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Gas storage hedging

Warin X.

1 Introduction

Gaz storage valuation has been an intense subject of rasdaring the recent
years. This problem is related to optimal control probletd,[[15] and more pre-
cisely to the class of optimal switching problem. On the gganarket, the gaz
storage management can be seen as a so called swing opflaniii2ome oper-

ational contraints : each day the manager of the gas stomgy®idecide either to
inject gaz in the storage, buying it on the gas market, eiivgvithdraw gas from

the storage selling it on the market, either do nothing. Muee it has to deal with
some operational contraints :

e compressor used to inject or withdraw gas may break down,

e in order to preserve the storage cavity used due to thermamieccontraints for
example in a salt cavity, complete withdrawal can not beeaad at full speed,

¢ the formation of hydrates has to be limited for safety reason

Respecting these constraints, the manager will try to miaeiits earnings on aver-
age having to deal with the stochasticity of the gas pricéstorlcally, gas storage
valuation was coarsely valuated as a strip of call spreaidmp{9] totally ignoring
operational contraints and some properties of the stoBgeause of the fact that
injection capacity decreases as the storage is fulled andithdrawal capacity de-
creases as the the pressure in the cavity decreases, themiistfully non linear
and the classical dynamic programming method [3] is gelyauakd as a solver. In
fact these physical contraints assure convexity of thelpmland permits also to
use the stochastic dual programming method [16] , [19] : scomemercial sofware
as QEM use this approach [20]. During the late nineties, afloésearch has been
devoted to the search of efficient numerical procedures licesbe swing option
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2 Warin X.

problem. First trinomial tree were used [12], then Lons&dhwarz [13] and PDE
[21] were used. As for the more complex case of gaz storagmtiah, during the
last year Monte Carlo methods [2], [14] and PDE methods [6Haeen used to
accuretaly valuate the assets. Practionners now cldgsis& Monte Carlo to price
swing option [11] or gas storage but in order to calculatehisgge at the valuation
date they use classical finite different methods. Besidastionners are interested
in evaluating the expected effectiveness of their hedgestMbthe time classical
mean reverting one or two factor models are used to descabprice models [18],
[7]. But even within the Black Scholes framework some sowt@écompleness
ocCcurs :

e Hedgingis permitted only once a day. As explained for exarpj4], future and
spot prices are set only once a day. The hedging periodiaitynot be shorter
than one day and it is well know that the hedging error in Bl&chkoles frame-
work converges to zero at a rate proportional to the squareafohedging fre-
quency [22] [10],

e Dalily futures contracts are not available for the followiays. Day ahead prod-
uct can be seen as spot and depending on market,

— either only monthly future products are available for te@dallowing months
for example at Henry Hub,

— either monthly future products are available for the 1Gdl@wing months,
11-12 quarter products and 6 seasons for example at Int@meatal Ex-
change. A season corresponds either to summer ranging fsrohtceseptem-
ber, either to winter ranging from october to march.

— either the three following months, the two following qeast and three fol-
lowing quarters for example at Powernext.

Notice that even if week ahead products are not quoted ondahnkeatfor hedging
till the end of the month, it is possible to find such produstsrahe counter.

For this two reasons even in the perfect gaussian world hesigaot be perfect and
practionners are very interested in studying its effec@ss. In order to simulate
the hedging strategy, practionners generate some priceuses. They try to use
classical finite different method to compute the hedgingtsgfly on each scenario
each day of the studied period for all available future paisiavailable. Even with
powerful cluster, this task cannot be achieved in reasdertabe. In this article
we first recall how to use tangent processes to calculata deAmerican options
to avoid the use of finite difference and show that the hedtpilzded is efficient.
In a second part we explain how to use this tangent processctoately calculate
conditionnal delta for gas storage. We give algorithms toutate efficiently this
conditionnal delta. We explain how to use this conditiorgelta in simulation and
give some numerical results on its efficiency for salt cagititnd depleted gas field.
To our knowledge it is the first time that numerical results given for the hedge
of american style options with conditional delta. Some carigons with classical
finite difference methods are given on some scenarios.

In this paper most of theoretical background can be foundhénarticles listed in
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[5].

Inthe sequel we suppose that conditional expectation &elated by the Longstaff
and Schwartz method [13] adapted as explained in [5]. Thariéhgn given here are
associated to this method and so, are based on a Monte Cértam#sn of the
option valuation and its hedging. Using trees methods fangde would lead to
another representation of the conditional delta (the oasgmted here is heavily us-
ing the estimation of optimal stopping time associated éoaiimerican type option).
For some other representations of the delta see [5] ancerefes inside.

2 Recall on american and bermudean options and delta hedging

2.1 Formulas

All over this section, we shall consider a one-dimensionavBian motionW

on a probability spaceQ,.#,P) endowed with the natural (completed and right-
continuous) filtrationF = (% i<t generated byV up to some fixed time horizon
T > 0. The dynamic of the stock is given by

t
sz&Ao@&W%tst )

In the case of american options with pay gffmaturity T, the risk free rate being
taken equal to 0, it is well known that the price of an amerigptionR is given by

R= esssupeg[t‘T]]E[g(Sr) | 4] fort<T P-—a.s, (2)

where 7}; 1) denotes the set of stopping times with valuegtiif] and %. As re-
called in [5], using tangent proce¥ssolution of this equation

dYt = o(s)"dW,
Yo=1,

the delta can estimated using this representatigrisjttl) :
M =E[g(S)¥q | A (W), t<T. (3)
wherert; is the first optimal stopping time aftesuch that
E[9(Sq) | %] = esssup. 7, E[9(S:) | 7).

This results remains true @ can be approximated uniformly by a sequence:&)f

functions.

The finite difference approach consists in estimating theegsrocess for different
initial conditions. More precisely, 16 be defined as in equation 1 wig replaced
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by S+ ¢, € € R. Then, following the standard approach for European optione
can approximatéo by (P§ — Py)/€ or (P — Py ¢)/2¢ wheree is a small scalar of
R. A large literature is available on this approach for Euaoptype options, see e.g.
[8] and the references therein.

2.2 Classical Longstaff Schwarz and conditional delta

In what follows, we approximate the value of the americariapby estimating
the optimal stopping time associated to the correspondémgbdean option with
grid mwith k meshes. We denote [B(- | %] an approximation of the true condi-
tional expectation operatd{- | .7 ]. T will represent the estimation of the optimal
stopping time associated to the bermudean option. WeMdtee number of Monte
Carlo simulationssJ = Sji ,i=0..k,j =1toM is thej th simulation of the asset at
time step corresponding to date= ir. The algorithm 1 estimates the option value,
the delta at initial date 0 and calculates conditional délténg optimization. This
is a classical dynamic programming method [3] : at each titeye, sve compare the
gain obtained by immediate exercise with the expected galireiexercise is post-
poned. With exercising, cash flows on trajectories are wutdthis methodology is
equivalent to keep in memory the optimal stopping time orhegajectory. At time
step zero, cash flows generated on each trajectory at eaichabgtopping times
are averaged to give the option value. Besides, during #ikward recursion, con-
ditional deltaCA are stored using a regression approach to approximaten(8)el
sequel we call conditional delta at darea function of the prices approximated at
date 0 giving the hedge at datedepending on the asset price if the option has not
been exercised at this date. The hedge at initial date idiofypained by average.

The second algorithm 2 simulates the optimal exercise oftherican option
and its hedging for some Monte Carlo scenaﬁhs‘ori =0,..K, j=1.M.
In order to validate this approach, we use the classicalkBianholes model for an
assef§ following classical SDE

dS/S = pdt + odw, (4)

with trendu = 0.1, volatility o = 0.2, risk free rate = 0.05. We study the hedging
effectiveness of at the money put option with strike 1 withtumiédy one year. The
value of the option is @6104. We can check on numerical results in table 1 that
as the frequency of the hedge inscreases, the expectedIgained with optimal
continous exercise converges to the value of the option lzaidthhe standard devi-
ation of the gain goes to zero. The number of simulations @secksults in table

1 in optimization and simulation is taken equal to one milland the number of
time step used to valuate the american option is taken equ#&Q so that results
are converged.
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Algorithm 1 Algorithm to price american option, calculate delta andditional
deltas
Require: Option and asset parameters
Ensure: Calculate the option and conditional delta at each time step
CFi =g(S)) for j = 1 toM // final cash flow
Al =Y!g(S,) for j = 1 toM // final delta
for i=k—1..0do R
Calculate and store cash flow conditional expectafisp, = E[CF | .Zin]
Calculate and store conditional del@4; = E[A| .Zin]/Y;
for j=1...Mdo
if Esp/ < g(g)) then
CFl=g(§)
Al =Y'g(d)
end if
end for
end for

M i M Aj
sMCF sMal

att =0.

Final value

, delta

Number ofl 5 10 20 40 80 160
hedges

Average  caslD.04822 0.06176 0.06138 0.06117 0.06111 0.06108 0.06106
flow with hedge

Standard deviaf.06605 0.02997 0.02369 0.01933 0.01656 0.01490 0.01397
tion

Table 1 Efficiency of delta hedging for the Black Scholes model

Remark 1. Of course ifu = r, we would always have an average hedging portfolio
equal to the option value.

3 Gas storage valuation and hedging methodology

We first give in this section the price model used for valuatod hedging. Simi-

larly to the previous section we recall the mathematicahigation of gas storage
problematic valuation in a continuous time framework. Ireecnd part we give the
algorithm used to valuate a gas storage asset by dynamicaonoging. We explain

how to calculate Bellman value and conditional delta asdedito the problem. At
last we give the algorithm used to hedge the asset dealitgiétavailability of the

futures products on the market.
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Algorithm 2 Algorithm to simulate and hedge an american option

Require: Option and asset parameters, Bellman values and conditiefta calculated in opti-
mization part
Ensure: Simulate the option exercise, portfolio with and withoutlgimg for one scenarik
PF = 0. // Portfolio without hedge initialisation
PFH = 0. // Portfolio with hedge initialisation
bcash(j) =truefor j =1...M // Continue time step exploration till exercise
fori=0tok—1 do
Get back continuation function depending on asset valuévet t stored in Algorithm 1
Espi(.)
Get back conditional delta depending on asset value at tstwed in Algorithm 1CA; (.)
for j=1...Mdo
if bcash(j) = truethen
if g(§) > Espi(S)) then
PF=g(¥)
PFH+=g(5)
bcash(j) = false
else - _
PEH-=CA(§)(1 - )
end if
end if
end for
end for
for j=1...Mdo
if beash(j) = truethen
PFH+=g(S)
PF =g(Sk)
end if
end for

3.1 Price model

3.1.1 Stochastic Differential Equation

We suppose that the daily price of gasfollows under the risk neutral measure a
n dimensional OU process [7]. The following SDE describesungertainty model
for the forward curveF (t,T) giving the prices of a MWh at dat/for delivery at
dateT:

dFt,T) 2 o (T—t) 4

——= =Y a(t)e @ d 5

FLT) i:§ ai(t)e z, (5)
with Z,i = 1...n brownian motions with correlation matrig, g some volatility

parameters ang mean reverting parameters.

Remark 2. Most of the time a two factors model is used. In this model, fitet
brownian motion describes swift changes in the future cutlve second one de-
scribes structural changes in the gas market and dealsanightérm changes in the
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curve. The mean reverting parameter is generally takenl égzaro in the second
term.

With the following notations:

n

V(t1,t2) / ai( aillz=W 4 2 > pijci(ue e a-Ug (u)eail-Yqy,
Z\ I Z\j 1+1 R J

W = /Oai(u)e*ai“*wdz{,, fori=1,...,n
(6)

the integration of the previous equation gives :

VI, T)+ S e dT Yy
F(t,T) =F(to,T)e Zl 7)

With this modelization, the spot price is defined as the lwhithe future price :

S =lmF(L.T) 8)

In the sequel we not& = (W, ..., W") the stochastic state vector.

3.1.2 Tangent process

Similarly to the Black Scholes model we introduce the “ fordvéangent” process
notedy," satisfying :

AR VET)+3 e s T w (9)

With this new notation, the conditional delta at datdealing with delivery at
dateT for a classical European option with pay gf€an be written :

caT —E[g(sV | AN t<T. (10)

3.2 Gas storage modelization

We noteGC; the gas level in the gas storage at dat¥/e suppose that the asset
management is such th@t satisfieCyin < G < Crax. At each stock level; a set

of possible commands is associated. Notipghe injection rate per time unit (a day
typically), andag: the withdrawal rate, this command to be executed during @ tim
steprris choosen inside an intervimhax —aout 77, Crrin — G ), Min(ain 7T, Crax — G )]-
The bang bang strategy is a good approximation of the optitnategy [2] [1] .
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This strategy when not dealing with global constralitf, andCrax supposes that
at each time step, the optimal command per time unit is to bes#n so that gains
per time unit are between the following ones :

Injection an foracostofgp 1(S) = —San—Kin (regime—1)
Do nothing foracost ofg(S) = —Ks (regimeQ (11)
Withdraw agy for a costof @ (S) = Saouw —Kou (regime J

whereKin, Ks and—Kgt are some costs that we will suppose null for simplification.

Remark 3. Notice that injection rate;, and withdrawal rate,; depends on the
stock levelC;. To simplify the notations we drop tl& dependence.

In the sequel we suppose that this bang bang strategy islngéfisome numer-
ical examples are given to estimate the error associatécthg supposition on real
assets.

At datet the regimey; can take three values

e 1in withdrawal mode,
e 0in storage mode,
e -1lininjection mode.
We noteu a given strategy to manage the asset: this strategy comstset of

regimes and some associated stopping time where regimegehé/e notey; the
regime number at datebelonging to(—1,0,1). For this given strategy, knowing

that at date the factors of the price model are given by (W', ..., w"), that the
stock level isc, neglecting switching cost, the expected profit associattite asset
management between datendT is :

Jtxcu) =E [ftT @, (S)dr+ (T, Xr,Cr, ur)| % = %, C; = c] 12)

In the sequel we will suppose that the final value of the assetThe asset operator
will try to find a strategy in the se#; of the admissible non anticipative strategy in
order to maximize its gains and solve the problem

J*(t,x,c) = supJ(t,x,c,u) (13)

ue

3.2.1 Dynamic programming and daily hedging for gas storage

We suppose in the sequel that dates where the regime switchesllowed are
discreteti , i =0,...k — 1 =T/m— 1. According to Bellman principe, at a datg
for some given random factoxs= (W, ...w"), the value of the asset at a given time
stept; = irwith a stock levet follows :

‘]*(tl 7Xa C) = Sup {(PK(S. )7T+ E [‘]*(tiJrlvxtHlvékv k) | Xti = Xv Cti = C] }(14)
ke{-1,0,1}

where
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€_1 = min(c+ anTT, Cinax),
G =¢,
€1 = max(¢c — aout 1T, Cin), (15)

(16)

In the sequek® € {—1,0,1} will denote the optimal regime number at time step
We defineV/*(t, x,c) the optimal volume exercised at datavith X; = x andC; = c,
and taking three different possible valueg;,1Tin injection regimeaoy 17 in with-
drawal regime, 0 when doing nothing when not dealing withbglostock con-
straints. We not&' (x,c) the optimal stock level at datg, starting at levek at
datet; following X; trajectory withX;, = x. The optimal stock leveTy' (x,c) is %,
adapted and follows

Ci*,i(xv C) =G,
m-1

C;ii(xyc) =C— Z V*(tkvxtkvcl?i (Xa C)) for OS I S mS K’ (17)
k=i
(18)

Thusy K3 V* (t, th,Ck*’O(x, c)) corresponds to the sum of the optimal volumes ex-
ercised following the optimal strategy starting from a vokrc at time step O where
Xy = X

Noticing that the optimal volume exercised correspondkéaierivative of the gain
fonction rr in the optimal regime in equation (14), similarly to equati®), we
introduce the#,, adapted random variable.

D(ti7tm7xa C|) = V*(tmaxmacrﬂ‘;{i(xa C|))Ytt]r«]n (19)

Conditional delta at datg for delivery at datey, , m=i+1,...k — 1 is easily
calculated by equation (10)

CA (ti,tm,X,¢) = E[D(ti, tm, X, C1) | X4 = X/ Ye™. (20)

In order to solve equation (14), the classical dynamic backvwrogramming
method using Longstaff Schwarz methodology [13] can be @aseith the case of
american options. The main difficulty comes from the fact e don’t know what
the stock is at a future date This stock level depends on the strategy applied be-
tween dates andf. So we have to store for each stock level the Bellman values an
the hedging strategies associated as shown by equatian (14)

The stock is discretized on a grid

¢ =Cnin+10, 1=0,...,Ic=(Crax—Cnin)/d

whered is the mesh size. Similarly to the case of american optionpatkiCarlo
method is used to get some gas prices simulat&in[s)r j=1,...M at dated;.
Conditional expectation is estimated using regressiom §5S]iand cash flows are
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estimated as in subsection (2.2).

We noteV* andC* the estimation of the optimal volunve* and optimal stock levels
C* obtained by the Longstaff Schwarz method and ridtée function storing the
optimal volumeV* multiplied by tangent process along trajectories :

D(ti,tm X, 01) = V7 (tm, X, G (X, 1)) Y] (21)

Thep values at datg can be calculated by the following backward recursion know-
ing D(ti 1,tm, X ,.¢) form=i+1,...k—1,1=1,...Ic, j =1,...M and the opti-
mal volume to exercis@*(ti,&{,q) :

D(ti,ti, %) ,0) = V*(t, %, 0)¥¢
D(ti,tm, X!, C1) = D(tipr.tm X .0+ V(6. X% ). m=i+1..k-1 (22

Remark 4. Equation (22) is simply obtained by using equation (21) dedfact that
Gl (%,0) = Ci T (%0 + V6, X, @) for k > m> i,

Remark 5. TheD value is an approximation in equation (22) :

° [:) is the result of the approximated Longstaff Schwarz proogdu
e D is only available at some discretized stocks points and &mgolation in the
delta values is needed.

The Longstaff Schwarz estimator of the conditional delthé evaluated fam > i
by

CAA(thtm?X) C|) = I,E::'[I:’j(ti)tr'm)(ti)C|) | >(ti = X]/thm (23)

The algorithm 3 gives the entire procedure to calculate #sestprage value and
the deltas. It is a simplified one not dealing with specialesaand interpolation
needed between stock level.

3.2.2 Cash flow simulation and delta hedging

As for american options, an algorithm can be derived to d¢ateuthe cash flow
generated by the gas storage management and by the deliadeBlgcause the
model is a daily model, hedging could be theoretically doiité daily product if
daily product were available on future market for all matas. As we will see later
on numerical results the algorithm can be used with the realyct available on the
gas market.

Two options are possible :

e Calculate as proposed in algorithm 3 the daily deltas. Tloessdn the algorithm
4 and approximate tha at datet for the delivery period?;, as the sum of all
the daily delta ponderated by the future value at the tate
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Algorithm 3 Algorithm to valuate gas storage , calcule delta and coorttti deltas

Require: Asset parameters
Ensure: Calculate the option and conditional delta at each time step
/l'initialisation of option
for | =0tolcdo
J(1)=0,8k(k,1)=0,j=1toM
end for
fori=k—1to0do
for | =0tocdo
CalculateAl, ;, A}n, the maximum quantity of gas available for withdrawal, atien
Pini = AL S +E[J1(1 +A%/8)| X, = X)] for j = 1toM (injection)
Pldl = E[J.1(1)] %, =X/] for j = 1 toM (idle)
PWI = AL S +E[J1(1 - Ay /8)| % = X/] for j = 1 toM (withdrawal)
for j=1,Mdo
if Plni > PWi andPIni > PId! then
3)=-A g +3,0+A,/5)
Ail(ivl) = _A}nthi‘J'
F=1+A,/5
form=i+1tokdo
Ail (m= I ) = Ail+l(m7 I)
end for
else ifPldi > PInl andPIdi > PWI then
VIOERN))
AlGi)=0
for m=i+1tok do
Al(ml) = Ai’H(m,I)
end for
else o
3 (1) = Ay S + 3,10~ Aax/0)
Ai'(i,l) = AIc)uthT"'Ix
F=1-A/d
form=i+1tok—1do
Al(ml) = Ai’H(m,I)
end for
end if
end for
end for R
Store continuation values functidiix,c) = E[J1(l)| X, = X] for all |
Calculate and store conditional deBA (ti,tm, X, ¢) = E[A (m1)] X, =X /Y, VYm>i, W,
end for .
< %)

Option valuezl ™ i initial index stock number
J:

M Al (m D)

Delta for each da v

vYm> 0
=1

ez, AF(LY)

Ap = . 24
P Sies, F(LY) (24)
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e Instead of aggregating the daily deltas in simulation itasgible to modify the
algorithm 3 directly to store the hedge for the productslatae during optimiza-
tion. Because the conditional delta in the algorithm 3 a¢ tiare calculated for
each daté > t, the data storage can become cumbersome if maturity of et as
is longer than a few months. It is possible to reduce the atnoiuconditional
expectation to calculate and data storage if the futureymtsdsatisfy some rules
described below.

We note2; the set of future products available at datend for allp € 2,

) the delivery period associated to prodpet), the beginning of the delivery
period. Supposing thatt > 0,Vp € 2, Vi >t there exist2P C 2 such that
Pp = Upeop Pp then it is possible to aggregate an approximated conditiona
delta at date per product with an addhoc rule so that a dynamic programming
approach is still usable :

CcA (tiv P, X, C) = E[ V*(tmvxmacrjfril(xtiac))th:]F(Oatm) | Xti = X]
tme s p
CA(ti,p,x,c) = CA(ti,p,x,c)/(%" 5 F(0,tm) (25)
tmeyp

for pe 2. whereCA (ti, p,X, C) represents the power to invest at dafer prod-
uct p for a gas stock levad and a stochastic state vectomNoticing that
CA~ (tl , Py X, C) = E[lti+1e§”p\7* (ti+la Xti+1 ) CAi*J,rij_(Xti 70) )Yt'ti+l F (Oa ti+l) | Xti = X]

i+1

TY RS BN X Gl (% O)YIF (Oct) [ Xya] | X =

pe2P  tmePpm>it+l

we get

CA(ti, p.x,€) = B[l e )V (ti1, X0, G171 (%, ©) Yy F (0 tir) | X =X

i+1

+ E[cj(twla ﬁa XtHl,C—I—\A/(ti,Xti,C)) | Xti = X]

pe2p
the functionCA can be evaluated by backward recursion.

Remark 6. The direct use of the equation (24) is not possible within @ahyic pro-
gramming framework.

We suppose in the algorithm 4 that simulates an hedged fiortfat M new
simulations price§J j =1,...M have been generated by Monte Carlo under the
real world probability for this simulation parE!(t,T) is the forward curve seen
at datet for delivery at dateT >t and simulationj € [1,M]. The algorithm given
doesn’t suppose the previous aggregation property.
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Algorithm 4 Cash flow simulation with and without hedging of the gas gjera
Require: Asset parameters, continuation values and delta calclit@ptimization,
Ensure: Calculate cash flow generated with or without hedging.
STl initialize stock at initial stock level for alj = 1 toM
PFJ = 0 initialize portfolio at zero for alj = 1 toM
PFHI = 0 initialize portfolio with hedge at zero for ajl= 1 toM
fori=0tok —1do
Get back the continuation value functidq, c;) at datet; for all |
Get back conditional delta function at dateCA (ti,tm,.,c) forall I, m> i
for j=1toM do
for p e 2, // nest on future delivery periodo
Hedge for period?,

Stee 2, CA(H 1, X, STHF (1, 1)

Steer, Pt %) _
Integrated future product on delivery periode dat& = Y, », Fl(t,t)
Integrated future product on delivery periode datel : Fi1 = Yy, c 5, F! (tit1,t)
Add hedgePFH/ = PFHI — (R, 1 —F)A

end for

CalculateAqt, Ain, the maximum quantity of gas available for withdrawal, atjen

PInl = —AnS + (X, ST! +Ajp) for j = 1 toM (injection)

Pldi = J(X/,ST) for j = 1 toM (idle)

PWI = AS, S + (X, ST — Agy) for j = 1 toM (withdrawal)

if Plni > PWi andPInl > PIdi then
PFJ = —AinS +PF // update portfolio without hedge if injection,
PFHI = —Ang +PFH // update portfolio with hedge if injection,
STI = ST! + A, // update stock level

else ifPW! > PIn! andPW! > PId! then
PFJ = Aa S, +PF! // update portfolio without hedge if withdrawal,
PFHI = AoulSJi +PFHI // update portfolio with hedge if withdrawal
STI = STI — Ay / update stock level

end if

end for
end for

A=
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4 Numerical results

In a first part we give the parameters used for gas modellirggparameters used
to describe two kinds of gas storage and the hedging prodisets. In a second
part, we compare our method here called conditional tangetess to the finite
difference method and the tangent process method.

4.1 Market representation

All numerical results are given with a two factor model. Paegers for this model
are given in figure 1 and the initial forward curve is given igufie 2 starting the
first of july 2010. The annual interest rate is taken equal @6 %.

long term volatility 29 % I, /year
long term mean reverting OyEar
short term volatility 94 % 4 /year
short term mean reverting 7.4éar
correlation -0.13

Fig. 1 Gas model parameters

Gas Forward Curve
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Fig. 2 Initial forward curve

We assumed daily hedging. We assumed the following:

e Day products are available for delivery from tomorrow to ¢émel of the running
week.

e Week products are available for delivery from next week &ehd of the month.
For simplification purpose, we avoid overlapping produgtérbncating the last
available week product at the last day of the month,
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e Month products are available from next month and up to the qearter.

e Quarter products are available for delivery starting nexdreer and until next
year.

e Finally, next year, Y+2, and Y+3 are available.

The inclusion property given in remark? is respected, so all calculations with
conditional delta can be carried out on a small laptop.

4.2 Gas storage description

Two sets of parameters are used to describe two typical kihdas storage: Salt
cavities and gas storages tanks will be represented by asfasage” set of pa-
rameters, whereas depleted gas field will be described vitligdeasonal storage”
set of parameters (See Fig.3). Prices are given in pencé@en tand the different
capacities in therm.

Fast storage Seasonal Storage
Working gas capacity (th) 36,600,000 th 32,637,363 th
withdrawal rate (th/day) 4,500,000 th/day 400,000 th/day
injection rate (th/day) 6,000,000 th/day 140,659 th/day
withdrawal cost (p/th) 0.35 p/day 0.31 p/day
injection cost (p/th) 0.35 p/day 0.72 p/day

Fig. 3 Parameters for the fast and seasonal gas storage asset.

Fast storages and seasonal storages differ greatly initijeation/withdrawal
rate. It requires around two weeks to totally fill and emptyast fstorage, against
10 months for the seasonal storage. Hence, seasonal sgrageet manager will
basically arbitrage the seasonal price differences (gge #1 summer, withdraw in
winter) (Fig.4), whereas fast storages’s will rather takadfit of the volatility and
the weekly seasonality (Fig.5). Thus the fast gas storatjé&/ibptimized and sim-
ulated during one year whereas the seasonal storage wititbeined and simulated
during three years.
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Fig. 4 10 simulations of the optimal fast gas storage levels (twatims)

as volume stored (th)

Fig. 5 10 simulations of the optimal seasonal gas storage levelsd(%)

4.3 Comparison with finite difference and tangent process

All calculations except when specified are achieved withOrOSimulations dur-
ing optimization parts with 7§10 x 7) local basis functions for the uncertainty
x = (w,w?) discretization. As for the gas levels used for valorizatitwe fast gas
storage is discretized with 24 steps, and the seasonal adheBisteps. We com-
pare the three methods for a simulation of the forward cusferdnhation. During
this forward curve deformation the prices of the future prcdd are obtained by
averaging the curve on the delivery period.

e In conditional tangent process, all commands and hedgesaérelated during
the optimization part,

e As for the tangent process, at each time step, a valorizegiachieved calculat-
ing the hedge applied at this date using the algorithm 4 moingt conditional
hedges.

e As for finite difference, at each time step first calculation is achieved with the
current forward curvé-(t,.) at this date giving a first valorization. Then for
each available future product with delivery peripdthe future curve is shifted
by

Fe(t,T) (t,T)(1+¢)foral T e p, (26)

=F(t,
=F(,T)if Tnotinp, (27)
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leading to a second valorizatiofs. The p's sensibility is thus given by=-Y.
The € parameter is not easily fit. A small parameter will lead to sslbiased
value estimation but the variance of the valorization iases the variance of
this estimator. We take = 0.005 except when specified as our finite difference
resolution parameter.

4.3.1 Fast storage results

We take a week product, a month product and a quarter proalactieve the com-
parisons. All figures give the hedging volurfi&/ per day for the product used so
that the volume associated to a given product with delivengthn days isnHV.
The figure 6 compares the three methods for the fourth weeklyp®?010. We ob-
serve that conditional tangent process and tangent prgaessery similar results.
Finite difference gives results quite different from otheethods but these results

Delta on one path scenario
500000 T T T

— Conditional_tangent_process|
- - Tangent_process
Finite_difference

4000004

300000H_"~

200000} X¢
100000
ol ¥
—100000}-
~200000f

—300000

Notional of hedging product (therm per day)

—400000

time (d)

Fig. 6 Fast storage: Hedging strategy for week product with defitlee last week of july 2010

are unstable when changiagarameter as shown on figure 7. Accuracy of each val-
uation in the finite difference procedure should be incressedecreases. Results
obtained by conditional tangent process appears to be spaitde when changing
the number of trajectories used in optimization as showngurdi 7. The figure 8
compares the three methods for december 2010. Notice tisgribduct only ap-
pears on the first of october. The figure 9 compares the thréleoa® for the last
quarter of 2010. Results for the month and quarter prodsciteare very similar
for the three methods, finite difference still being littlether from the two other
methods. As for the time needed for each method calculatiedédge for all the
products, the conditional delta took 10 minutes for the $éstage valorization and
less than 20 secondes for one simulation. As for tangenegsythe simulation took
15 hours and the finite difference simulation took more thdays.
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Delta on one path scenario

Delta on one path scenario
= — Conditional_tangent_process_140000_sin
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(a) Influence of parameter in finite differencéb) Influence of the number of simulations for
the conditional tangent process

Fig. 7 Fast storage: Example of delta evolution for the weekly pobdjuly 26th 2010- july 31th
2010) on one scenario.
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Fig. 8 Fast storage: Example of delta evolution for the monthlydpod december 2010 on one
scenario

Besides this method comparison a simulation phase with @80@ulations was
achieved with the conditional delta method in less than &@®sds. The standard
deviation of the cash flow was reduced by a factor 5 from 8.28a® 1.64e+08.
Distribution of the cash flow with and without hedge is givarfigure 10.
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Delta on one path scenario
300000 ; . T

— Conditional_tangent_process

250000 7~ Tangent_process .
- Finite_difference ]

200000

150000

100000

50000

Notional of hedging product (therm per day)

I
N
19
AN
N
\\)

H H ; ; H
o ) o o o
o> o I\ o> I\
57 ®7 ©F 5 @7
W ) o oef ce®

time (d)

Fig. 9 Fast storage: Example of delta evolution for the quartedypecoQ4 2010 on one scenario

3.0le=9
— Distribution without hedge
— Distribution with hedge

25

2.0
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1.0
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0 -1 0 1 2 3 4
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Fig. 10 Fast storage: cash flow distribution with and without hedyaputed with the conditional
tangent method
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4.3.2 Seasonal storage results
We took the same products as for the fast storage plus the2@ddr. Results are

givenonfigure 11, 12, 13, 14. The figure 12 compares the theteads for decem-

Delta on one path scenario
T T T

40000— T T

— Conditional_tangent_process

- - Tangent_process
Finite_difference
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\“‘QX N SN e NN N \“\@ \°\”L1
time (d)

Fig. 11 Seasonal storage: Example of delta evolution for the wegldguct (july 26th 2010- july
31th 2010) on one scenario.

ber 2010. The figure 13 compares tangent process and coralitangent process
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Fig. 12 Seasonal storage: Example of delta evolution for the mpmttdduct december 2010 on
one scenario
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for the 2010 last quarter product, figure 14 for the year 20btpct. Due to time
consideration, results with finite difference were onlyiklde for the week and
the month product. The convergence for the week producteoftttee methods to

Delta on one path scenario
30000 T T T T

T
— Conditional_tangent_process
20000}| — - Tangent_process i 1

10000

—10000

—20000

\
—30000

Notional of hedging product (therm per day)

—40000 Q‘ S

«,‘}0\’ 1"10\’

\\>\ \\)\ \%\)‘) Pg‘) e® ==
time (d)

Fig. 13 Seasonal storage: Example of delta evolution for the quareduct Q4 2010 on one
scenario
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Fig. 14 Seasonal storage: Example of delta evolution for the yeht p@oduct on one scenario

the same solution is more easily obtained for the seasomags than for the fast
storage. On the different figures, we see a kind of smoothiegtedue to the con-
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ditional tangent process method on the hedging strateggamobvious on the fast
storage results. As for the time needed for each method ahéitional delta took
nearly two hours for valorization and 60 seconds for the ftmn. As for tangent
process, the simulation took 7 days for the seasonal staradjthe hedge for all the
products would have taken longer than a month for the finffergince method.
Once again a simulation phase with 10000 simulations taki4@0 seconds was
achieved with the conditional delta method. It led to a reidncof the standard
deviation of the results by more than a factor 8 from 9.60et60B11e+08. Distri-
bution of the cash flow with and without hedge is given in figlise

le-9

4.5

— Distribution without hedge
4.0F — Distribution with hedge

3.5F

3.0r

2.5F

2.0r

1.5p

1.0r

5
Euros le9

Fig. 15 Seasonal storage: cash flow distribution with and withodgleecomputed with the condi-
tional tangent method
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