follows
dMlg+1(fL";w )

u(xh) = fi(zh) Vv / dxh
k( k) fk( k) ( 5 77k+1( k—i—l) Ao

) ($;c+1) u?ﬁ—i—l(x;c—i-l))
k+1

Hyy1 (2, 27,44)
nk(Hk-i-l(" 332;4_1)

= felzp) vV (/E M1 (dyy )

/
k+1

) U;c+1($;c+1)> .

Arguing as in ([Z5]), we define the approximated Snell envelope (1}, )o<k<n on the state spaces
(E},)o<k<n by setting

a?ﬁ(x;c) = fllﬁ(x;c) \4 </E’ Ml/c—i-l(x;cvdx;c—i-l) a§€+l($;€+l)> )
k+1

with the random integral operator M’ from E;. into Ek-‘,—l defined below

dMI/c+1(x;cv y
dne My, ¢
Hk+1(x;€7x;€+1)

Me(He41(-2041))

Ml;—l—l(x;cv dx;c—l—l) = ﬁk+1(dﬂf2+1) (332+1)

Me+1(de) )
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By construction, these random approximation operators M . 41 satisfy the unbias property
stated in (.6]), and we have

_ 1 ~ _
(Ml/c—i-l - Mllc+1)(m;gadx;c+1) = \/—N Vk+1(d33§c+1) Rk-i—l(x;wx;c-i-l) )

with the random fields T7k+1 and the Fj-measurable random functions §k+1 defined below

Hyqo (), x;c—i-l)
ﬁk(Hk-l-l(' ) ':U§<;+l))

‘7k+1 =VN [k Mj, 1 — N+1]  and §k+1($27$§c+1) =

Furthermore, for any even integer p > 1, and any measurable function f on E; we have

B =

VR B, (|[Mhsr 3] (DD 1) < 2 000) b [(Braa(at, )]

The above estimate is valid as soon as the r.h.s. in the above inequality is well defined. For
instance, assuming that
2
(H)1 ”Ml,+1(uz-f1)” <0
Hypq(zg, 77, 4)

and sup 5~ < hl+1(332 ) with HMlI (h2p )H < o0
mfvyZEE[ Hl+1(yl,7x2+1) +1 +1\4+1 )

we find that
VN E (‘ [Ml/—l—l - ]\//—71/+1} (U2+1)(l’f)‘p |7 >%

1

) 1
<2alp) (1M (W) 1My () )) ™
Rephrasing the proof of Theorem 1.2, we prove the following result.

Theorem 4.3 Under the conditions (H)y and (H)y stated above, for any even integer
p>1, any 0 <k <n, and z), € E}, we have

VN E (Juj(a}) — @ () [) (48)
<2a(p) > (1M P 1My ()™
k<l<n

In the end of this subsection, recovering and extending results from [5], it is interesting
to point out that both the Broadie-Glasserman estimator and this new BG type adapted
estimator have positive bias.

Proposition 4.4 For any 0 < k < n and any z) € E},

E (t,(z}) = up(at,) - (4.9)
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Proof:

This inequality can be proved easily by a simple backward induction. The terminal condition
u,, = u), implies directly the inequality on instant n. Assuming the inequality holds true in
instant k, then Jensen’s inequality implies that

E(@(ah) = fulal) VE (Mg (@0)(ah))
> fr(@l) V My prug g (2)) = up(a),) -

This ends the proof of the proposition. [

5 A genealogical tree based model

5.1 Neutral genetic models
Using the notation of Sub-section ] we set
X, =(X},....,X}))eE,=(E)x...xEl),

We further assume that the state spaces E/, are finite. We denote by 7 the distribution of
the path-valued random variable X, on Ej, with 0 < k < n.

We also set M, the Markov transition from X; , to X, and M}, the Markov transition
from X;,_1 to X;. In Sub-section [l we have seen that

Mk(($67 s ,ZE§€_1), d(y67 v ay;c)) = 5(:(:6,,:0271)((1(:’467 s ?y]/i‘—l)) Mllﬁ(y;c—b dy;c) .

In the further development, we fix the final time horizon n, and for any 0 < k < n, we
denote by mj the k-th coordinate mapping

T @ Xy = (20,...,70) € By = (E)X...x El)— mp(z,) = 2} € E}, .
In this notation, for any 0 < k < n, zj, € Ej, and any function f € B(E]_ ), we have

Nn((1z 0 ) (f © Tpy1))
1 (12 © 1)) '

By construction, it is also readily checked that the flow of measure (1 )o<x<n also satisfies
the following equation

nn = Law(X{,...,X]) and Mllﬁ_l(f)(x) = (5.1)

Vi<k<n =@ (k—1) , (5.2)

with the linear mapping ®y (1) := ngp—1 M.

The genealogical tree based particle approximation associated with these recursion is
defined in terms of a Markov chain élgN) = (ﬁl(f’N))lgiS N, in the product state spaces E,iv’“,
where N = (Nj)o<k<n is a given collection of integers.

PV = @homt™ &) = ] o

1<i<Np

> O | (=) - (5.3)

Ne-1 v 0
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(i,N)

The initial particle system 5(()N) = ( 0 , is a sequence of Ny i.i.d. random copies

>0§i§No
of Xy. We let flﬁv be the sigma-field generated by the particle approximation model from
the origin, up to time k.

To simplify the presentation, when there is no confusion we suppress the population size
parameter N, and we write &, and 52 instead of élgN) and {,(:’N). By construction, & is a
genetic type model with a neutral selection transition and a mutation type exploration

Ny, Selection  ~ = ]\Afk Mutation Nig1
e BNy 2 g o (§k>1<i<ﬁ el 0 g e B (5.4)
SIS N

with Nk = Ngyq. N
During the selection transition, we select randomly Ny, path valued particles & =
(5@) i among the N, path valued particles &, = (52)1§,~§Nk. Sometimes, this elemen-
SIS INEg+1

tary transition is called a neutral selection transition in the literature on genetic population
models. During the mutation transition & ~» &g, every selected path valued individual
&}, evolves randomly to a new path valued individual {,’; 41 = @ randomly chosen with the

distribution Mk+1(g}€, x), with 1 <i < Nk By construction, every particle is a path-valued
random variable defined by

gllc = (géjw gi,kv cee aglig,k)
§ = (B8 8u) € Beim (Bpx... X Ep) .

By definition of the transition in path space, we also have that

gllc-i-l = (%,Hl, ﬁ,k-ﬁ-l’ s aEIZc,kJrl) ) gllc+1,k+1
I

= ( <£(Z),k7 gi,kv ceey g]Zch)v gllc—i-l,k—i-l) = (gllw £IZ€+1,k+1) )

where 52+1,k+1 is a random variable with distribution M];+1(a’€7k, .). In other words, the
mutation transition a@ ~ §,i 41 simply consists in extending the selected path a@ with an
elementary move E,@k ~ 5}; +1,k+1 of the end point of the selected path.

From these observations, it is easy to check that the terminal random population model
Skl = (&i’k>1§i§Nk and é’\kk = (alg’k>1§iSNk+1 is again defined as a genetic type Markov
chain defined as above by replacing the pair (Ej, Mj) by the pair (Ej, M}), with 1 < k < n.
The latter coincides with the mean field particle model associated with the time evolution
of the k-th time marginals 7)) of the measures 7, on E;. Furthermore, the above path-
valued genetic model coincide with the genealogical tree evolution model associated with
the terminal state random variables.

We let n,iv and ﬁ,iv be the occupation measures of the genealogical tree model after the
mutation and the selection steps; that is, we have that

1 N 1
k : Ny ' K
1<isN 1<i< Ny,
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In this notation, the selection transition &, ~~ Ek consists in choosing Nk conditionally
independent and identically distributed random paths g@ with common distribution n,]gv .
In other words, ﬁ,iv is the empirical measure associated with Nk conditionally independent
and identically distributed random paths a@ with common distribution n,]gv . Also observe
név is the empirical measure associated with N conditionally independent and identically
distributed random paths §,i with common distribution n,iv_le.

In practice, we can take Ng = N1 = ...N,, = N when we do not have any information
on the variance of Xj. In the case when we know the approximate variance of X}, we can
take a large Nj, when the variance of X, is large. To clarify the presentation, In the further
development of the article we further assume that the particle model has a fixed population
size N = N, for any k > 0.

In the sequel, the simulation of the path valued particle system (&x)o<k<, Will be called
the Forward step and is summarized in the following algorithm.

5.1.1 Forward algorithm

Initialization At time step k = 0, generate N i.i.d. random copies of Xy and set & =
(gé)OSiSN'

At each time step k=1,--- ,n

1. Selection: Foreachi =1,--- , N, generate independently an indice I; € {1,--- , N}
with probability P(I; = j) = 1/N. Then set £ |, = &' .

2. Mutation: For each ¢ = 1,--- , N, generate independentAly N ii.d. random
variables (%,k)OSiSN according to the transition kernel M, ({i_l7k_1, -). Then set

52 = (52_1’511,0-

5.2 Convergence analysis

For general mean field particle interpretation models (B.3]), several estimates can be derived
for the above particle approximation model (see for instance [I1]). For instance, for any
n >0, r > 1, and any f,, € Oscy(E,), and any N > 1, we have the unbias and the mean
error estimates:

E (1 (fn)) = 1a(fn) = E (7 (f2)) (5.5)
and VN E (‘ [77711\7 _ Un] (fn)‘T>; <2a(r) Zﬂ(Mp,n) )
p=0

with the Dobrushin ergodic coefficients

B(Mpyn) = sup  [[Mpn(zp,.) = Mpn(yp, iy
(zp,ypEED)
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and the collection of constants a(p) defined in ([Z7). Arguing as in (2.8]), for time homoge-
neous population sizes N,, = N, for any functions f € Osci(F,), we conclude that

b(n) Neé?
P(Hniv—nn] (f)| > ﬁ+6> < exp <_W> (5.6)
with  b(n) =2 B(M,.n)
p=0

For the path space models (5.1), we have (M, ,) = 1 so that the estimates (G.5]) and (&6
takes the form

VNE ([0 =] (b)) <2 alr) (n+1) (5.7)
and
n Née?
P <|[77,]LV —nn] (f)‘ > 2(7\/%1) —|—e> < exp (—m> .

In the next lemma we extend these estimates to unbounded functions.

Lemma 5.1 For any p > 1, we denote by p’ the smallest even integer greater than p. In
this notation, for any k > 0 and any function f, we have the almost sure estimate

VNE (| = nf Mi ) (D] [ ) (5.8)

< 2a(p) Z {Uziquk—u(\Mz,n(f)’p/)] v
=k

In particular, for any f € Ly (n,), we have the non asymptotic estimates

VN E ([ =l (0P) " <2 ) Wl (0 +1) (5.9
Proof:

In writing nﬂMo =19, for any k > 0 we have the decomposition

n

0 = e M) = [0 — (0 M) My
1=k

with the semigroup
M]f’n - Mk+1Mk+2 e Mn .

Using the fact that
E (THN(f) |771A—71) = (nl]\ilMl)(f) )

we prove that

==

E (o — @ Ml 17 ) <E (-0l 17

24



where ,ulN = % sz\i 1 547- stands for a independent copy of 771N given 771]\1 1- Using Kintchine’s
type inequalities we have

1
o

2a(p) E (|7 (&))" 1 7Y,)”

= 2a(p) [ns2(F17)]" -

I
IA

VN E (|l = w10 |7Y)

=

Using the unbias property of the particle scheme, we have

VE<i<n  E@"()|Fl) = 0 Me1)(f) -

This implies that

=

VNE (| = o) 17 )T < 2 a) E (afa Ml f 1) |7 )

= 2a(p) [nlMei(1£17))7

The end of the proof of (5.8]) is now a direct application of Minkowski’s inequality. The
proof of (B.9) is a direct consequence of (5.8]). This ends the proof of the lemma. [

5.3 Particle approximations of the Snell envelope

In sub-section [B.J] we have presented a genealogical based algorithm whose occupation
measures 1Y converge, as N 1 oo, to the distribution 7, of the reference Markov chain
(X{, ..., X]) from the origin, up to the final time horizon n. Mimicking formula (&.1), we
define the particle approximation of the Markov transitions M, as follows :

_ Uév((lm o) (f omry1)) .: Zlgigzv 1£B(£Ii§,n) f(ﬁlic+1,n)
ni (15 o m)) ' Sicion Lo(€],) ’

M1 (f)(2) :

for every state x in the support Ekn of the measure 777];[ o 77,;1. Notice that Ekn coincides
with the collection of ancestors £,iw at level k of the population of individuals at the final

time horizon. This random set can alternatively be defined as the set of states 5,17 ;. of the
particle population at time k such that 1Y ((152 L © 7)) > 0; more formally, we have

Eppn = Ur<icn {&i,k s (L omk)) > 0} : (5.10)
It is interesting to observe that the random Markov transitions M 141 coincides with the
conditional distributions of the states X, 41 given the current time states X .. of a canonical

Markov chain X,, := (X{,..., X},) with distribution 7}’ on the path space E,, := (Ejx ... x
E!). Thus, the flow of k-th time marginal measures

1 N
N . )
Meyn = N Z; 5§;m )
1=
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are connected by the following formula
Vk<i<n )M, =n,,
with the semigroup M .., associated with the Markov transitions M . 41 and given by

M. VAT Y3 N oT o
M (f)(@) = My My oy - M{(f)(z) = . (5715;((1:1 7(TJ1:)) . 7

(5.11)

for every state z in Ekn In connection with (5.10), we also have the following formula
| X N
N _ N (1. o N (1. :
Ten = 3 2 (N T <1£z,k ° ”’f)) Ogi = 2 i <1£L,k ° Wk) Ogi
1= 1=

with the proportion 7 <151@ L © 7Tk> of individuals at the final time horizon having the com-

mon ancestor f,i . at level k. It is also interesting to observe that

N

E (D) = 3 B (g, om) |AY) (€L
i=1
N
= Y M (1, ome) F(EL) = (F) -
i=1

=1/N

The Snell envelope associated with this particle approximation model is defined by the
backward recursion:

ooy [ Fe@) VM (u) (@) V€ By,
(@) = { 0 otherwise .

In terms of the ancestors at level k, this recursion takes the following form
VI<i<N g (&) = fr (Shn) V Miy (Trg) (6.) -

In the sequel, the computation of the Snell envelope approximation (iy)o<k<, will be
called the Backward step and is summarized in the following algorithm.

5.3.1 Backward algorithm
Initialization At time step k =n, for all i = 1,--- | N, set @, (&} ,) = f(&,)-
At each time step k=n—1,---,0, foralli=1,--- | N set

v .
Ej:l uk+1(fi+1,n) 15;”:5};,71
N
2 =1 1si,n
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For later use in the further development of this section, we quote a couple of technical
lemmas. The first one provides some L, estimates of the normalizing quantities of the
Markov transitions M;, +1- The second one allows to quantify the deviations of M i 41 around

e e /
its limiting values M, _ ;, as N — oo.

Lemma 5.2 For any p > 1, and 0 < i < N we have the following uniform estimate

N ) -1
¥ (lg; o m) (L <00, (5.12)

P

SUp N >1SUPp<i<k<n
Lemma 5.3 For any p > 1, and 0 <i < N we have the following uniform estimate

M] () (&) — M (H)ED|| < epn)/VN (5.13)

Lp

sup
0<i<n

with some collection of finite constants cp(n) < oo whose values only depend on the param-
eters p and n.

The proofs of these lemmas are rather technical, thus there are postponed to the appendix.
We are now in position to state and prove the main result of this section.

Theorem 5.4 For anyp > 1, and 0 < i < N we have the following uniform estimate

Sup |k =)&)y, < cp(n)/VN (5.14)

with some collection of finite constants c,(n) < oo whose values only depend on the param-
eters p and n.

Proof:
Firstly, we use the following decomposition
up, = u|lg, < D MMy — M) (w)| 1z . (5.15)
E<l<n—1

. By construction, we have
Mig|(Miyy = M) (wn)1g, = Migllg, (Miy — M) (u)ltg, |
By (GI0)), if we set
Urpr = |(Mipq — M) (we)]
on the set Elm, then we have that

M (g o k) (W41 0 m))
(g ©mk))

M) () =

For any p > 1, we have

1/p

H]\/Z,;l(ﬂz-kl)(glign) L Lo

<

Y (g o)) ™|
~ 1/(2p)
<E (nY (g om) (@ om)™)) .
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This implies that

1/p » j
< s [[a(el)
L2 1<j<N

||, < |ag, omn™|

<

Loy

The proof of (5I4]) is now a clear consequence of Lemma and Lemma [5.3l This ends
the proof of the theorem. [

5.4 Bias analysis

To end this subsection, we will prove that just as the bias of the Broadie-Glasserman type
estimators, the bias of the genealogical tree based estimator is always positive.
Notice that, for any 0 < k < n, function f on space E; and any i € {1,..., N} we have

E (f (Ghyr.n)l€rn) = M1 £ (L) - (5.16)

This is because in the neutral genealogical tree model, the selection steps are independent of
the mutations steps. Here, & ,, contains all the information on the construction of the tree
plus the information on the values of the nodes on this tree at instant k. The equation (G.16])
comes from the fact that given the information ¢ ,, the particle 52 +1,n, follows the distribution

Mllﬁ-i-l(fli,n’ )

Theorem 5.5 For any 0 <k <n and any i € {1,..., N}, we have

E (i (&) ) |&km) > un(€h,) - (5.17)

Proof:
To prove this, we will use a simple induction argument.
For | = n, u, = u,, then we easily check that the following inequality is verified for all
i=1,...,N,
E (@(&0)1n) > w(& ) - (5.18)

Assume that (5I8]) is verified for all ¢ = 1,..., N and let us prove that the same inequality
is valid for instant [ — 1.
With the elementary decomposition:

.
A5~ ) 2]21 Ul (5‘[77n)1£i771 nzé_;fl n
E (M{(@)(¢1,)l6-10) = E g
Zj:l é-ljfl,nzgz;fl,n

Z;\leE (ﬁl(ﬁf,n)|£l—1,n> L

¢t
71,n_5l71,n

N _
ZJ:l é-{71,71:5;71,77,
By assumption (5.I8]) and equation (5.I6]), we have

E(ﬁl(fin)!&—m) > E(“l(fin)’&—l,n)
= Mu(g_,,) -
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Applying the precedent decomposition, it follows easily
N ; ‘
ZJ:l Mlul (glz_l’n)lggfl,n:gllfl,n
N _ .
ZJ:l 1 ljfl,n:é-llfl,n
= Mu(§_1,) -

Then we can end this proof by Jensen’s inequality

fl—l(fli—l,n) VE (]/\Zlal(fli—l,n)‘gl—l,n>
fiea(§oa) v M€y )

u—1(§-1,n) -

B (Vi 1)61n) >

v

E (U-1(&_1.0)|€-1.n)

v

5.5 Numerical simulations

In this section, we give numerical examples to test the genealogical tree algorithm on two
types of options from dimension 1 up to 6.

5.5.1 Prices dynamics and options model

Our numerical examples are taken from Bouchard and Warin [7] who have provided precise
approximations of option values in their examples. The asset prices are modelized by a
d-dimensional Markov process (X;) such that each component (i.e. each asset) follows a

geometric Brownian motion under the risk-neutral measure, that is, for assets i =1, -+ ,d,
dXy(i .
- t(‘ ) = rdt + o;dz; , (5.19)
Xq(4)
where 2%, for i = 1,--- ,d are independent standard Brownian motions. The interest rate r

is set to 5% annually. We also assume that for all ¢ = 1,--- ,d, Xto (1) = 1 and o; = 20%
annually.

We consider two different Bermudan options with maturity 7' = 1 year and 11 equally
distributed exercise opportunities at dates t, = kT/n with k =0,1,--- ,n = 10, associated
with two different payoffs:

1. a geometric average put option with strike K = 1 and payoff (K — H?Zl X'T(z'))+,
2. an arithmetic average put option with strike K = 1 and payoff (K — é 2?21 Xr(i)) 4.

Note that the geometric average put payoff involves the process H?Zl X (¢) which can be
identified to a one-dimensional non standard exponential Brownian motion. This trick was
used, in [7], to compute a precise benchmark option value by PDE technics. We report
on Figure [I the benchmark option values computed in [7], for both the geometric and
arithmetic put options (by using respectively the one dimensional PDE method and the
Longstaff-Schwartz method with 3 x 107 simulations).

29



‘ Number of assets H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘
Geometric Payoff || 0.06033 | 0.07815 | 0.08975 | 0.09837 | 0.10511 | 0.11073
Arithmetic Payoff || 0.06033 | 0.03881 | 0.02945 | 0.02403 | 0.02070 | 0.01895

Figure 1: Benchmark values for the geometric and arithmetic put options (taken from [1]).

5.5.2 State space discretization

The genealogical tree algorithm is designed for finite state spaces. Hence, before applying it
to the aforementioned continuous space examples, we have to approximate the continuous
state space Markov chain solution of (5.19]) by a Markov chain with a finite state space. To
this end, one can first discretize the state space using either a random tree, or a stochastic
mesh, or a Binomial tree or a quantization approach ...In our numerical simulations, the
quantization discretization seemed to be the most efficient.

State space partitioning Here, we propose to use a quantization-like approach for the
space discretization step. We simulate a first set of M iid paths at each n+1 possible exercise
dates tg, -+ ,tn, (ka);;loj‘f according to dynamic (B.19). Assume now, that it exists two
integers N/ and P such that M can be written as the product M = N’P. Then, at each time
step t, the particle set S = {thk, e ,th‘,f } can be partitioned into N’ localized subsets
{8, ,S,ivl} of P particles. Assume now that it exists d integers (Q1,--- ,Qq) such that
N’ can be written as the product N’ = Q; - - - Q4. Assume for simplicity that N’ = Q%. One
way to build this partition {S},--- ,S,iv "} is then apply the following procedure as in [7]:

1. sort the particles according to the first coordinate and split the sorted particles into
@ subsets containing the same number of particles Q%1 P;

2. if d > 2, for each subset, sort the particles according to the second coordinate and split
the sorted particles into @ subsets containing the same number of particles Q% 2P,
which finally leads to Q2 subsets containing the same number of particles Q4 2P;

3. if d > 3, repeat this procedure recursively, in each direction i = 3,--- ,d.

This operation is realized with a complexity O(dM log(M)) and produces a partitions of Sk
into N’ = Q¢ subsets S,i, e ,S,iv " with the same number P of particles.

Now, for each subset S/ , for j =1,---,N’, we compute a representative state, S,i as the
average particle over all the elements of S,z. Then at each time step ¢ for k = 1,--- ,n,
we will consider the finite state space Ej, = {S},---, SN} and we set Eg = {X;,}. In the
sequel, the discrete points S ,1, e ,S,ZQV " will be referred to as the sites.

Finite state space Markov chain Assume now that a sequence of finite state spaces
Ej, C R is given for k = 1,--- ,n (for instance by the above procedure). We define a finite
state space Markov chain (X} )g=o.... , such that X; = X, and for all k =1,--- ,n,

o X; € Ey;
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o P (X,’€ = Si]X,Q_l = S,i_1> =P (th S ij ’X—tkrfl = S,i_l), where ij denotes the

Voronoi cell associated to the site S} in the the discrete set Ej and (th) is the
Markov process verifying (5.19]) observed at the discrete times tg, - - , 5.

To simulate a transition of the Markov Chain (X} )g=o,...,» from the state S,i_l € FEp_q at
the time step £ — 1 to the time step k one can apply the following procedure:
1. simulate a random variable th according to Mk(S]i_l, -) where M, denotes the tran-
sition kernel of the continuous state space Markov chain verifying (.19) from time
lg—1 to tk;

2. set X} = S}:, where S,i: is the nearest neighbor of th among the elements of Fj.

5.5.3 Complexity

In comparison with the quantization method proposed in [24], the genealogical algorithm
based on the above space discretization only needs to simulate the finite state space Markov
chain (X},) and avoids the time consuming computation of the transition probabilities.

In terms of complexity, the major part of the computing time is spent in the forward step
discribed in subsection B.IT] for simulating the discrete space Markov chain (X}). More
precisely, for each transition, one has to compute a nearest neighbor among N’ sites which
finally leads to a complexity of order O(NN’) by time step, when considering the whole set
of N particles.

In terms of approximation error, one can decompose the error induced by the whole proce-
dure, on the Snell envelope approximation, into the sum of two terms:

1. the state space discretization error which can be upper bounded, according to [24] or
Proposition , by wi7as

2. the error induced by the genealogical tree algorithm, which could be upper bounded,

according to the proof of Theorem [5.4] by c%, for a given positive real g > 0.

Hence, to minimize the resulting upper bound on the global error, one has to choose
judiciously the number of sites N’ as a function of the number of particles such that

d
N’ = 0(N?2a+2). With this choice, the complexity of the global procedure is of order

(1428)d+2
O(N 284+2 ), with an approximation error bounded by ¢—. In our numerical sim-
N 2Bd+2
ulations, we have set § = 1/2 so that the complexity grows with the dimension from

N4/3 N3/2 N85 ... N2 for dimensions d = 1,2,3,--- , 00.

On the other hand, in the backward step, (described in subsection [(.3.1]) consisting of
computing the Snell envelope, our algorithm only requires a complexity which is linear in
the number of particles, N. Hence, for a given underlying price process, our approach can
rapidly approximate several Bermudan options with different payoff functions.

5.5.4 Numerical results

For each example, we have performed the algorithm for different numbers of particles for
N =5x10%,1x10%,2.5x10%,5x10%,1x10%,2x 10%,4x 10°,1x10%,2x 10%. In each case, the

31



sites were computed on the base of M = max(500000,50 x N') = max(500000,50 x Nﬁ?)
simulations. Many runs of the algorithm were performed to build box plots for our estimates:
50 runs for N < 10% and 24 runs for N = 1 x 10% and N = 2 x 106. Simulations results are
reported on Figure [2 for the geometric put payoff and on Figure [3 for the arithmetic put
payoff. If we compare our numerical results with those reported in [7], for the Longstaff-
Schwartz, Malliavin and quantization algorithms, it seems that our algorithm performs well
and can give better performances, even for dimension d = 6. The empirical convergence

rate seems to be faster than the upper bound of —%

a2
Looking into further applications, this algorithm is also well suited for Bermudan options

with path dependent payoff. Indeed, by construction, the genealogical tree algorithm is
defined in terms of the historical process, then it is able to compute conditional expectations
w.r.t. the whole past of the process with no additional complexity.

In the same vein, we believe that this algorithm and the related convergence result could
be extended, with slight modifications, to the more general case of reflected Backward
Stochastic Differential Equations (BSDE) with non zero driver that does not depend on the
z variable and which satisfies suitable regularity conditions.

Finally, in further research, it could also be interesting to extend this algorithm for the
computation of price sensitivities for hedging purposes.
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6 Appendix

6.1 Proof of Lemma 5.2k

We set
Sin(N) = inf/n,]y(gm)
S

with the function g;, defined in (G3)), and we notice that

P (010(N)=0) < > P (n)(g12) =0) .
reE]

On the other hand, for any € € [0,1) we have

P (1Y (g1.) = 0) <P (|nY (912) — m(912)| > € malare)) -

Arguing as in (51), for any x € E] s.t. n,(g1.) (= P(X] = z)) > 0 we prove that

VNE (|0 (912) = malgra)| )" <2 a(r) (04 1) talgna) ™

and therefore

P <|nizv(gl,m) — n(g1,2)| > (2(717\/;\[1) + e) nn(gl,m)> < exp <_8(N762> _

n+ 1)2

For any N > (2(n + 1)/(1 — ¢))?, this implies that

2
P (6,.,(N) =0) < Card(E]) exp <—ﬁ> .

If we choose, € = 1/2 and N > (4(n + 1)), we conclude that

P (6,,(N) = 0) < Card(E}) exp <—ﬁ> .

On the other hand, by construction we have the almost sure estimate

1
M (g, ) = D 1 (910) Lej = = 01 (N) Ly, ()50 + 37 Loy, (v)=0
zeE]

from which we find that
Nigiei )78 < Ga(N)H1 +N1 _
M gl7§lz,n >~ l,n 5l,n(N)>0 517,1(]\/')_0 .

Therefore, we have

P N 6. e PP P
’ P
= Z Hng(gl@)_l 177$¥(gz,z)>0H1Lp + N P(6,0(N) = 0)1/p .
reE]
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If we set §;,,(z) = 91,2/Mn(g1,2), using the fact that

1 u?
e— 2
1—u +u+u +1—u

for any u # 1, and 5} (7;,) " LN (g)>0 < N Mn(g1,0), we find that

_ _ _ _ 2
771]1\](91@) ! 1n7ly(gl,x)>0 <1+ |1 - nij(gl,m)‘ + (1 - ng(gl,m))
_ 3
+N 0a(gie) |1 =1 G10)]

Combining this estimate with (G.1), for any p > 1 we prove the following upper bound
Ng, )1 < 141 1) + (2a(2 1))2 2
I (G10)” Ly (gysollL, < 1+ Wi a(p)(n +1) + (2a(2p)(n + 1)) &
1
+——(2a(3p)(n +1))3
= 2a(3p)(n + 1)
from which we find the rather crude estimates

_ 3
InY @)~ Ly (g ysollL, <1+ N a'(p) (n+1)°

with the collection of finite constants a’(p) := 2a(p) + (2a(2p))? + (2a(3p))3. Using the above
exponential inequalities, we find that

< Ser; 5y [T+ J @) (0 4+ 1] + N Card(E)Y? exp (— gy ) -

|

771]1\[(91,5;' a L
’ P

This ends the proof of the lemma. |

6.2 Proof of Lemma 5.3k

By construction, we have

_ nl]VMl,n((lw om) (fomq1))

Vx € El n M/ (f)(z) = 6.2
) l-‘rl( )( ) nl]VMLn((lm o 7Tl)) ( )
Thus, by (6.2) we have
TF N (grafier) ) Min(giefien)
Ml ) — M/ 2) = M \Glz Ji4+1 M n\Glx I+
1+1() (@) = M1 (f)(@) N (g1a) N Mo (900)
for any = € El,n, with the collection of functions
Gio=1zom and fii1:=fomyy. (6.3)
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It is readily checked that

]\/471/+1(f)(35) - Ml/+1(f)($) = ﬁg{\/) [m]y(fljil,x) - nlNMl,n(flj-\{-l,x)]

for any = € El,n, with the pair of .7-"lN -measurable functions

ﬁNl = 97 [le nlNMl,n(gL:cfl-i-l)
+1,z Ml n(gl x) nlNMlm(gl,x)

It is also important to observe as g; , varies only on E; , then
N N
m Mig(gie) =" (ge) <1

In this notation, for any 0 <7 < N and any p > 1, we have

821 ()€ ) = MEa (DE) |

<|

The collection of random functions f fN 18, are well defined and we have

Jlx
nlNMl,n(gl,x)

] and gl{vm =

(6.4)

N _ N/ FN N N
g, )7 ([ g, A MG g ]|

B
(nrjzv(fl]_\,,f_lélim) - nleMl,n(fl]_\f,’_léli’n))

B

=1 — My (PN 1., .
771N<91 3 ) sz ! [ ( 41 SJ) " l’n(fl‘i'lvﬁzj,z) Li=€in

for any § > 0. Combining the above formula for § = 2p and Holder’s inequality, we prove
that

nizv(fljj_l’gli’n) - nlNMl’”(lej-\if-l,gli’n)

—1
N
77[ <gl ’£Z,7L )

for any ¢,q' > 1, with %—I— % =1.

Loy

1/(2p)
<

FN FN
M (e &, )= Min(F, &,

)

X SUP1<j<nN ‘

q ]L2pq’

We observe that, as ({ljl, (5;,1)0Si§Nv (gzi,n)OSiSN) have the same distribution, for any
1 < j < N, then for any function h and any 1 < j,5' < N we have:

E <h(€zj,n (&11)o<i<n, (fzi,n)ogglv)> =E <h(€f,;7 (&11)o<i<n, (fzi,n)ogglv)>

which implies that

sup
1<j<N

nn(l+1§1) Mln( l+1§ll)]L
2pq’

77n( lj_\{_lgj ) Mln(fl+1€ll)

]szq/
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As this equation works for any 1 < j < N, in further development we take j = 1 to simplify
the notation.

Using Lemma [5.1] and recalling that nlNMlm(gm) = 771N(91,:c), for any 1 < 57 < N we
prove the almost sure estimate

1
2pq’ 2pq’
N
|7

1
2pq’>] 2pq’

1.1
<4a(2pg)n =) Ifeaall (0 Minlorg )™

e

[UTZLV _nlNMlv"](fl]—\i{l,ﬁlll)

< 2 a(2pq') (n — ) [mN My, < e,

This yields that

1

. 2pq’ 2pd’
Ve (|~ il ) 1Y)
<4 a(2pqg)(n =D firall Uljv(gz,gllyl)_l

and therefore

VN

ﬁyjy(ﬁil’g’n) - nlNMlv"(flJ—\lf-l,Efyn)

szq/

1/(2p)

—1
< d o= Dl [ (g,
’ L,

HﬁzN(gl,gl{l)_l‘

Lo, .7
q 2pq

Finally, by (6.4]), we conclude that

VN |[M4 ()€ — M (D€L

.,

1/(2p)

-1
< 4a(2pq)(n ~ Dllfisa| | i (o)

nr]y(gl,g;'n)_lHLz
: . ,

X HmN(gl,gl{l)_l‘

szq/

We prove ([B.13)), by taking ¢ =1+ 2p and ¢’ =1+ 1/(2p) so that ¢ = 2pq’ > 2p

VN |10 — M (D)€L

]LP
2+1/(2p)
<4 a(l+20)(n =Dl fall supcren || (o) ||,
’ P
This end of proof is now a direct consequence of Lemma |
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Figure 2: Boxplots for estimated option values (divided by the benchmark values) as a function of
the number of particles for the geometric put-payoff. The box stretches from the 25th percentile to
the 75th percentile, the median is shown as a line across the box, the whiskers extend from the box
out to the most extreme data value within 1.5 IQR (Interquartile Range) and red crosses indicates
outliers.
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Figure 3: Boxplots for estimated option values (divided by the benchmark values) as a function of
the number of particles for the arithmetic put-payoff. The box stretches from the 25th percentile to
the 75th percentile, the median is shown as a line across the box, the whiskers extend from the box
out to the most extreme data value within 1.5 IQR (Interquartile Range) and red crosses indicates
outliers.
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