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Abstract. This paper establishes the asymptotic properties of the quasi-
maximum likelihood estimator (QMLE) of a GARCH(1,1) process with time-
varying coefficients driven by an exogenous variable, when some true coeffi-
cients may be null. The QMLE is shown to be consistent. Its asymptotic
distribution is a projection of a normal vector distribution onto a convex cone.
Furthermore, the QMLE is shown to converge to its asymptotic distribution
locally uniformly. We then consider the problem of testing that one or several
coefficients are equal to zero. The null distribution and the local asymptotic
powers of the Wald, Rao-Score and Quasi-Likelihood Ratio tests are derived.
The results are derived under mild conditions, that do not require the existence
of moments of the observed process. The results are illustrated by numerical
simulations. The framework developed here allows some intercepts to be null

for certain regimes.
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1 Introduction

Since the seminal papers of Engle (1982) and Bollerslev (1986), the class of gener-
alized autoregressive conditionally heteroskedastic (GARCH) models was extended
to fit apparent high persistence of the volatility dynamic. Indeed, as put forward
e.g. by Lamoureux and Lastrapes (1990), and Mikosch and Starica (2004), this
persistence might be spuriously caused by parameters varying through the sample,
corresponding to different volatility regimes. Different classes of regime switching
GARCH models were developed to cope with this problem. Markov-switching (MS)
GARCH models have been proposed, in the spirit of the class developed by Hamil-
ton (1989) for ARMA models; see e.g. Hamilton and Susmel (1994), Gray (1996),
Dueker (1997), Haas, Mittnik and Paolella (2004). In this approach, the regime pro-
cess is endogenously determined by the data. However, when one exogenous variable
influences importantly the regime switching, a relevant approach could consist in im-
posing it as generating the regimes. When the exogenous variable driving the regime
is periodic, an approach with periodic coefficients might be relevant. These models
have been proposed by Basawa and Lund (2001), among others, for ARMA Mod-
els and in the GARCH framework by Bollerslev and Ghysels (1996) through their
Periodic GARCH (PGARCH). However, periodic models are not suitable when the
change of dynamics occurs at irregular dates. Time series models in which the
coefficients are subordinated to an exogenous process have been recently proposed
and analyzed for the conditional mean by Francq and Gautier (2004a, 2004b) (see
also Dalhaus (1997), Bibi and Francq (2003), Azrak and Mélard (2006)) and for
the GARCH framework by Regnard and Zakoian (2010) (hereafter RZ) who intro-
duce a GARCH(1,1) with regimes subordinated to an exogenous variable. They
have proved consistency and asymptotic normality of the Quasi Maximum Likeli-
hood Estimator (QMLE) under mild assumptions. Regnard and Zakoian (2011)
have applied this class of Model with parameters indexed by temperature level to
natural gas prices. In RZ, the asymptotic behaviour of the QMLE is derived when
the true value is strictly nonnegative. In this paper, we investigate the behaviour of
the QMLE when this assumption is relaxed.

The contribution of this paper is threefold. First, we derive the asymptotic prop-



erties of the QMLE when some true coefficients are null under assumptions that do
not require the existence of moments of the observed process. In the GARCH(p, q)
framework, similar problems are adressed in Andrews (2001) for GARCH(1,1), and
more recently in Francq and Zakoian (2007) in the general GARCH(p, q) (p,q > 1).
In the standard GARCH(p, ¢) framework, when some true parameters are null, this
problem is non trivial because the QMLE is positively constrained, and thus can
not be asymptotically Gaussian. Francq and Zakoian (2007) derived its asymptotic
distribution as a projection of a multivariate Gaussian distribution onto the positive
quadrant for the metric defined by the asymptotic covariance matrix of the score
vector. The difficulties faced in our framework are of same nature. Second, we study
under assumptions not requiring the existence of moments of the observed process
the asymptotic properties of the QMLE under a sequence of local alternatives con-
verging to the true value. This problem is adressed in Francq and Zakoian (2009)
for the standard GARCH(p,q). They provide an asymptotic distribution of the
QMLE under local alternatives. We will find similar results. Third, we will derive
under (i) and (ii) the behaviour of three tests statistics : the Wald, the Rao-Score
(or Lagrange Multiplier) Test and the Likelihood Ratio statistics. Previous works
focused on testing nullity of some coefficients of ARCH and GARCH models. An-
drews (2001) considered testing conditional homoscedasticity against a GARCH(1,1)
model. Hong (1997) and Hong and Lee (2001) proposed tests for ARCH effects using
spectral density estimators at frequency zero of a squared regression residual series.
For other works, see Dufour et al. (2004) and more recently Francq and Zakoian
(2009).

In the large literature developed on estimation of switching regime GARCH
models, works only focus, to our knowledge, on estimation when all parameters are
strictly nonnegative. We refer to Francq and Zakoian (2008) for estimation of MS-
GARCH by generalized method of moments, Hamilton and Susmel (1994) by QMLE
(see also Francq, Roussignol and Zakoian (2001)) and Aknouche and Bibi (2009) for
estimation of PGARCH by QMLE. These works were made in the framework of true
coefficients all strictly nonnegative and do not treat asymptotic properties of consis-
tent estimators, when some of them are null. In the standard GARCH framework,

tests of nullity only concern the nullity of persistence coefficients, not of the inter-



cept term. Indeed, it must be chosen strictly nonnegative to ensure non degeneracy
of the volatility. Switching regimes GARCH models possess one similar intercept
by regime. Actually, it is possible to define a switching regime volatility with some
null intercept which would be non degenerated. This case might thus constitute a
case of interest. To our knowledge, none of the GARCH literature have adressed the
problem of testing the nullity of an intercept in the class of MS GARCH or Periodic
GARCH models. The results presented here will constitute the first results to our
knowledge on testing nullity of coefficients of a regime-switching GARCH model,
developing a mathematical framework allowing to test for nullity of intercepts of
some regimes.

The paper is organized as follows. Section 2 recalls the model and the results
from RZ on estimation when the true parameter is strictly non negative. Section 3
presents results on the asymptotic behaviour of the QMLE (i) when the parameter
is on the boundary and (ii) under sequences of local alternatives. Section 4 presents
the asymptotic behaviour of the three tests mentioned above under (i) and (ii).
Numerical simulations are provided in Section 5. Proofs of theorem are gathered in

Section 7.

2 The model

In this section, after presenting in a first part the model and some of its specific
probability properties, we recall in a second part some results of estimation by

QMLE from RZ.

2.1 Probabilistic properties of the model

We consider the time-varying coefficients GARCH(1,1) model
€t = Oy, O't2 = LLJ(St) + Oé(St)ngl + 5(5{/)0}271, teZ (21)

where (1;) is a sequence of independent and identically distributed (iid) centered
variables with unit variance; (s;) is the realization of a process (S;) with values in a
finite set F = {eq,...,eq}; the functions w(-), a(-), B(-) are defined on E with values

in RT.



In each "regime" (i.e. for each value of s;) the volatility of Model (2.1) is that
of a standard GARCH(1, 1) model. In the particular case where (S;) is periodic, we
retrieve the periodic-GARCH model introduced by Bollerslev and Ghysels (1996).
The model is closely related to Markov Switching (MS) models. In both models,
different regimes are allowed for the volatility. Moreover in Model (2.1), (s;) can
be the realization of a Markov chain. However, a crucial difference is that in MS
models, the change of regime is governed by a latent unobservable variable. Another
important difference concerns the probabilistic properties of the solutions. Under
appropriate conditions, MS models admit stationary solutions. In our model, the
change of regime is observed and, in general, the model has a nonstationary solu-
tion. The model (2.1) is appropriate for a certain type of non stationarity in the
volatility. A particular case of interest is the PGARCH, in which the s; follow a
purely periodic path. The model of this paper does not assume periodicity for (S;)
but can accommodate situations where the volatility coefficients fluctuate in time
with a certain regularity .

The elementary probabilistic properties of this model such as conditions of ex-
istence of () or its moments have been established by RZ. Another important

property concerns the conditions of non degeneracy of (0?) i.e. conditions ensuring:
o} >0 as. forall teZ. (2.2)

In the standard GARCH framework, (2.2) is equivalent to w(.) = w > 0. We will
see hereafter that in the framework of model (2.1), the inequality w(.) > 0 stays a
sufficient condition for (2.2) to hold, but is not a necessary one.

After recalling the conditions of existence of ¢; studied in RZ, we present hereafter
(without proofs here for brevity) the conditions of non degeneracy of model (2.1)

compatible with nullity of w(.) for certain regimes.

Conditions of existence of ¢, Assuming

AO: (s¢) is a realization of a process (S;) which is stationary, ergodic, defined on

the same probability space (€2, A, P) as (1;), and independent of (7;)
and letting
T = P(St = ej)> ] = {17 SR >d} and a(x,y) = a(x)yz + 5(1’),
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RZ established that if

Yo 1= ZWjE{loga(ej,no)} <0, (2.3)

j=1
the model (2.1) admits a non anticipative non explosive solution (¢). RZ also

discussed probabilistic properties of this process, such as the existence of moments

at order m € N. It will be convenient to introduce the process
€st = 05T, Ug‘,t = w(S) + Of(St)Gg,tfl + ﬁ(St)Ug,tfla t €Z. (2.4)

Under the condition (2.3), this model admits a strictly stationary solution (eg;),
obtained by replacing the sequence (s;) by (S;) in (2.1). Model (2.1) and (2.4) have
closely related probabilistic properties. For instance, their condition of existence are
exactly the same. However, the conditions for the existence of their moments differ

significantly.

Conditions of non degeneracy The quantity UZ% may be used to explicit
an equivalent condition to (2.2). Indeed, under assumption A0, an adaptation of

Lemma 1 in Francq and Gautier (2004a) allows to show that
if P(ocg,=0)=0 then P(o; =0)=0, VteZ

Thus (2.2) is equivalent to P(cg, = 0) = 0. In view of the following expansion of

(2.4):

+oo
05 =w(S) + Y a(St,m-1) . alSint1, N—n)w(Si—n),

n=1

we can state the following assumptions on {w(.),a(.), 5(.), (St), (n:)} allowing to

ensure P(0g, = 0) = 0 and consequently (2.2) :
B1:  w() >0,
B2: For all i, P(a(e;)n? + B(e;) =0) = 0 and P(w(S_;) = 0,k > 0) = 0.

The assumption B2 is compatible with a function w(.) that may be null for certain
regimes. For instance, it is satisfied when w(e;) > 0 and w(e;) = 0, for j > 2 and
(S¢) drawing from an iid Bernoulli distribution with 0 < P(S; = ¢;) < 1 for all 1.

Note however that both assumptions preclude w(.) = 0.



2.2 QML Estimation

Turning to the estimation of the model (2.1), let 8 denote the vector of parameters,
0 = (w(ey),...,wleq), aler),...,aleq), B(er),. .., B(eq)), with true value 6. The
parameter is assumed to belong to a parameter space © C [0, +00[*?. The sequence
(s¢) is observed, and the order d is known a priori. Let (e, ...,€,) be a realization
of length n of the non anticipative solution (¢;). Conditionally on initial values €,

and 2 the Gaussian quasi-likelihood is given by

where the 62 are defined recursively, for ¢t > 2, by
a7 = G;(0) = w(se) + alsi)ey + B(si)ai ;.

with 6% = w(s1) + a(s1)é2 + B(s1)d2. A QMLE of 6 is defined as any measurable

solution én of

~

0, = arg max L, (#) = arg min1,(f), (2.5)
0eo 6eo

where
2

ln(Q) = nil th, and gt = Zt<0) = % + 1Og5't2
t=1

t

Indexing the true parameter values by 0, we introduce the following assumptions.
A0’: forall €O, w(.) >0,

Al: 60y € O and O is compact,

A2: ijl m;E{log ag(e;,mo)} < 0 and Hj:1 B;Tj < 1, where f; = supyee (e ),
A3: There exist , p € (0,1) and C' > 0 such that

Vi>0, E {GS(St; 7]t—1) ce ag(St—ia nt—i—l)} < CPHla

A4:  n? has a nondegenerate distribution with En? = 1,

A5:  For all i, ag(e;) + Bo(e;) # 0 and there exist £ € {1,...,d} and k > 0 such
that (Xo(eg)]P(St_k = €y, St = 6,‘) > O,

A6: 6y belongs to the interior of O,



AT:  there exists v > 0 such that En/™ < oc.

Defining k,, = En} < 00, and for any 6 € ©,
0%, = 0%,(0) = cs4(6 +Z/3 (S))... B(Si—i)es—i1(0), (2.6)

where cg(0) = w(S:) + a(Sy)eg,_,. We also define by (07), = {07(6)}, the solution
of

of = w(se) +als)ef y + Blsi)oy

given, similarly to (2.6), by
Ut - Ct—‘_Zﬁ St St Z)Ct i— 1(6) (27)

where ¢;(0) = w(s;)+a(s;)e?_;. Note that under A2, the a.s. convergence of the sum
is ensured and consequently U%,t and o? are well defined. Then RZ (see Theorem 6

and 7 in RZ) shows the following result.
Theorem 2.1 Let 0, be a sequence of QML estimators satisfying (2.5). Then
i) under A0-A5 and AQ’, almost surely 0, — Oy, as n — o0,

ii) under AO-A7 and AO’, \/n(8, — 0) is asymptotically N'(0, (r, — 1)J ™) dis-

tributed, where

(1 9ok 003, (6)
T\ o6 08 0w

15 a positive-definite matriz.

A crucial step in the proof of this theorem is to show that the L?-norm of the

9% ,(6o) ) 802 (00) 802, (6o)
vector —— -— and the L'-norm of the matrix —+ S =
0%y 95t

1

are finite. A

bound for these norms was shown to be of the form K¢~ ', where K is a constant
and ¢ > 0 is the smallest component of 6y. Obviously, the proof breaks down when
one or several components of 6y are equal to zero. In the next section we will allow
the true parameter to belong to the boundary of © ie. 00 = {0y, € © : 6y =

0, for some i > 0}.



Comments:

1. Note that Theorem 2.1 allows to use Quasi Likelihood Ratio to assess equality
of coefficients of regimes when (wo(.), a(.), Bo(.)) > 0. It is a major difference
with the MS framework approach where likelihood ratio (LR) can not be used
because, under the null hypothesis, some of the parameters of the model would
be unidentified. In MS framework, one would rely on alternative criteria re-
lated to the fitting of the data or Bayesian framework (see Hamilton (2008) for
a survey on MS models). This lack of identification under the null hypothesis

does not exist in the framework of Model (2.1).

2. Note that the assumptions A0’ and A1l allow to ensure B1 is verified and

thus that the true volatility process is non degenerated.

3. RZ discussed conditions ensuring assumption A3 in the particular case where
(S¢) is a Markov Chain process. These conditions involve the persistence of
(S;) through its transition matrix. Actually, it is possible to define a very
simple and large, but restrictive, condition to ensure assumption A3 which

does not rely on dependence structure of (S;):

Lemma 2.1 Assumption A3 is verified if for any i € {1,...,d}

E(log(ao(e)n? + foles)) < 0. (2.8)

3 Asymptotic behaviour of 0, when 6, is on the
boundary

In the following section, we investigate asymptotic properties of the QMLE when
some of the coefficients are null. More precisely, we study the behaviour of 6,, when
some values of functions w(.), «(.) may be null, that is when A6 is in failure. We
study in a first part the consistency of 6, to 6y and in a second part the asymptotic

distribution of \/n(6, — 6p).



3.1 Consistency of the QMLE when 6, is on the boundary

In this section, we prove the consistency of 0, when A0’ is replaced by a weaker

assumption allowing wo(.) and ag(.) to reach 0. Let us define for any I C {1,...,d},
E(I)={e;, iel} ,E={AcC{l,...,d}, A#0, A#{1,...,d}}.
We will need the following assumption :
A0”:  forall I C{1,...,d}with &, ={S; € E(I), Vje{l,...,t}}:
P(E)Y" =i a(I) €[0,1), with P(Er,) "=° O(a(1)h).
The particular case of (S;) drawn from an iid Bernoulli distribution with 0 < P(S; =

e;) < 1for all i satisfies it. It can also be satisfied by (.S;) drawn from a homogeneous

Markov Chain (see hereafter for an example). Let us define
O(I) ={0 0,00 wle)>0 Vigl, ale)>0 Viel, pB(.)>0}.

The following assumption allows parameter values such that w(.) reaches 0 for certain

regimes :
A0”: © C T =]0, 00[¢x[0, 0o[2U {U;ceO(I)} .

We will need the following assumption which constrains the distribution of (1)

around 0:
A8:  E|n|? < oo for some 0 < s < 1.
We are now in position to state our consistency result:

Theorem 3.1 Let 6, be a sequence of QML estimators satisfying (2.5). Then under
AO0-A5, A0”, A0, A8 almost surely 6, — Oy, as n — Q.

Comments:

1. Theorem 3.1 extends the part i) of Theorem 2.1 to 6, such that the true value
wo(.) may be null. When wy(.) > 0, assumptions A0”, A0”’, A8 are not

necessary. In a sense, this theorem has only interest when wp(.) may cancel.
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2. Assumption A8 is a mild assumption, however precluding the case of distri-
butions of 7; such that P(n? = 0) > 0. It is satisfied in particular when f,2(z),

the density function of (n?), is such that

for some 0 < u < 1. This class of distributions obviously includes the most
classical nonnegative distributions used in the literature (such as the x?(.) or
the square of Student distribution) and in particular density bounded at the
neighborhood of 0.

3. The process (o) with true values satisfying assumptions of Theorem 3.1 is

non degenerated. Indeed, {wo(.),a0(.),Bo(.), (St), ()} satisfy either B1 or
B2. In view of A0”’, when 0, € O, either 0, €]0, co[¢x[0, 00[** and thus B1
is satisfied, or 6y € ©(I) for some I € £. In this last case, two results follow.
First, 8o(.) > 0 and thus for all 4, P(ag(e;)n? + Bo(e;) = 0) = 0. Second, when
6p € O(I) it ensues that {j € {1,...,d} wo(e;) = 0} C I by definition of
O(I). Thus, in view of assumption AQ”,

P(w(S_x) =0,k > 0) < lim P(Ey) = lim a(I)* = 0.

k—o0 k—o0

In view of these two last results, assumption B2 is ensured when 6, € O(),

which completes the proof that (0?) is non degenerated.

4. Note that in view of A0’ for all § € © w(.) + a(.) > 0. This condition
together with the last comment ensures that for all ¢t € {1,...,n},0 € ©,
P(c,(8) = 0) = 0, consequently P(5,(0) = 0) = 0 in view of &,(6) > ¢(0) , and
finally £,(6) is finite almost surely.

3.2 Asymptotic distribution of the QMLE when 6, is on the

boundary

Here, we consider the asymptotic distribution of the QMLE when 6, may lie on the
boundary. The positivity condition, namely wy(.), ag(.), 5o(.) > 0 is crucial for the
asymptotic normality of the QMLE 0,. Obviously, a Gaussian asymptotic distribu-

tion for \/ﬁ(én — 6p) is precluded when the components 0, of B, are constrained to

11



be nonnegative and 6, € 90. If, for instance, 6y; = 0 then \/ﬁ(ém —bp;) = \/ﬁén >0
for all n and the asymptotic distribution of this variable cannot be a standard Gaus-
sian. This problem is not specific to our framework. For instance, it arises in the
standard GARCH(p, q) framework, where the QMLE is also positively constrained.
Francq and Zakoian (2007) described the behaviour of the QMLE for a standard
GARCH(p, q), (p,¢ > 1) model with some of the ag(e;), Bo(e;)(1 < i < q,5 € p)
being null. In the same spirit as Andrews (1997,1999,2001), they use a quadratic
expansion of the quasi likelihood function (QL) around 6y to describe this distribu-
tion as a projection of a Gaussian onto a convex cone. In the following, we will show
that v/7(6,, — 6,) follows the same type of distribution using similar lines of proof. A
crucial step in the proof of their result is to show that the second derivatives of the
QL function is L' in a neighborhood V() of 6y. In our framework, this condition

becomes :

2
w” < 00, (3.1)

E s 9000’

0€V(60)NO

2
with (s = (5.(0) = Z'ﬁ—t + Ino%,. Some assumptions must be added to those of
St ’
Theorem 3.1 to ensure the condition (3.1). Before stating our asymptotic result, we
show some necessary properties required to ensure (3.1) that arise in the particular

case where (5;) is an iid process.

3.2.1 Moments assumptions on 7; and 0%,

2
_1 905,
a% . 00

(0) as possessing moment at

To show (3.1), a crucial step is to ensure ‘
order 3 in some appropriate neighbourhood of 6, belonging to the interior of ©, thus
in particular at the point § = 6y. In the particular case where (S;) is iid, when

0y € 00, this property requires the following conditions :
En} < oo and FEog}(h) < oc. (3.2)

To show that these conditions are necessary, let us take the particular example of
Model (2.1) with d = 2, ag(e1) = wolez) = 0, wo(er), ap(ez), Bo(-) > 0 and ()

drawn from an iid Bernouilli distribution with 0 < P(S; = ¢;) < 1 for all 7. Using

12



(2.6), it can be shown (see hereafter (7.15) and (7.16)) that :

2 2 2 2
€51 1s,=e, o 7715710'5,1571(00) 1s,=e, 1 aO-S,t 1s,=e,

o2, 9a(er) ) 2 0%,(00)  woler) + Boler)oZ, 1(00)’ o2, 0w(es) = o2,(0)’
(3.3)

where the equality follows from ag(e;) = 0. 77| and 0, ,(f) being independent,
E{ -
condltlon for (3.1) to hold. Now, conditioning (3.3) on {S; = e}, we obtain :

3
1 80%,75
{az—aw@) o) 15 =2

3 3
1 1
= v {o—z,tww} Pime)=b {(040(62)77?+50(62))U§,t_1(90)} o=

1 1
(@olea) 1 Bole2)P - 0%, ()

QJSt

(60)} < oo implies EnP < oo. The first part of (3.2) is thus a necessary

Ga (e1)

The second inequality relies on wp(ez) = 0. The equality follows from assumption
A0 and independence of {S; = e;} and 0§, 1(00) (as (S;) is an iid process). By

00
Bo(.) > 0, it ensues that a necessary condition for —— dw & (90) to possess a moment

at order 3 is Eog}(6y) < oo. The second part of (3.2) is thus a necessary condition

for (3.1) to hold.

3.2.2 Assumption and main result

Let 0y(e) be the vector obtained by replacing all zero coefficients of 6y by €. Let us
define for any I C {1,...,d},

O(I,b) ={0 € [0,00*, wle) >0 Vidl ale) >0 Viel, pB()>a(l)V).

This space is obviously included in ©([7). To state the main result of this subsection,

we will need the following assumptions :
A7T:  Enb < oo,
A9: O CT'5=]0,00[*x[0,00[*U{UreeO(I,3)},
A10:  [o() >0,
A11:  6y(e) belongs to the interior of © for some € > 0.

13



Assumption A7’ strengthens assumption A7 and corresponds in the particular case
of (S;) iid process to the first part of (3.2). Assumption A9, which is more restrictive
than A0”’ (in view of I's C I'), is required to ensure in the particular case of (S;) iid
process the second part of (3.2). Assumption A11 is presented in FZ (see assumption
A6 in FZ), and prevents 6 from reaching the upper bound of ©. This assumption
is a technical assumption which is satisfied if © is sufficiently large. The definition

of I'3 allows to make such a choice. The main result of this section is the following.

Theorem 3.2 Let 0, be a sequence of QML estimators satisfying (2.5). Then under
AO0-A5, A0”, AT, and A8-A11

Vil — 60) 5 AN = arg inf (A - ZYJ{\ - 2},
S

with  Z ~N(0, (k, — 1)J7),  A=A(f) = Ay x ... x Agq,

where Ay = R if Oy # 0 and A; = [0,00) if Oo; = 0 and in the definition of J,
derivatives with respect to 0; are replaced by right derivatives when i is such that

(9()1‘ - O

Comments:

1. When 6, belongs to the interior of ©, we retrieve the asymptotic distribution
of Theorem 2.1 as in this case A = R3? and consequently A* = Z. In this sense,
this theorem has only interest when wy(.) or ap(.) may cancel. In such a case,

the asymptotic distribution of \/ﬁ(én — 6p) is more complex than a Gaussian.

2. We refer to Francq and Zakoian (2009) for the presentation of a practical

method for computing \*.

3. A} may differ significantly from the asymptotic Gaussian distribution Z; for
all 7, even for i such that 6y; # 0. Thus the confidence intervals of the true pa-
rameter components derived from Theorem 2.1 may be false, even concerning

the estimation of strictly positive components.

4. We insist on the fact that the moment condition A7’ is on the iid process, not

on ().

14



5. Note that each ©(7,b) allows 6y to be such that wy(e;) =0 Vi € I. But for
such 0y, we must have By(.) > a(I)'/3. Furthermore, it is obvious that if I C J,
a(I) < a(J). Consequently, the persistence coefficient function fy(.) increases

with the number of regimes e; such that wy(e;) = 0.

3.3 Illustration

We provide here one example to illustrate assumptions A0” and A9 with d = 2 and
thus & = {{1},{2}}. Assume that S; is drawn from a two state Markov Chain with
P(S; = e1]S;-1 = e1) = p1 < 1 and P(S; = e3|S;_1 = e3) = p2 < 1, and invariant
probability m; := P(S; = ¢;) for all i. For t > 0,

P(Sl = 61,32 = €1, .. .,St = 61) :pi’f(l.

and

P(Sl = 62,82 = €92,..., St = 62) = pgﬂ-Q.

Assumption A0” is easily satisfied with a({1}) = p1 < 1, a({2}) = p» < 1.

Theorem 3.2 can thus be applied, for true values 6y belonging to
Ty = (J0,00[%) x [0,00[2%U{0 € [0,00[*%, w(ea) > 0, afe)) >0, B()>p’"}

U{0 € [0,00[*, w(er) >0, ales) >0, B()>py ).

3.4 Non regularity of the QMLE under local alternatives

Here, we derive the asymptotic behaviour of the QMLE under sequences of local
alternatives converging to the value 6y. Let 6,, = 0y + 7//n, where T = (T, ¢,, Tae: s
Ters -« Twegs Taveqs Toey) € (0,00)3¢ is such that 6, € © at least for sufficiently
large n.
We need to precisely define the data generating process. Defining a,(z,y) =
an(7)y? + Bn(z) and assume that A2 holds. For n sufficiently large,
d
ZﬁjE{log an(€ej,m0)} < 0.
j=1
In view of (2.3), this condition ensures the definition of the non anticipative solution
(€tn)eez of

P Ta75 T ,S
€im = Onllty 02y = Wol(5e)F 224 (g (50) +—220)e? +(Bo(s0) +22)o2 ), teZ,

Vi Vi
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where (1) is iid (0,1). Given the observations €j . ..., €,,, the QMLE satisfies :
~ n ~ ~ ~ 62
0, = arg minn~! ZEM(@), where  £,.,(0) = 6,(0; €nns - -y €10) = =5 + log 52,
0co Py Otn

(3.4)
where 67, = 67,(0) is obtained by replacing €, by €,n, for any 1 < u < ¢, in &
but, for simplicity, with initial values independent of n. Similarly, Ufm is defined by
replacing €, by €,,,1 < u < t, in o?. Denote P, . the distribution of (e;,,).

Francq and Zakoian (2009) described the behaviour of the QMLE for a standard
GARCH(p, ¢), (p,q > 1) model under sequences of local alternatives to assumption
that some a(e;), B(e;)(1 <1i < g, j € p) being null. They use a quadratic expansion
of the QL function around 6y to describe this distribution as a projection of a
Gaussian distribution with mean 7 onto a convex cone. In the following, we will
show that /7(f, — 6) follows the same type of distribution using similar lines of
proof. A crucial step in the proof of this result is to show that the supremum for
n larger than some ng > 0 of the third derivatives of the QL function under the
true value 6, are L' in a neighborhood V(6y) of 6y for ng sufficiently large. In our

2
1 8JS,t
U% . 00

(00) to possess a

framework, it can be shown that this condition requires ‘
fourth-order moment. In view of arguments used in subsection 3.2.1, when (S;) is

an iid process, some necessary conditions arise which are :

En} <oo and Eog}(f) < . (3.5)
We will thus need more constraining assumptions than A7’ and A9, which are :
AT there exists 1 € R* such that En} ™ < oo,
A9: O C Ty =]0,00[*x[0,00[U{U1ceO(I,4)} .

In the particular case of (S;) drawn from and iid process, the assumption A7”
(respectively A9”) allows to retrieve the first (resp second) part of (3.5). We are now
in position to state the following result about behaviour of QMLE under sequences

of local alternatives.

Theorem 3.3 Let 6y € © and let 7 € € (0,00)*. Let (0,,) be a sequence of QMLE
estimators satisfying (3.4). Then:

i) under assumptions of Theorem 3.1, 0,, — 00,P, , a.s. asn — oo.
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i) under AO-A5, A0”, A7’ and A8, A9, A10, A1l then under P, .,
Vi, —0,) Z XM (r) =7 where (1) :=arg in/f\{)\ —Z—1YJ{\N—-Z -1},
€

with ZNN(O,(FLn—l)Jil), A:A(Qo) :A1 X oL, XAgd,

where Ay = R if 0p; # 0 and A; = [0,00) if Op; = 0.

Note that assumptions A7” and A9’ are needed to obtain the aymptotic distribution
of én, not for its consistency to 6. As for Theorem 3.2, we insist on the fact that

the moment condition A7” is on the iid process, not on the observed process (€).

4 Testing that some coefficients are equal to zero

We have derived the behaviour of the QMLE when the true parameter is on the
boundary under some mild conditions. The practical objective of this paper is to
develop a methodology for testing the nullity of a sub vector of 6,. Given the
variety of possible tests we decided to limit ourselves to those of Wald, Rao (or
Lagrange Multiplier) and the quasi-likelihood ratio (QLR) because these tests, which
are based on the QL function, inherit its robustness property. The behaviour of
these 3 tests has been investigated by Francq and Zakotan (2009) for the standard
GARCH(p, ¢)(p, ¢ > 1) model when testing some of the ag(e;), fo(e;)(1 <i<gq,j€
p) being null. They derived asymptotic distributions of these 3 tests. We will use
their result to derive a similar result in our framework.

More precisely, and without loss of generality we consider testing the nullity
of the last dy coefficients of @, split into two components as 6 = (0 )" where

9% € R% d; + dy = 3d. The null hypothesis is thus:
Hy: 609 =07 =04, de Kb =04y with K= Ogxd,ls)-
We consider local hypotheses of the form
H,(1): 0=0y+7/vn with K@y=04, and 7€ (0,+00)*

and let
H: V>0 ie Kb >0 with K= (04xa,la)

17



denote the maintained assumption. The usual form of the Wald, Rao-score and

QLR statistics are given by:

W = RO,
Kyp —

Rn _ _ n aln<9n|2)j_;aln(en|2)’
g — 1 007 727 ag

Ly = n{ly(0up) —1.(0,)},

where énp denotes the restricted (by Hy) estimator of 0y; A, Ay denote consistent
estimators of K,; jn, jn|2 denote consistent estimators of the information matrix J.
One rejects the null hypothesis for large values of these statistics. The asymptotic
distributions of the 3 tests statistics under both the null Hy = H,(0) and the local
alternatives are given in the following theorem. Note that taking 7 = 0 in the
definition of \*(7) in Theorem 3.3 gives the variable A* of Theorem 3.2. Therefore
we can state A\*(0) = AL,

Let Q = K'{(k,—1)KJ 'K’} ' K. We denote by xi(c) the noncentral chi-square

distribution with noncentrality parameters ¢ and k degrees of freedom.
Theorem 4.1 Under H,(7) and H, with 7 > 0 we have :

W, % W(r) =\ (m)Qx (),

R, A, X?lQ{T/QT},
1

L, % L(r)= 2(A¢—Z—7)’J(A£—Z—r)+

. ]' . 2 : 2
= 5t 1z = 17 7 -

K

o= Lz 0z 47

under the assumptions of Theorem 3.3 if T > 0 and under the assumptions of The-

orem 3.2 for T = 0.

This theorem is a straightforward consequence of Theorems 3.2 and 3.3, using the
lines of proofs in Francq and Zakoian (2009). The following proposition establishes

that the asymptotic distributions of the latter tests are actually the same.

Proposition 1 With the assumptions of Theorem 4.1, W, el _2 L

e
Theorem 4.1 and Proposition 1 can be used to compare the local asymptotic be-

haviour of the 3 tests. The comparison of tests by means of their local asymptotic

powers is generally referred to as the Pitman approach.
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Comments:

1. As noted in Francq and Zakoian (2009), contrary to the standard situation,
the asymptotic distributions are not the same. Only the score statistic has the
standard 2 distribution, which is a consequence of the Gaussian asymptotic
distribution of the score vector under H, (7). This implies that the standard
Rao score test remains valid whatever the position of 6y in ©. On the contrary,
valid tests based on the Wald and LR statistics require the correction of the

usual critical values.

2. By Theorem 4.1, the tests of asymptotic level a are defined by the critical
regions :

{Wo>wisa}, {Ro> X341t {Ln>hoal,

where wi_q, X7, 1o and l;_, are the (1 — ) quantiles of the distributions of
W(0), x3, and L(0). The first and third tests are called in Francq and Zakotan
(2009) the modified Wald and QLR test.

3. In the particular case where the testing assumption concerns only one compo-
nent i.e.
Hy:wo(e;)) =0 (or Hy:aple;) =0),
for some i,j5 € {1,...,d}, it can be shown using Theorem 4.1 and arguments
from Francq and Zakoian (2009)), that

2

Ry —

1 1
L~ (U? — 6+ =2
1 (U?) Lu>o 5 0+2X1

W =

where U ~ N (0,1) and 0y denotes the Dirac mass at 0. It follows that the tests
defined by the critical regions {W,, > x?(1 —2a)} and {#Ln > x3(1—2a)}
have asymptotic level a (for @ < 1/2). The standard Wald test {W, >
X3(1 — a)} has asymptotic level a/2. In this sense, the standard Wald test
is too conservative. The standard QLR test {L, > x?(1 — «)} has the same

asymptotic level a/2 when &, = 3.

4. Using arguments from Francq and Zakoian (2009) together with Theorem 4.1,
it can be shown that the Wald and QL tests are locally more powerful than

the Rao score Test when testing the nullity of one component.
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5 Numerical illustration

In this section, we illustrate the assumptions and the theorems mentioned previously,
through three examples of Model (2.1) with d regimes arbitrarily fixed to d = 2 for
the brevity of the presentation. In the following three examples n = 20000, s; is
valued in {e1, es} and is a realization of the iid process (S;) drawn from a Bernouilli
distribution with P(S; = e;) = 1 — P(S; = e3) = 0.9 and 7; ~ N(0,1). The first

model considered is generated by :

o2 = 04 + 01 €, + 07 o2, if s = ey, (5.1)
0 + 03 ¢, + 07 o2, if s =en.

0y obviously satisfies the condition of Lemma 2.1 because ag(.) + 5o(.) < 1 and con-

sequently the assumption A3 is verified. With notations of subsection 3.3, because

first Iy = {i € {1,...,d}, wo(e;) = 0} = {2} and thus a(ly) = 0.1, and second

Bo(.) > a(lp)Y* = 0.56, we get thus 6y € I'y. Consequently A9’ is achieved. The

other assumptions of Theorem 3.3 being verified, 8y satisfies all assumptions needed
to apply Theorem 3.2 and Theorem 3.3.

The following 2 regimes model is fitted, with standard deviations of Z defined

in Theorem 3.2 in parentheses and the confidence intervals of the \A/Aﬁ at level 10%

derived from Theorem 3.2 in brackets. This confidence intervals could not be con-

structed in practice and are given for the sake of comparison.

;

036+ 009 &, + 072  or, if s=ei,
(0.03) (0.007) (0.02)

) [~0.05  0.04] [~0.01  0.01] (~0.02  0.03]

o7 =
0.025  + 0.3 €, + 0.72 o2, if sy = ey
(0.13) (0.025) (0.076)
0 022 [~0.04  0.04] [~0.13  0.03]

\

(5.2)

The estimated standard deviations conclude to the significance of all parameters
except wy(ez). Note that the confidence interval of (3, (es) — Bo(ez)) deduced from
Theorem 3.2 differs significantly from the one deduced from Theorem 2.1. This

example illustrates the comment 3 of section 3.2.2. The second model considered is
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generated by:

) 04 + 05 €, + 02 o2, if s;=e,
o; = (5.3)
02 + 0 €, + 05 o2, it s, =es.
Similarly to the model (5.1), all assumptions needed to apply Theorem 3.2 and

Theorem 3.3 are verified. The estimation step leads to :

.

0.4 - 0.49 €, + 0.21 o, if s =ey,
(0.01) (0.015) (0.015)
) [~0.02  0.02] [~0.025  0.025] [~0.025  0.025]
ol =
023  + 0025 &, + 042 o2, i s =en
(0.03) (0.016) (0.04)
| 1005 0.5 0 0.025] [~0.067  0.059]

(5.4)
The estimated standard deviations conclude to the significance of all parameters
except ag(ey). Here again, the confidence interval of (8, (e2) — Bo(e2)) deduced from
Theorem 3.2 differs significantly from the one deduced from Theorem 2.1. The third

model considered here is generated by :

04 + 0 €., + 0.7 o2 if s =eq,
0% = t—1 t—1 t 1 (5.5)
0 + 03 e, + 07 o2, if s =en.

Similarly to the model (5.1), all assumptions needed to apply Theorem 3.2 and

Theorem 3.3 are verified. The estimation step leads to :

(

0.32 + 0.0001 €, + 0.76 o’ if s, =eq,

(0.011) (0.015) (0.015)
) [-0.075  0.065] 0 0.0085] [~0.051  0.056]
o} =
0.0003 + 0.27 €, + 0.706 o, if s =es.
(0.034) (0.015) (0.04)
0 027 [~0.05  0.05] [~0.21  0.035]

(5.6)

The estimated standard deviations conclude to the significance of all parameters

except ap(e1) and wo(es). Here, the confidence intervals of (8,(e2) — Bo(e2)) and

(Wn(e1)—wo(er)) deduced from Theorem 3.2 differ significantly from the ones deduced
from Theorem 2.1.

In view of (5.2), (5.4) and (5.6), it is natural to proceed to some tests of nullity.

Table 1 provides the P-values of the QLR, Wald and Rao Score tests of nullity for
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the models (5.1), (5.3) and (5.5). The asymptotic distributions of L,,, W,, and R,
were computed according to Theorem 3.2. At level 5%, QLR and Wald tests accept
the three null hypothesis. The Rao Score rejects the null hypothesis for models (5.3)
and (5.5) and accepts the null hypothesis Hy : ag(e;) = wp(e2) = 0 for (5.5). The
null hypothesis Hy : ap(e1) = wo(ea) = 0 for (5.5) is thus accepted by all tests.

Concerning the null hypothesis of others models, we need to decide on which
decisions of QLR tests and Wald tests or Rao Score test we need to rely on. The
Pitman analysis consists in following the decision of the most locally asymptotic
powerful tests. As noted in section 4, the Rao Score is locally less powerful than the
two other tests when testing nullity of one component. In these cases, the Pitman
analysis leads thus to accept the null hypothesis.

Figure 1 displays for model (5.5) the local asymptotic power functions of the three
tests of the null hypothesis Hy : ag(e1) = wo(ez) = 0 computed after simulations of
the asymptotic distributions presented in Theorem 3.3. As noted in Proposition 1,
these functions are the same for the Wald and QLR tests for the three models. The
Pitman analysis concludes that they beat the Rao Score, since their local asymptotic

power is greater.

P-value Model (5.1) Model (5.3) Model (5.5)
Hy:woles) =0 Hy:aples) =0 Hpy:apler) =wplez) =0

Wald Test > 0.05 > 0.05 > 0.05
Rao-Score Test 0.0003 0.0003 > 0.05
QLR Test > 0.05 > 0.05 > 0.05

Table 1: Tests of nullity for Model (5.1)-Model (5.5). P-values at 5% of the three tests are
provided.

6 Conclusion

The paper provided a framework to test the nullity of coefficients for a switching

regime GARCH model with coefficients driven by an observed exogenous process.
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Figure 1: Local asymptotic power functions of QLR and Wald (dashed line),and Rao-Score (full
line) test of the null hypothesis Hy : ap(e;) = wp(ez) = 0 for model (5.5) (direction of 7 is

(0,1,0,1,0,0))

This observability of the state variable makes the problem easier to handle than
for the Markov Switching processes. The asymptotic behaviour of the QMLE has
been derived under (i) the assumption that the true coefficients has components
that may cancel and (ii) under sequences of local alternatives converging towards
this true value. The asymptotic law of QLR, Wald and Rao-Score tests have benn
derived under (i) and (ii), allowing under (i) to test for the nullity of some coefficients
and under (ii) to compare tests decisions by leading a Pitman analysis. Numerical
simulations illustrating assumptions and results have been proposed. In particular
the presence of null components in the true value is shown as invalidating the classical
Gaussian significance intervals of estimation obtained by RZ even concerning strictly
nonnegative components.

More general remarks can be made regarding the mathematical framework de-
veloped in this paper. First, the assumptions are explicit, ie they may be verified
either in particular examples either empirically. Second, the results under (i) and
(ii) have been derived under assumptions that do not require the existence of mo-
ments of the observed process. For this reason, these assumptions are thus mild.
Third, they can be qualified as mild also because the regimes dynamics estimable by
QMLE are allowed to be very distincts. Fourth, the framework developed allows to
test for canceling of some values of a(.). Finally, one specificity of regime switching

GARCH models in regards to the standard GARCH models lies in allowing the in-
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tercept terms to cancel for certain regimes. This paper shows that the QMLE may
be used to test for nullity of some intercepts.

It is hoped that the mathematical framework developed here will help to adress
similar problems of nullity tests in others regime-switching GARCH models, such

as MS GARCH or Periodic GARCH models.

7 Proofs

Throughout, all expectations are taken with respect to the distribution of (S, n;).
For a real random variable X, we define | X||, = {F|X|™}/™ for any m € N, when
| X | possesses a moment at order m. For a random matrix X, || X|,, < co means that
all components of the random variable possess moment of order m. Troughout, the
letter K will be used for a positive generic constant, possibly random, whose value
is allowed to change throughout the proof. Throughout, all derivatives will be right
hand-side derivatives. After presenting some preliminary results and definitions,
we give the proofs of Theorem 3.1, Theorem 3.2. The proofs of Theorem 3.3 is
omitted in this paper for brevity, but is available from the author. The proofs of
results stated in the next subsection will be also omitted for brevity but are available
from the author. It will be convenient in our presentation to define the following

quantities. Let us define
500) =D BLOw(S:)
i=0

with 0 < B,(0) = min;ey,.. a4y B(e;). Note that the second part of assumption A2 im-
plies that 5,(f) < 1for all @ € ©, and thus Qf, is a stationary process. Furthermore,

in view of (2.6), it is clear that :
o5 > Q5. (7.1)

We will choose r = s without loss of generality, with r defined in A3 and s

defined in A8. We start by some technical Lemmas.

Lemma 7.1 Under A0”, A0”’, A2, there exists r > 0 such that

Esup — < oo, supFElog™ Q,(0) <oo, |E{inflogQ%,(0)}| < oo, (7.2)
pco 2¢,(0) 0c6 ’ 0€o ’

where log™ (x) = — min(log(z), 0).
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Lemma 7.2 Under A0”, A0, A2 and A8 there exists r > 0 such that

1
Esup —— < o0, FEsup < 00, (7.3)

0o Cs,(0) oco d,(0)

with dg(0) = w(St) + Ol(St)Qfs*,tf1<90)77t2—1

r defined in (7.3) and (7.2) will be chosen accordingly to r defined in assumption
A3 and A8, without loss of generality. Let us now state a technical Lemma which

will be used in the proofs of Theorem 3.2 and 3.3.

Lemma 7.3 Under assumption A0” A2 , and A9 or A9, there exist £ > 0 such
that

1
Esup —— < > 7.4
e 0%, 0) (74)

with b =34 & under A9 and b =4 + £ under assumption A9’.

It will be convenient to define some processes which are lower-bounds of processes

(08,(0)). Let us define

"05,(0) = ds(6)+ H B(St-n)0%1—i—2(0), 05,(0) = cs4(0)+ H B(Se-n)es-i-1(0),

0<h<it1 0<h<i

0754(0) = cs(0) + ] B(Si-n)Q5,-i1(6):

0<h<i

These processes have properties stated in the following Lemma (without proof for

brevity, but its proof is available from the author).

Lemma 7.4 For all9 € ©

max(azs,t(@),i U%,t(Q)f Ug,t(e)) < Ug,t(‘g)- (7.5)

7.1 Proof of Theorem 3.1

It will be convenient to approximate the sequence (¢;(6)) by a sequence (¢;(0)) which

is independent of the initial values. Let
n 2
_ €
1,(0) =1,(0;€n,6p1...,) =n"" ;21 by U =1(0) = U—% +1Ino?.

We will follow the scheme of the proof of Theorem 6 in RZ. Part i) remains the

same in our framework. We summarize here its result.
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Lemma 7.5 Under Assumption A3:
Eeg, < oo.
Following the scheme of the proof of Theorem 6 in RZ, we need to prove

i) lim sup L,(0) —1,(0)] =0, a.s.,
n—oo Oc
i) ogi(0) = 054(6p), Vi, Py, a.s. = 0 =6
iv) El|ls:(0y)] <oo and if 6 #6y,, FElsi(0)> Elg:(0o),
v) any 6 # 0, has a neighborhood V(f) such that

liminf inf 1,(0) > Els1(60), a.s.

n—oo g*eV(9)
to obtain the a.s. convergence of 0,, to By. The proof of Theorem 6 i ) in RZ ensuring
the identifiability of coefficients remains the same, provided that o3 ,(6y) > 0 almost
surely. Noting that 0% ,(fp) > cs¢(fo), it is thus clear, under the assumptions of
Theorem 3.1, that Eog? () < Ecgy(6h) < oo (by Lemma 7.2) and thus o%,(6p) > 0
almost surely. 744) is thus proved.

Let us first prove 4i). Lines of the proof of Theorem 6 i) in RZ allows to obtain:

3u9p!|6?—a§!| < Ksupf(s)...B(s1), Wt (7.6)
S

[USC)
o2 — 5?2
«(1+759)
0%

Thus, using logz < z — 1, almost surely,

sup L,(6) ~ 1,(6)] < n 1Zsup{

0cO 0cO

2

€+

< Ko 2325{ & U?EZB)*}*K"ézzg{—ﬁ“tl—;@f“”}v
< Kn_lisup{ﬁ(st) (31)}SUP{C;(?9)}

0c®

+ Kn~ ngp{ﬁ S¢) (sl)}igg{ctge)}. (7.7)

The last inequality follows from 62(0) > ¢,(0) and 0?(0) > ¢;(6). RZ showed (see
Proof of Theorem 6 1)) that for ¢ sufficiently large

sup{B(s:) ... B(s1)} < B,
66

for some 0 < [, < 1. Therefore, the first and second terms in the right hand-

side term of (7.7) are bounded, for n large enough, respectively by Kn='>" 3t
62 — n
SUPgeo {af_(%)} and Kn™t "7 | B! supyee {?1@}
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By an extension of Lemma 1 in Francq and Gautier (2004a), it will be sufficient
2
to show that n™' Y"1 | AL supyeq {—(} and n=t Y " | B! suppeo { 1(9)} converge
to 0, P a.s. when n — oo. Using the Cesaro Lemma, it will be sufficient to show
62
that S! supgeo {%} and [ supgee {ﬁw)} converge to 0, a.s. when ¢ — +o0.

For the first term, this result follows from the Borel-Cantelli lemma, because

¢ 6tr/4 E%t o
ZP(“@{ } ) ZM?&@{ <e>}

1 1/2 tr/4
< {Esup—} {Eles I}”QZW

0co Cgy

for any ¢ > 0. The first inequality follows from the Markov inequality, the second
one from the Cauchy-Schwarz inequality and from the stationarity of (cg;) and (eg;).
The result follows from Lemma 7.5, (7.3) and S, < 1. The same arguments allow to

conclude for the second term because

e (st} =) < X ey} ex

for any ¢ > 0, by (7.3) and 8. < 1. Thus i) is proved.

The proof of iv) is exactly the same as the one developped in the proof of Theorem 6
i) in RZ provided Efg,(0) < oo forall § € ©. In view of (7.1), as log™ (.) is a decreas-
ing function, for all § € ©, Elg,(0) < Elog™ 0§,(f) < supyeg Flog™ Q5,(0) < oo
where the result follows from Lemma 7.1. iv) is thus proved.

It remains to show v). For any # € © and any positive integer k, let Vj(6) be the
open ball with center § and radius 1/k. The proof of Theorem 6 v) in RZ remains the
same, provided that the expectation of infg-cy, (9)ne £s:(0*) < oo exists. This term
being larger than infyee log €25,(¢), which possesses a finite expectation by Lemma

7.1, this result is thus established.

7.2 Proof of Theorem 3.2

We will follow the scheme of the proof of Theorem 2 in Francq and Zakoian (2007).
First, we prove that the score at 0, is asymptotically Gaussian then we will prove
Theorem 3.2.

In this part, we will use Lemma 7.3 under the assumptions A0”, A2 and A9.
Thus as stated in Lemma 7.3, (7.4) will be here considered true for b =3+ &.
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7.2.1 Asymptotic normality of the score at 6,

Let us define for 0 € ©, ap(z,y) = a(z)y* + B(x). Here we state some properties on

. a2 (6 . )

the quantities aj(St, ni—1) - . . a§(St—i, Ni—i—1), :2”&—(@0)) and ¢% () in the neighborhood
S,t ’

of fy. This Lemma will be used later when treating the property of the score vector

in the neighborhood of 6y and in the proof of Theorem 3.3.

Lemma 7.6 Under the assumptions of Theorem 3.2 i), for all m > 0 there ezist a
neighborhood V(6y) of 0y, 0 <v <r,0<p* <1, C*>0 such that :

Vi>0, E sup {aj(Sy,mi-1)...a(Si_s,mi—i1)} < C*(p*). (7.8)
9V (60)NO

where ag(z,y) = a(x)y? + B(x)

J%‘,t (6o)

0o, E sup o2(0) < oo. 7.9
pevisone 05.(0) sil?) (7:9)

0€V(60)NO

Proof of Lemma 7.6
The assumption A9 allows to define, for any 6 > 0 and € > 0 a neighborhood
V(6p) of 8y such that V6 € V(0,) N O, Vie{l,...,3d}:

Let us first prove that CC‘ZZ((H;)) < 2(1 4 9) for all & € V(6y) N O. Letting i €

{1,...,d}, let us consider case (i): wo(e;) = 0, and case (ii) ay(e;) = 0. First, note

that the assumption A9’ entails that wy(.) + ag(.) > 0. Consequently, in case (i)
ap(e;) > 0 and in case (i) wo(e;) > 0. Now, for all 8 € V(6y) N O satistying case (i),

for all ¢
wo(e:) + ao(ed)n; _ ap(eq)n; < ap(e;) <
w(e) +ale)n;  wle) +ale)n — ale) ~
The first inequality follows from «ag(e;) > 0 which entails a(e;) > 0 in view of (7.10)

(1+4).

and the last one relies on (7.10). Similarly for 8 € V(6y) N O satisfying case (ii), by

similar arguments,

wo(es) + agle)n? _ wo(e:) wo(e)
wle) +ale)n;  wle) +ale)n; — wle)

When wy(e;), ap(e;) > 0, it is clear that for all § € V(6y) N O, w(e;), a(e;) > 0 and

< (14 9).

thus :
woles) + apled)n? _ woles) | aole:)
wle) +ale)n; — wle)  ale)

<2(1+49).
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These three inequalities allow to entail that CSt((G;)) <2(1+) for all @ € V(6y) N O.
Now, for ¢ €]0,1[ :

Ug’,t(eo)
sup  ————

6€V(60)NO U?e,t(@)

< sup {CS,t(QO) + 220:0 Bo(St) - .. Bo(Si—i)cs1—i—1(6o) }
T vevieone L csi(0) + D520 B(Sy) - B(Si—i)esi—i1(0)

50(515) .- ~60(St7i>cs,tfi71(‘90) }
< 1+ Z eesggme {Cs,t(e) + B(St) ... B(Si—i)cs,i—i-1(0)
< K

- BO(St> .- ‘BO(St—i)CS,t—i—l(QO) 5(50 .- -B(St—i>CS,t—i—1(8) *
i 20965’550@{ B(S.).. ﬁ(St,i)cS,t,@-,l(e) ( cs(0) ) }

(1
K+KZ( +9) ) sup ¢y, ; 1(0) sup  cg3(0)

0eV(6)nO© 0eV(6p)NO
{Bo(St) ... Bo(Se=i) }* .

IN

The second inequality follows from CS’(( )) < 2(1+9) for all @ € V(0y) N O. The third
one relies on the elementary inequality x/(y + 2) < (z/2)(z/y)¢ for any ¢ € |0, 1],
x,y,z > 0. The fourth inequality relies on two arguments. As [y(.) (by assumption
A10), in view of (7.10), firstly 8(.)/B(.) < (1—6)~! and secondly 8(.) < Bo(.)(1+0).

Choosing ¢ = ;- and § > 0 small enough such that

(1 +5>§p1/4m < 1

7.11
and using the Minkowski inequality, we obtain
a% (0 (1+9)
sup M < K+ KZ ( i ) sup ¢, ; 4(0)
vev(oone Tz (0) 0cV(o)ne .

sup g (0)]| I{Bo(Sh) - Bo(Se-) } [l 4m

0EV(60)NO

am
1 S 1/4m @
< K+KZ(%> < 0.

The second inequality follows from the Cauchy-Schwarz inequality. Noting that the
components of array of © are bounded by a constant 0 (ie 6; < @ for all § € ©),
we easily get using Lemma 7.5, E'supgeyg,)ne Co4(0) < 61+ Eed,_|) < oo. This
result together with the stationarity of (cs:), (7.3) and the assumption A3 allows
to retrieve the third inequality. The final result follows from 1+5) p'/*m < 1 and the

first part of (7.9) is proved.
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Now we turn to the proof of (7.8). Let us choose t € Z, 6 € V(6y) N O and i €
{1,...,d}. Noting that By(.) > 0 (by the assumption A10), 8* := mine1 4 So(e;) >
0. (7.10) leads to :

ag(ei, ne—1)

< (140" if aple 0
ey = 19 ole) #

and

04(62‘)773—1 5(61') " E771%—1 w - B
Bo(e;) + ﬁo(ei)} < {7 + 140} if op(e;) =0.

The second inequality relies on «(e;) < € when ag(e;) = 0, B(e;) < (14 9)5Bo(e;)

ag(ei, 77t71)
%L(eia 77t—1)

<A{

and 0 < * < Bo(e;) for all € V(0y) N O. Thus using the elementary inequality

(x+y)* < z*+y" for 0 < u < 1 on the right hand-side condition, we get ag(eim-1) <

af(esme—1) —
(14+9)“+ g—tnfﬁl in both cases. Choosing v = r/2 and using the Cauchy-Schwarz
inequality:

E  sup HGZ(Stfhantfhfl)
eV (0p)NO h=0

i 1/2 ; 1/2
ap(St—n, Ne—n—1)
< E sup 9 E sup a” (St—h, 77t—h—1)
{ 0€V(60)NO }H) a6<St—h’ nt—h—l) 0€V(00)NO }H) 0
i , 1/2 i
< SE sup JHO+0+ @)y o7 {1407+ By T
0€V(00)10 ;" 15} 3

The second inequality comes from the assumption A3 together with an application

of
i az(ei,ﬁtfl) < (1+5)u+€_
ie{l,...d} ag(e;, 1) 5

Remarking that (140)"+ /%nfﬁh_l does not depend on 6, we can forget the supremum
2o

2u
Me—1-

in the right hand-side term of the second inequality. (7;) being an iid process, we
easily get the third inequality. n? possessing a moment at order 2, thus a moment
at order 2r (r < 1), it is possible to choose €, > 0 according to (7.11) such that:
"
I
and thus define an appropriate p* to retrieve (7.8) together with the first term of
(7.9).

pr = {(1+0)" + —EnZ}/?p' % <1 (7.12)

The second term of (7.9) is a consequence of the first term of (7.9) and (7.8).

The lemma is thus proved.
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O

1 8‘751

When 6 > 0 (being understood componentwise), RZ showed that ‘

S,t

possesses moments at any order m € N in a neighborhood of 6y (see Proof of
Theorem 7). As noted previously, this property does not hold when 6 lies on the
boundary. Here, we show that this variable possesses a third-order moment at the

true value 6y under the assumptions made.

Lemma 7.7 Under the assumptions of theorem 5.2, there exists a neighborhood

V(6o) of 6y such that

sup L 903, < 00 sup L—a%‘%t < oo, (7.13)
0V (00)NO 0?9,5 00 , " |leevigone | 05, 0000 \ ’
1 Jog, 0o,
sup < 0. 7.14
v o8 0 00 | (714

Proof of Lemma 7.7 First note that (7.14) directly follows from the first

term of (7.13) using Cauchy-Schwarz inequality. Differentiating (2.6) we obtain, for
ke{l...,d},

2
Oo 5

OW(Bk) lst ek+zﬁ St (St Z) ]lst i—1=€k) (715)

o2
aa(ig) = E%‘,t—l ]lst:ek + Z 6(575) s B(St—i)eg',t—i—2 15t—i—1:8k7 (716)

da?,
and 85(;) = Z{Z H B(Si—n) 1s,_ jzek}cst i—1(0). (7.17)

7=0 h#j,0<h<i

Let us now turn to prove the second term of (7.13). Let us denote

g = inf Be;).

0€V(00)NO i€{1,....5}
In view of the assumption A10, V(6y) can be chosen appropriately to get 5** > 0.
We will choose here V(6y) such that (7.9) can be true for m = 8 thus for any m < 8,
by the Hélder inequality.
We first prove the first term of (7.13). Note that by the positivity of the co-
efficients involved in (7.15)-(7.17), the derivatives of 0§, are nonnegative. It can
be shown as in RZ that the first-order derivatives with respect to a(ex) (respec-

tively w(ex)) for k € {1,...,d} such that ag(ex) # 0 (respectively wo(er) # 0) are
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bounded on V(6y) by a(l)(t‘i) (respectively H‘S)) with notations of Lemma 7.6. They
thus possess a moment at any order. Turning to the derivative with respect to w(eg)

for k € {1,...,d} such that wy(ex) = 0, using (7.5)

1+ B (S) B(Se) ... B(Si—)
o2, dulen) ) = 52,0 Z 20

+ o7 = 5 with & > 0 defined in Lemma 7.3.

(7.18)

Let us choose M > 0 such that 3+§

Using the Minkowski inequality, we have with v defined in Lemma 7.6:

1 aag‘t
sup —
6V (60)NO USt 3w(€k) 5
< 1+ B(S)
— 2
0V (60)NO gS,t<0) 3
n - sup 1 B(S) ... B(St*i)Qg,tfifl(e)
oeviaone Ys,i-1(0) csi(0) +5(50) - B(S-) s, 1 (0) |,
> 1
S K + sup W
0€V(60)NO QSt 2M0(0) sie
v v 1
sup B2 (S;) ... 02 (S, sup  ——
0€V(06)NO (5¢) (5 ) 0EV(00)NO cS/fM(Q) oA
< K+K) piM < oo, (7.19)

i=1
The second inequality follows firstly from the elementary inequality - < z° for
all . > 0, 0 < s < 1, secondly from E Supgeygy)ne 5 ENO] ( y < E supgeygo)ne Q*g 0 <
oo (by (7.4)), and thirdly from the applications of the Hélder inequality || XY||; <
I X Nl5, ¢ Y]l 5 together with the Cauchy-Schwarz inequality. Now, first, supgeq Q5,'(9)
possessing moment at order (3 + &) by (7.4), it possesses thus moment at order
(1 — 5%)(3+ &) by the Holder inequality. Second, supyeg cg,(), possessing mo-
ment at order r by (7.3), possesses moment at order v < r. These two arguments

combinated with the elementary inequalities

suij;tl(H)Z sup Q*S_tl(ﬁ) and Supc§1(0)> sup 057%(9),

6O 6eV(60)N® gco 6V (60)NO

the stationarity of (25 ,(f)) and (7.8) lead to the third inequality. The result follows
from p* < 1. Turning to the derivative with respect to a(ey) for k € {1,...,d} such
that ag(er) = 0, by (7.16) and using the inequality (7.5), we have for 0 < u < 1, for
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O'_St da(ey)

2 oo N2 B
S ;;5',25(01) + Z B(St) te 5(51201-26?5)12 ]]-Stfifl—ek (720)

St i=0 St

Jg’t 1(6o) 5(St) - B(Si- i)UtQ—i—Q(eU)
< K 0?91; 1(0) i Z i 2d )+ 8BSt .. B(St—i)ag“,t—i—z(e)
2 US,t—l(QO) 77t—z‘—2 US,t—z‘—2<90) {5**5(575) x 'B(St—i)o-g‘,t—i—Q(e) }u

R T () B o= SN () d5:(6) |

(7.21)

The second inequality follows from the obvious inequality o3,(0) > 5*0%, ,(f)
with 8** > 0 and B(S;—i—1) > ™ > 0 for € V(6y) N ©. The last one relies on the
elementary inequality 17 < 2° for any x > 0 and u € [0, 1]. Taking supremum on
(7.21) for 0 € V(0)) N© , choosing u = v/24 (with v defined in Lemma 7.6) and

using the Minkowski inequality, we obtain:

1 30?% )
sup —
0€V(69)NO USt 3a<€k) 3
2
0%,-1(6b)

< Klnt sup  ———

Il vevine 95.1(0) |,

00 2

08 t—i— (6o) u "

+ K (Il | swp == sup (8U(S))- . B4(S)

i=0 0€V(60)NO O-S,t—i—Q(e) 6 ||0€V(00)nO b

sup U?ft—i—Q(e) sSup d§f§(9)

0€V(00)NO 4 ||P€V(@0)ne 04
- *\ == 4
< K(1+ Z{E sup  (BY(Sh)... B°(Se-0))}2) < K> {(p7)71} < oc.
(7.22)
First, noting that dg; belongs to o(n;—1, S, Si—1, - . .), it is clear that :“—2((9;))
S,t—i—2
* ok . 0_2 . u
{6 ﬁ(st)“ﬂ;::é; S’t’H(G)} are independent of 7;,_;_o by assumption AQ. Second

AQ implies also the independence between — S i-1l%

)) and 7n;_1. These both arguments

(6
together with use of three succesives Cauchy tS(lzhwartz inequalities lead to the first
inequality. The second one follows from (7.3), together with the strict stationarity
of (0%,) and (Z;_ll(fo))> (7.9) and (7.8). The result comes from p* < 1.

We turn now to the derivative with respect to S(ex). We will show that it

possesses moments at any order M € N. Remarking that for 6 € V(0y) N© §(.) >
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B** > 0 we retrieve as in RZ :

aUS,zt (9) < 1 ) Z(l + 1)5(5’0 ..ﬂ(St%')CS,tfifl(e)'

Now, taking supremum on this inequality for 6 € V(6y) N O, using the Minkowski
inequality and the inequality (7.5), we obtain, with v defined in Lemma 7.6 :

1 aaSt
su
QEV(GBHGUStﬁﬁ( ) M
- 1 (i+1)B(Sh) ... B(Si—i)cs—i-1(0)
= ; sevtinne Bler) i05,4(0) .
1 & (i 4+ 1)B(Sy) ... B(Si—i)esi—i1(0)
<
- ﬂ**; sevtre €s0) + B(S) - B(Si-esiia0) |
= B(Sy) .. ﬂ(S“cSt“@}”“M
K 1
< Ky )| sy (AT

sup  Csi—i—1 (Q)U/4M

sup  {B(S) ... B(Si—i) )M

A
=
LM
-
:

0eV(60)NO o1 ||6€V(B0)NE M
sup  cg4(0) VMM
eV (6p)NO AM
< KZM{E sup {B(S1)... (i)}
— 0eV(6p)NO
< KZ(¢+1)p*i/4M<oo. (7.23)
=0

The second inequality relies on 5(.) > ** > 0 for § € V(6y) N O and the definition
of ;03,. The third one relies the elementary inequality - < 2¥/12. The fourth one
is based on the Holder inequality. The elementary inequality (a + 0)" < a¥ + b, for
all a,b > 0, and r € (0, 1), together with Lemma 7.5 and © compact thus upper
bounded componentwise entail £ supyeygyne €5y < 00. From this result together
with (7.2) and the stationarity of (cs;), we deduce the fifth inequality. The last one
relies on (7.8) and the result on p* < 1.

The second order derivatives of ag,t may be treated in similar way. We omit the

proof for brevity. The lemma is thus proved.
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Lemma 7.8 Under the assumptions of Lemma 7.7,

0ls+(0y) 0ls+(6p)
00 09

0%0s,4(6)
0000

d

< oo and EH

<

2
The first and second derivatives of {g; = Z‘E—t +log o%, are given by :
S,t ’

Ols, _ 1— E%,t 1 aag,t <7 24)
a0 o, | |o%, 00 |’ '

8265,75 - 1— 6%,1& 1 8202’,1& n 26?% 1 1 aagt 1 80?%
0000 0%, | | 0, 0000 0%, Ogt 00 0%, 00 |

(7.25)

Proof of Lemma 7.8

. 0 . .
In view of Lemma 7.7, {UT 75 (90)} possesses moment at order 2 and in view of
S,t

AT, {1 Vi } {1- } possesses a moment at order 2. These both terms be-

aStGO

55 (00) possesses moment at order 2 and thus the first

8%02
result of the Lemma. Using Lemma 7.7, { — aéytiﬁ())} and {% e (90)} possess

moment at order 1 and are independent thus also their product. This lemma also

U2 U2 .
allows to get that {2 5 (9 ) 1} and { 1 O 559(90)} {UQL@%—;E&))} are lndependent
S t S,t

and possess moment at order 1. Thus their product also possesses moment at order

2
1.2 éggé?‘)), which is the sum of these both products, possesses thus moment at order

1. The Lemma is thus proved.

Lemma 7.9 Under the assumptions of Theorem 3.2, J is non-singular and

ol
Vary, {%} = (k, —1)J.

Proof of Lemma 7.9 The proof follows from Lemma 7.8 and the assumptions

A3-A4(see RZ, Proof of Theorem 4.2 ii)).

O

The following lemma, together with Theorem 1 i), readily shows that J can be

8 1, (6n)
0000’ -

consistently estimated by J,
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Lemma 7.10 Under the assumptions of Lemma 7.7, for any € > 0, there exists a

neighborhood V(0y) of 6y such that, almost surely,

0?0s4(0) H
E  sup —_— 7.26
ocv(oo)ne || 0000 (7.26)
and
- 020,(0) 82&(00)
lim — <e. 7.27
oo 2 sevioro || 0000 0000 || =€ (7.27)
Proof of Lemma 7.10
In view of (7.25), if we get the existence of V() such that :
€2 €2
sup 1-— % < 00, sup 2% —1 < 00, (7.28)
0V (60)NO Ogt 3 6€V(60)NO 09t 3
1 82051: 1 903,
sup < 00, sup —| < oo, 7.29
0V (00)NO {Ust 000" ) bevdo)ne Te, 00 , (7.29)
then, by the Cauchy-Schwarz inequality, we will get
2 2 9
€5t 1 d%og,
E  sup 1-— — :
6eV(00)n0 { USt} {U?S,t 0600' }
2 2 2
€5t 1 d%og,
< sup 1- == sup < 00.
0V (00)NO { 0%, } 9EV(60)NO {aSt 0000’ } )
and using the Hoélder inequality,
€ 1 Oo? 1 002
E sup 3255 10t b4
9cv(o)ne | 05y 05t 00 st 00
1 00} 005, 1 903 005,

< sup

sup
0eV(6p)NO U?s*t 69

6eV(80)n0 T8 00

Y

2
sup 2— —1
6eV(60)NO Us,t

and hence we will retrieve (7.26). We will choose here V(@o) satisfying lemma 7.6

3

with m = 8. This choice allows to get (7.29) by Lemma 7.7. Thus using the

USt( o)
2 (9

following from the

‘@o
3

Using the Minkowski inequality for both terms of (7.28), (7.28) is achieved. (7.26)

assumption A7’ and the independence between 7; and

assumption AO, it follows

6%’,75 g %,t (6o)
sup

0eV(6p)NO Ug,t(e)

sup

— (B}
0eV(6p)NO Us,t<‘9) 3 '

is thus proved. Now, Lemma 1 in Francq and Gautier (2004a) shows that:

D%,(0) 82&(90) 0*s4(0) B 0*0s4(6)
0000’ 06000’ 0000’ 0006’

n
lim — g sup
o0 M AT 0eV(60)NO

-2

0EV(60)NO
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The expectation exists in view of (7.26), which ensures the convergence. This ex-
pectation decreases to 0 when the neighborhood V() decreases to the singleton

{60}. Thus (7.27) is proved and the lemma is proved.

The following lemma shows that the initial values are asymptotically negligible.

Lemma 7.11 Under the assumptions of Theorem 3.2,

'|n1/2z {agta(go 8& 90 }H (7'30)

t=1

and

sup
0eV(6p)NO

1< | 0%0,(0) 82€t

— 31
n ; { 00006 8989’ (7.31)
Proof of Lemma 7.11 Following the lines of proof of Theorem 7 iv) in RZ, we

have almost surely, for ¢ sufficiently large with supycg H;l:l BT (e;) < Bu < 1,

2 =2
doi  0a;

t
5~ ap || < K- (7.32)

11| |0 -0 KB 20 '

22(0) a%(@“ o2(0)52(0) ‘So—zw)ct(ew s20) < T w3
Since
ol

we have, using (7.33), the first inequality in (7.32) and the computations detailed
in the lines of the proof of Theorem 7 iv) in RZ,

8&5 (%t Ik

- Ct(e())

(1+77t)

” {rff(lew aaée) H |

Using the elementary inequality (z + y)* < z* 4+ 3", for z,y > 0 and 0 < u < 1, it

R R i

follows that for any 0 < u < 1:

i [ 000 00,00) |
'” /Z{ a6, 8, } =

t=1

u

00 = {1 _ 53650)} {5?1(0) 55’5@(0)} and %(9) _ {1 _ 0;520)} {031(9) 8059(0)

b



1 80?%(90)

Let us choose v < min(r/2,1/2), T

possesses

a moment of order 1, thus a moment of order 2u. We get thus using (7.3) that

2
1 1 002,00
E——— <00, E5— <00, E|= selbo) | _ 0o,  (7.34)
Cs,t(eo) CSt(‘%) US,t(GO) 00,
for u > 0 sufficiently small. Using the independence between 7, and (0%,(6o), cs+(60)),

80%15 (6o) .
o‘%y (60)  06;

n ut 1 5] 2t9 “
E(Z & (1+77t2)u 1+{U§t(90) Ug; O>} )

t=1 Cg,t(eo)
1 805t 90

Ug‘,t(e )

the stationarity of cg.(fy) and

1 1
< E(l+0HY | E +E
() )< ¢t (00) e, (00)

W) 5 s

o0
< K) B <oo.
t=1

The second inequality follows from the Cauchy-Schwarz inequality, the existence of
moment at order u < 1 for n? and (7.34). The result follows from S, < 1. This

ut (] 2\u Ho2 (9 )
result shows that > 7 % {m%—;io}

a straightforward extension of Lemma 1 in Francq and Gautier (2004a) the right

u
converges a.s.. Thus, by

hand-side term of (7.34) converges to 0, a.s. showing (7.30).
The proof of (7.31) combines similar arguments and arguments developed in the

proof of part v) of Theorem 7 4v) in RZ. We omit it for brevity.

O

The following Lemma establishes the asymptotic normality of the normalized
score.

Lemma 7.12 Under the assumptions of Theorem, J, = %. s an a.s. positive

definite matrixz for sufficiently large n , and
(90) N : gl
\/_ Z, with Z~N(0,(k, —1)J7").

Proof of Lemma 7.12 This Lemma corresponds to the part v) of the proof of
x“sweO)‘ <o In

view of Lemma 7.7, (7.24) and A7, it can be easily shown that :

Theorem 2.1 in RZ. Its proof is exactly the same provided E

aeSzt ’ 2 3 1 aO—St
E|N 0,) = E{1 N — 0 )\ € R,
ae ( 0) { +T]t} Ogt 89 ( 0) < OO? v €
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7.2.2 Asymptotic distribution of 6.,

(7.31), (7.31) and (7.30) together with Z, —* Z (by Lemma 7.12) and J, — J
almost surely allow to obtain the result of Theorem 3.2, using lines of proofs of

Theorem 2 in Francq and Zakoian (2007) (with exactly same notations).
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Testing the nullity of coefficients of a GARCH
Model with exogenously-driven volatility :

complementary results

A Complements to the proof of Theorem 3.1

Proof of iv). In view of (7.1), as log™ (.) is a decreasing function, for all § € ©,
Elg,(0) < Elog™ 05,(0) < supsee Flog™ Q5,() < oo where the result follows
from Lemma 7.1. Thus, Elg(f) is well defined and belongs to R U {co}. Remark
that Elg:(6) = oo, when, for instance, § = (w,0,...,0,w,0,...) and Eefq,t = 0.
However, we will show that E|(g,(6y)| < oo. It remains to show that E(,(6y) < oo.

Using the Jensen inequality,
2 1 2 r 1 2 r
Ploga?, (60) = B~ log{o%,(60)}" < - log F{o,(00)}" < oo

where the result follows from Lemma 7.5. Therefore

ff?s,t(Qo)???

———— +logog,(f) p =1+ Elogog,(by) < oo.
US,t(QO)

EgS,t<90) — ES {

Since logx < x —1, Vx>0 andloge =x — 1 if and only if x = 1, we have

9 2
O—St(e) O_St(e)
Fle(0) — Ela.(0) = Elo ’ 7 —1
s:(0) s(o) 02,00 " 0%(0)
N 2
Ust(9> gSt(eo)
{ U??,t(eo) 0@(9)

0.2
with equality if and only if (fg‘t—(i:)) =1 a.s, and thus, from ) in RZ, if and only
S,t

Proof of v). For any 6 € © and any positive integer k, let Vi (6) be the open ball
with center 6 and radius 1/k. Following exactly the lines of the proof in Francq and

Zakoian (2004), we have



Now, we apply Lemma 1 in Francq and Gautier (2004a). Indeed, the expectation
of {infg*evk(g)m@ és,t(e*)}t exists because it is larger than infyce log 25,(¢) which

possesses a finite expectation by Lemma 7.1. Thus we obtain,

li fnt f (.(0Y=FE inf {q,(6%).
im inf 1 Ze*eé,?)@ (0 =B, _inf  (51(0")

By the Beppo-Levi theorem, when k& increases to oo, I infp-cy;, (9)ne l51(0*) increases

to Elg1(0). Thus v) is proved.

B Complements to the proof of Theorem 3.2

B.1 Complements to the proof of Lemma 7.7

Let us now prove the result for second order derivatives of 0%,. Using (7.15)-(7.17),
we get for all m, k€ {1,...,d}:
0? 0%775 %o, %o,

dale)Oa(en,) - 8w(ek)8c:1(em) B 8w(ek)8c;4(em) =0

2 42

. 9] ., . .
Turning to m, it is clear in view of 7.15

82‘7515
Blem) 37
Ow(er)0B(em)
= Z{Z H ﬂ St h ]lSt ]—em}]lst i—1=€k
=0 7=0 h#3j,0<h<i
< Z 1+ 1 5(51%—2) Ls, i 1=ey -
=0

The right hand-side term of this inequality is similar to (7.15). The arguments use

to prove (7.19) allow to show

1 0 05t K
SUPgecy(6y)ne %, (0) aw(ek)aﬁ(em)(e)H < B < 0.

Turning to % :
Bem)
) ae0sten)
= ﬂ(@m) Z {Z H B(St—h) ]lSt—]:@m} 6371‘72 ]151—1—1=6k
i=0 \ j=0 h#j,0<h<i
< D HDBS) - B ia L, i i=er -
i=0



The right hand-side term of this inequality is similar to the right hand-side term of
(7.16). The arguments used to prove (7.22) allow to show:

K
5*

1 820?%
sup

< Q.
0€V(60)NO USt( ) Oa(e)0B(em)

*

|

Turning to % we get that:
Do,
e pateosen

_ o~ [PPB(S) . B(Si-i)
- 6(61)5(%);{ o) S i

1
= ek Zﬁ St (St z){ Z 5( )6( )]I{Sth:eh,st_j:el}} CSt—i—1

0<4,h<i,h#j

< Z i(i — 1)B(Sy) ... B(Si—i)csp—i1-
i=0
The right hand-side term of this inequality is similar to (7.15). Treating it in the

9?2 USt
) 98 (e1)9B( ek)

< 00, so the existence of the second expectation in (7.13) is proved.

same way as in the proof of (7.23) allows to give HSUPGEV(GO)m@ p 1(
S,t

B**

B.2 Complements to the proof of Lemma 7.6

Now we turn to the second term of (7.9). Choosing 6,e > 0 satisfying (7.11) and
(7.12), choosing u = v/2 with v defined according to (7.8) and using the elementary
inequality (z +y)* <z*+y" for 0 < u < 1 on (2.7):

E sup  ogi(0)

€V (00)NO
< Z E { sup  {B“(S:)...B"“(Si—i)} sup Cg‘,til(e)}
€V (60)nO 0€V(00)NO
- 1/2 1/2
< Z {E sup  {BY(Sy) .. -5”(&—1’)}} {E sup Cg,til(‘g)}

96V(90)ﬂ@ 96V(90)ﬂ@

=0

0o »
< KDY (p)
=0

The second inequality follows from the Cauchy-Schwarz inequality. Using Lemma
7.5, Ee , by Holder inequality in view of v < r. The components of array of

© being bounded by a constant 6 (ie §; < 6 for all § € O), we easily thus get

3



E supgeygyne Co.(0) < 0°(1+ Eed,_|) < oo. This result together with the station-
arity of (cs+(#)) and (7.8) lead to the third inequality. The result follows from p* < 1
because 0 is chosen according to (7.12). This w and v in (7.8) may be chosen equal
without loss of generality. We thus have defined V(6) satisfying (7.8) together with
(7.9) for all m € N.

B.3 Complements to the proof of Lemma 7.11

We prove here (7.31). Similarly to (7.32), following the lines of proof of Theorem 7
iv) in RZ, we have almost surely, for ¢ sufficiently large with supycq H;l:l BT (e;) <
B <1,

D*a? 0?7

9000 9000

sup < Kjt, Vit (B.1)

0cO

For any 0 < u < 1, using inequalities (B.1) and (7.33), and following some

computations detailed in the lines of the proof of Theorem 7 iv) in RZ, it can be

shown that:
N OO " But
< Knt su Y, B.2
oev 90 ne [n — { 00;00;  00,00; tzleevwg o ci(0)”" (B2
where

€2 1 0%c? 1 002 0o?
= 1 t 14+ — t e e\
yt 96128(1;5%{ o o7 } { - o} 00;00; - ot 96; 00, }

Let us define:

e, 2 2 2 2
1 9og, 1 dog, dog,
y37 = Sup 1 + —_— 1 + _ ) + ; 5 )
' 9V (60)NO Ugt 0%,00;00; o5, 00; 00;

Note that Vg, involves only non-negative terms, thus is non-negative. The Cauchy-

Schwarz and Minkowski inequalities entail that for any u > 0,
e,
sup 1+ ==
0€V(60)NO o Sit

8 J

In view of (7.29), the terms involving first and second-order derivatives of o, and
2

fg—f possess moments of order u for v > 0 sufficiently small. Let us choose u > 0
St

1 Vsl

2u
sup 1 8205t
6V (60)NO USt 02,00, 100;

1 305t805t

+ sup

0V (00)NO OSt 39 39

2u



such that £V} < co and smaller than 7/2. Now, in view of the stationarity of (cg,)

and (Vs):
E sup
; 6€V(09)N0 CSt(9)

ut

Vs,

oo 1 1 5 1
< () BHE sup —V§, <K{FE sup {EY24}2 < oo.
; pev(oone i (0)” 5~ sev(onne C54(0) 5t

The second inequality follows from the Cauchy-Schwarz inequality and ¢ < 1. The
result relies on Ey2“ < oo and (7.3). Thus > /" supgey(g,)ne c“* 7V, converges
a.s. and thus ), | o J)t converges a.s. by a straightforward extension of Lemma
1 in Francq and Gautler (2004a). The right hand-side term of (B.2) thus converges
to 0 a.s., which shows (7.31).

B.4 Proof of Lemma 7.12

We will use the following Central Limit Theorem (CLT) for martingale differences
(see Billingsley, 1995, p.476).

Lemma B.1 Let {(X;), F;} a R? (d € N*)-martingale difference such that

a) There exists a d X d matriz A such that, when n — oo,

1 n
Ve > 0,\ € R%, - > Var{NX,|Fioi} = NAX, as.
t=1

b)

N X,
Ve > 0, ZE{(ﬁ) 1{|Axt|>}}—>0.

n

1
NG "X, 5 N0, A).
t=1

Here X, = %Et(ﬁg) and F; = 0(X;_;,7 > 0). Note that by Lemma A.2 in RZ,

Then

1 n
- E Var{ N Xi|Fi-1} —noe AN'Var {aég’t } A= (k, — DNJIA.
n

t=1

(X¢) being a martingale difference, this result ensures condition a) is satisfied with

A= (k, —1)J. In view of Lemma 7.7, (7.24) and A7’ it can be easily shown that

3

Pt g)| = BO+ VB[N

/ , 1 a05‘15
A 50 (6o)

E 50 —,~(6b)

<00, V\eR¥

St




Using Lemma 1 in Francq and Gautier (2004a), we get:
3o

Noting that 1 N D04(60)
{|—2—

3 3

0 <oo VAeER¥ as.

E N —{s.:(6)

X—Et o) 50

10
<1 %2(90) , this result entails:

[>€}

n 5 (90)
Ve > 0, E E i 1 N D 0,(00)
{|I—2—>¢}
3
— ZE

— 0.
We get now all the conditions needed to use Lemma B.1 and obtain

oL, () ¢
J_ae-%N@MVJﬂ)

/\’—Et (6o)

In view of Lemma 1 in Francq and Gautier (2004a), J, — J a.s. and in view of

Lemma 7.9, J is non-singular. The conclusion follows from the Slutsky lemma.

B.5 Complements to asymptotic distribution of én

Following Andrews (1997, 1999, 2001) and Francq et Zakoian (2007), we can use

the following asymptotic development :

(6) —L.(60)
1

L,(6
01,(60) , [ 0%1.(63)
= o0 (0 — 0) + (9 — o) (W) (6 — o)

_ AL,(6y) 1 , [ 9°1,(60)
= 20 (9—90)4—5(9—90) ( 9000’ ) (0 —bo) + Ra(6)
= o 2T 0~ 00) — 50— 00 T Zo + 50— 00)' T (0~ 60)

+R,(0) + R;,(0)
1 2 1., .
= 35, ||Zn —Vn(0 - 90)HJn - %ZanZn + R, (0) + R:(9)

1 0°1,(67;) 971,,(6,)
§W_M[<ama>_<aw@>hm”@
Ri(6) = { ) _ 90)}<e—eo>+§<e—eo>'{aal;§§?)—Jn}w-eo),

6




where 0}; is between 6 and 6 and all derivatives are right hand-side derivatives. The

strong consistency of Qn and Lemma 7.10 entail that

azln(ejj)

for all 0; between 0, and 6. This result together with (7.31) entails that for any

sequence 0, such that 6, — 6y = op(1):
Ro(6) = op (116, = 6ol )- (B:3)
(7.31) and (7.30) entail that for any sequence 6,, such that 6, — 6y = op(1):
R,(0) = op(n™2 6, — 6ol ;,) +or(16 — boll3,). (B.4)

The properties (B.3) and (B.4) together with Z, —* Z (by Lemma 7.12) and
Jn — J almost surely allow to obtain the result of Theorem 3.2, using lines of

proofs of Theorem 2 in Francq and Zakoian (2007) (with exactly same notations).

C Proof of Theorem 3.3

Similarly to (2.7), let us define

Utn( _Ctn +ZB St St 1>Ct i— 1n<6)

where ¢, (6) = w(s:)+a(s)e . Let £, (0) = +logo?,(#) , so that the theo-

2 (9)
retical and empirical objective functions can still be denoted 1,(6) =n=1 > 7" | £, (0)

and 1,(0) = n= ' 31, 4;,(0). We need to define for any 6 € ©,
O-Z',t,n = Uz‘,t,n(e CStn + Z B St St z)CSt i—1 n(8> (Cl)

where cgyn(0) = w(S;) + a(Sy)eg, 1, Note that under A2, the a.s. convergence
of the sum is ensured and consequently agyt’n is well defined. It will be convenient
to define some processes which are lower-bounds of processes (0%, (6)). Defining
Qs(0) = w(St) + Dy H;ZOB(St_j)w(St_i—1)> we are in position to define for all
0eoO,

Ris4(0) := U%‘,t(e) - H B(Se-n)2s,t—-i-1(0),

0<h<i

7



and

Rea(0) = 03(0) — [ BlSin)otis(0).

0<h<i+1
We define R;; (respectively ;R and ‘R;) by replacing in the definition of R; g
(respectively ;Rg and iRgﬂt) S; by s;. We can now define some quantities which are

lower bound of (0%, ,,(0)) : for 6,6* € ©,

U?,S,t(eve*) = R s4(07) + H B(St—n)s,1—i-1(67)

0<h<i

i08:0(0,07) = Rss(0) + [ B(Si—n)esi—i1n(6)
0<h<i+1

i08,(0.07) ="Reu(0)+ [ B(Si=n)odi i 5,(0)
0<h<i+1

and similarly define o7, (respectively ;o7 and ‘o7 ) by replacing in the definition
of o7, (respectively ;03 , and ‘03, ) Si by s,. We now summarize in the following

Lemma some useful inequalities throughout the proof.

Lemma C.1 for all 0 > 0*

nlaX<Uz'2,S,t((97 6*)71 O.g',t,n(97 0*)?1 Ug,t,n((g? 6*)) g Ug,t,n(e% (Cz)
Ri,S,t(Q) > CSJ(H), iRS,t(e) > CSJ(H), iRS,t(e) > dS,t(e)- (0-3)

62
We need to define also for all § € ©, lg;, = lsn(0) = =275 +Inog, . (0), with

o—%,t,n(e)

0%, defined according to (C.1). The following inequalities, which are straight-

forward consequences of 7 > 0, will be used throughout. For any n > ng, and

6 > 6* > 0 we have :
(07) = o7 (0). (C.4)

For any neighborhood V(6y) satisfying Lemma 7.6, taking ng sufficiently large for
0y € V(6y), we get that (7.8) leads to:

Vi > 0, E {afLO(St, 77,5_1) e (lzo (St—i7 7715_@'_1)} < C*(p*)iﬂ. (05)

with C* > 0 and p* < 1 and v defined according to Lemma 7.6. Assumption A3

is thus true at ¢,, and this condition allows to ensure €g,, possessing a moment at

8



order 2v. We refer to the lines of the proof of Lemma 7.5 which is presented in RZ

and we can state that :

2 2
Ees?t,ﬂo < 00, EO’S’?t,nO <9n0) < 00, Ssup Ecg"t,no < 00, (06)

0cO

with v defined as in Lemma 7.6. Now we state a Lemma similar to Lemma 7.6.

Lemma C.2 Under the assumptions of Theorem 3.3, there exist v > 0, a neighbor-

hood V(0y) of 0y, no € N such that 0, € V(b)) and 0 < w < v such that :

sup sup O-?S',t,n (en)
n>no H€V(0p)NO Ug‘,t,n(e)

2w

<oo, E sup o5}, (0) < oo (C.7)
6€V(60)NO

44v

Proof of Lemma C.2

CS,t,n(an)
CS,t,n(e)

bounded by a constant on V(6y) N © (with notations of Lemma 7.6). Let us de-

is not

The lines of Proof of Lemma 7.6 cannot be used here because

fine for n > np and &, = maxjeq1, . ay n(e;), Wn = MaXieqr,. a) Wnl(es), @n =

77777

(C1)at 0 =0, :
034(00) = wo(S) + ao(Se, m—1)0%,_1(60) (C.8)
and

OStn — Wn(5t>+an(5t777tfl)‘7?€,t71
+o00

= wn(S) + Z an (St Mi—1) - - a(S—ig1, N—i)wn (Si—i). (C.9)

i=1
where the last equality follows from an obvious recursion. In view of (2.6) for all

1 >0
oa,(00) = csu(fo) + Bo(Si)og,_1(6)

= csu(bo) + 57 H ao(St—n, nt—h—l)ag‘,tfifl(eo)
h=1

> cg4(00) + B H ao(Si—n, nt—hfl)Qgt_i_l(@o)- (C.10)

h=1
For all i > 0, the inequality 02, ,(60) > [T)_; ao(Si—n. ne)o%,_;_1(00) is a straight-

forward consequence of (C.8). This argument together with 5y(S;) > £* implies the

9



first inequality. The second one comes from g, ; (60) > Q%,_;_,(60). More over

note that

an(stv 77t—1)
ao(St, 77t—1) \/_5

In view of (C.9) for any n and any 0 < u < 1:
Ug,t,nwn) < wn(St) + i szo A (St—h, Me—n—1)wWn (Si—i—1)

<{1+ —-(1+n")} (C.11)

05e(00) ~ o%,(0)
< wnl(S) + an(Sp, me-1)wn(Se-1)
a Ug*,t(eo)
+ S Hﬁz:o an(St—h7 Mi—h—1)wn(Si—i—1)
= csalbo) + B Ty a0 (St Men-1) 51 (60)
< Wi (St) 4 an(St, Me—1)wn(Si-1)

U%t(eo)

an St hs Mt—h— 1) wn(St—i—1>
+  a,(S;,
nie ;;1_[1 ao(St—h, M—h—1) Qg,t—i—l(GO)

Hh:1 aO(St—h)Qg’,t—i—l(HO)
cs4(60) + B* TT—y a0(Si—n) ;1 (60)
@ + (QamZ_y + Bn)wn

Q5,(6)

+  K(ann;_y + Ba) ZH{1+\/_5 (1+n2,_ 1)} Hh 1%(St h)Wn,

i=1 h=1 St i 1(00)6515(9)
(C.12)

IN

The second inequality follows from (C.10). The fourth one follows from (C.11),
inequality og,(60) > €25,(6o), the elementary inequality z/(1 4+ x) < z* for any
x>0,0 <wu < 1, the definition of &, ,3,, @, and ﬁn

Because p defined in Assumption A7” and & defined in (7.4) are strictly nonneg-
ative, we can define (;, (> > 0 such that (; < (o < min(u/2,&). It is clear in view of
A7 and (7.4) that

N, < Wllare, < 2o < o0 (C.13)

195 Ol , < 1952 O], e, < 195 B0)][, . < 00 (C.14)
¢ G2 3

by the Hoélder inequality (because (o < u/2 for the first result and (; < ¢ for the

second one). Therefore {1 + \/%ﬁ* (1+ anHHCQ)} — 1 when n — oc.

Defining M > 0 such that ﬁ + 4J:< 4+C , because p < 1, it is possible in view

of this last result to choose n > 0 such that {1+ \/ﬁﬁ* (1+4||n? ”4+¢2)};01/2M < 1. Using

10



the Minkowski inequality on the right hand-side term of (C.12), with u = 53; < 1,
we get
O-%',t,n(en>
Ug’,t(go) s
< A+ (@n |14y, + Br)ion} ﬁ
S,t\Y0 440
2 _ 1 H ay (Si—p)wn,
+ K (anntQ—l + Bn) " (1+ 77t2—h—1)} h L0
; vnp St i 1(90)03t(90) 4+
00 ) B i 1
< K+ K Y |[(@wnis + 5n) H{1 +—= \/_5 (1+ Uf-h_l)}W
i=1 S,tfifl( 0) 44¢o
1 i
w a”(St,h)
¢%.4(00) 2M IH i oM
< K+K Z
i=1 St i— 1(90) 44Co
i 1 r M
H{l + Tﬁ*(l SN [ ) (S, )
h=1 oM
< K+ KZ{l + — \/_B* (L[] e, )Y P2 < o0, (C.15)

The first inequality relies on the independence between n?_; and Q% ,(0p) coming from
A0 and the Minkowski inequality. The second inequality relies on the Holder in-
equality [[ XYl ¢, < IXl4, Yy the Cauchy-Schwarz inequality on the terms
inside the sum, (C.13) and (C.14). The third one relies firstly on the indepen-
dence between the 77 ; (for all i) and QF, ; ,(f) coming from AO and the inde-
pendence between 17, and n?_,_, for h > 0, secondly from ||a,n?_; + B"H4+<2 <
Qy, an,leH@ + B, < oo in view of (C.13) and thirdly from the Minkowski in-
equality. The last one relies on (C.14) together with the stationarity of process
Q*(l w) (6p), A3 and independence between the 7;_p_1. The result follows from
(14 A (L ) 102 < 1

Let us now define v > 0 such that v < (; and M, > 0 such that - ~+ L

4+C1 4+l/
and choose V(6y) defined as in Lemma 7.6 for m = M,. Noting that 0% (0n) is

decreasing with respect to n, we get that

2 (0, 2 0,
sup O'Sét,n( ) < Us,t,no( 0). (C16)

n>ng US,t(QO) N Jg’,t(eo)

11



Let us choose ng > 0 sufficiently large to get {1+ —=z-(1 + [[97ll,,(,) 0" < 1. The

noﬁo

result (C.15) can thus be used for n = ny. Remarking that o, ,(0) > 03 ,(6), using

the Holder inequality:

sup  sup Og,t,n(en) sup Ug‘,t,n(‘gn) sup 0%7,5(90)
n>ng 6V (6p)NO O-g',t,n(e) e I U?g,t(eo) s 0€V(00)NO U?g,t(@ :
ag,t,no (6)"0) O-g',t (90>

<

sup < 00.

0eV(60)NO U%,t(e)

U.%',t (6o)

4+C M,

The second inequality follows from (C.16). The result follows from (7.9) for m = M,
together with (C.15) and the first term of (C.7) is proved. The second term of (C.7)
can be proved combining (C.6) and the arguments used in the proof of (7.9). The

lemma is thus proved.

O

In the following, we will choose ng > 0 sufficiently large to get 7,, < 0 (thus to
ensure that €g;,, is a stationary process), 0,, € O, (C.5) (thus (C.6)) and (C.7)
true and V(6y) will be chosen according to (C.7).

C.1 Consistency of 0,

Following the scheme of the proof of Theorem 3 in Francq and Zakoian (2009), we

will establish the following intermediate results :
i) 1imy, o SUPgeo [1n(0) — 1,(0) =0, a.s.,
ii) im0 1n(0n) = Els:(6h),
iii) for any 6 # 6, there exists a neighborhood V (6) such that

liminf inf 1,(0) > Els,(6).

n—oo 0*cV(0)

First we show i). Let us define &, recursively for ¢t > 2, by
&t,n = 6—752,77,(0) = W(St) + Oé(st)ef—l,n + B(st)6t2—1,n

with &7 ,,(0) = w(s1) + a(s1)&,, + B(s1)55,, and for instance &, = 65, = €} ,,. Thus

t—3

Gt =+ > B(s1) . B(si—i)Crmicim + Bulse) ... B(52)é1n + B(st) ... B(51)53 -

1=0

12



Following the lines of proof of Theorem 6 i) in RZ, for ¢ sufficiently large :

sup (Gt — orl = Sup [B(st) ... B(s2)(CLn — crn) + B(st) ... B(51)(05,0 — 05.0)]

sup 18(s1) .. B(52)(Cring — €1) + B(st) - .. B(51)(65 y — 00)]
< Ksupf(s)...0(s1) < OB,
6co

IN

with 8, < 1. The first inequality logically follows from (C.4) and the second one
from A2 because it is proved in the proof of (??). Proceeding as in the proof of

Theorem 3.1, we obtain almost surely, using log z < z — 1, almost surely, for n > ny,

2 2 ~92
= Utn_an n " Otn
sup |1, (0 <n~ su (—:n + |lo ~—’
9€g| () | Z@Eg{ Otnatn ! g< 0-1?,71 )‘}
e 1
P
; eeg ; 968 Ct(e)
€2
1
< Kn~ tsu { tno}—i-Kn tsu{ }
= Zﬁ o\ @) Zﬁ beo L ci(0)

The second inequality follows from 6t7n > 6t > ¢ and O't’n > atz > ¢; which are
consequences of (C.4) and the definition of o?. The third inequality follows from
(C.4). By an extension of Lemma 1 in Francq and Gautier (2004a), it will be suffi-
cient to show that Kn=' 37" | B! suppeo {62 W0 } and Kn~' >0 | Bl supgee {CS :(9)}
converge to 0 a.s. as n — o0o. The convergence of the second term is ensured
in the proof of (?77). Using the Cesaro Lemma, it will be sufficient to show that
BL suppee { St(eg} converges to 0, almost surely when ¢ — oo. This result follows

from the Borel-Cantelli lemma and

0o 5’ Bt'u/4 ES v/4
P(/3L sup Lo > () < ——FEsup L1
tzl { Z ¢/ CSt(e)

CISC) UStUSt( ) 6€©
< Esup — FElesin 1/2 < 00.
- { eeg St} {Hles [} Z ¢v/4

for any ¢ > 0, where the first inequality follows from the Markov inequality and the
second one from the Cauchy-Schwarz inequality and the stationarity of (cs;) and
(€stno)- The result follows from (C.6), (7.3) in view of v <1 and (3, < 1. i) is thus
proved.

Now we will prove ii). We have

1 n €t2n 1 n )
l,(0,) = — ’ 1 — 1 )
( ) n;gzn(e ) + Ogatn Znt TL; Ogo_t,n(

13



In the right hand-side term of the last equality, the first sample mean converges
to 1,a.s, and the second one is between + > log o7 (fp) and = >0 log o7, (0ny)-
Using Lemma 1 in Francq and Gautier (2004a), these sample means converge a.s.
to Elogog,(6y) and Elogog,,, (6o) respectively, when n — oo. The latter one
decreases to the former one when ng — oo, which establishes ii).

It remains to show iii). For any ¢ € © and any positive integer k, let Vi(0)
be the open ball with center 6 and radius 1/k. Proceeding as in RZ (see Proof of
Theorem 6 v)), and in view of (C.4), we find

n

liminf inf 1,(0") > liggglf nt Z inf  4;,,(6%)

n—oo 0*eVi(0)NO —1 0*€Vi(0)NO

n 62

S T 1 . 2 “tn *

> hﬁ%}.}f” ;9*6\1/;?(2)06 (log Oipn + 0-t2,n) (67)
n 2

D W T (T R

— 6-€Vi(0)n0 P 1o

2
> FE inf <log 0%, + %) (67).

0*€Vi(0)nO .t

The last equality follows from Lemma 1 in Francq and Gautier (2004a). In the last
equality, the infimum is larger than —|E infpcg log Q2% ,(6%)| which is finite by (7.2)

and which ensures the existence of this expectation. By the Beppo-Levi theorem,

. . €2 .
when k and ng increase to oo, Finfg-cy, 9)ne (log o, + = )(0*) increases to
’ S,t,ng

Els(0). In view of Elg(0) > Els(6y), for 8 # 6y which was shown in RZ, iii) is

proved.

C.2 Asymptotic normality of the score at 6,

In this part, we will use Lemma 7.3 under the assumptions A0”, A2 and A9’. Thus
as stated in Lemma 7.3, (7.4) will be here considered true for b = 4 +£. We will

show here that, when n — oo,

_ "0 - c
1/2
n~Y ;%et,nwn)w\/(o,(nn—n{n (C.17)
and
a2 Un(05) 5 J (I, ) (C.18)
" 2L 96,00, 0] '



for any 6;; between 6, and O, Following the lines of the proof of Theorem 3 in
Francq and Zakoian (2009), we will show that for some neighborhood V(6y) of 6y,

azés,t,no (Hno )
0000’

) E H Ols ¢ ”0 (Gno) 0ls ¢, gg(gno)

< 00, E‘

< 00,
b) 012 S %gm(en) A N(0, (ky, — 1)J),

c)

D*ls.0(0)

E sup sup 2000

n>ng 6€V(0o)NO

o

d)

g {0 i

t=1

and

1 2”: {‘th”(e) _ 26, (0) }H —p 0, (C.20)

su
sevioe ||n 2= | 0606 9606
e)
n*lz a,05; n0a) = I(0.4) as.

£) for all 4,5,k € {1,...,3d},

Dl .0(0)

Esup  sup 00,00;00,

nzng 0€V(6o)NO

Francq and Zakoian (2009) have shown first that (C.17) is consequence of b) together
with the first part of d) and second that e), f) together with the second part of d)
lead to (C.18). Let us now turn to the proofs of a)-f).

Since 6, belongs to the interior of ©, in view of the properties established in
RZ in the proof of Theorem 2.1 a) is a direct consequence of the assumption A3
satisfied at the point 6,,,, which is verified in view of (C.5). Turning to b), we will
use the following Theorem (Lindeberg TCL) (see Billingsley(1995), p.476).

Lemma C.3 Let for any n >0, {(X;.,), Fin} a Ré-martingale difference such that

15



i) There exists a d X d matriz A such that, when n — oo,

1 n
VA € RY, - D Var{NXip|Fioin} = NAX, as.

t=1

.. n )\/th ?
i) VA ER, Ve >0, 3 E {( v ) H{|*'§§"|>e}} -0

Then \/Lﬁ S X — N(0, A).
In view of

n 8 n 1 80'2 n
—-1/2 E _ . —1/2 § 2 tm o —1/2 §
n aegtyTL(Hn) =n — (1 nt)o_t%n ae =n — Xt,?"w

we will use Lemma C.3. Indeed, recall that o7, and its derivatives are measurable

with respect to the o-field F;_1 generated by the variables n;_;,7 > 0. It follows that
for any n > 1, { X}, Fi—1} is a non stationary martingale difference. Note that even
if it is non stationary, Lemma C.3 can be applied, when assumption 7) and i) are
satisfied. For all ¢ € Z and n € N, 0,, belongs to the interior of ©, and thus X,

possesses moments at order 2 (see RZ). Let A € R, let 2;,, = \X,,, and let

1 802n 80‘2n
S?’n = E($t2,n|]:t—1) = (’%77 - 1))\,% 8; 6; A

Proof of b): To prove b), considering i) and 4) in Lemma C.3, it will be sufficient

to show that :

n

1
=382, D (kg — NI (C.21)
n t=1
1 n
and — g E(x}, 12 spi2c) = 0, when n — oo, (C.22)
n ) t,nl<
t=1

for any e > 0. First consider the derivative of o7, with respect to 3(ex). We have :

do?, nd : )
86(67k) - Z {Z H 5(815711) ]]‘Stj:ek} {w<5t7i71) + a(st*i*1>€tfif2,n}'

i=0 \ j=0 h#£j0<h<i

16



Turning to derivative with respect to f(eg), and in view of 0y < 0, together with

the inequality (C.2):

1 80,2” 0
0-152,n 86(6k) "
1 [o<n<i Bu(st—n)cimi—1n(
Z 0 0 Z]]‘St j=€k
ﬁn(ek) zatn( n 0
Z H0<h<z Bn(st h)Ct i— ln Z]l
B BO iRe(6o) +H0<h<zﬁn<5t 1) Ct—i—1,n(0n) = STk
1 o

< H0<h<z Bro (St—n)Ct—i- lno Ono) Z]ls,s e = Y.
ﬁ0(€k> i R (60) +H0<h<z ﬁno(st h>ct i— 1no no —

(C.23)

The second inequality follows from (,(ex) > Bo(ex). Noting that for any constant
a > 0and b > 0, the function x — z/(a + bx) is increasing over the positive line and
remarking that Hh;éj,oghgi Bn(St—n)Ct—ic1n(0n) < thﬁj,oghgi Bro (St—h) Ct—i—1.n0(Ong)
which comes from the inequalities (C.4), the last inequality follows. Now, we treat
the derivative with respect to a(ex) for k € {1,...,d} such that ap(ex) = 0. Let us

recall

do?
t,n 2
aa( =€ 1n+§ ﬁst St Z)Etz 2n18tL1 =ep *

In view of 0y < 6,, together with the inequality (C.2):

1 dd7,
o, Oaley)

2

€—-1n n i Hoghgi Bn(st—h)ﬁg—i—zn

< o
= 07n(0n) 08 (0, o) e

(6n)

=

n\S i— 02 —2.n 6
>~ 77t 1 + Z H0<h<lﬁ ( - h)nt L ( ) ]lstfiflzek
lRt 00 +6n(ek) H0<h<z ﬁn(st h)Ut i— 2n(9 )

Bro (St—m)s 00 o (O
S 77152_1 "‘Z ' Hoghglﬂ o(st h)nt 7 QUt 7 2,7210( ) ]lst_i_lz% - Ya-
o Re(0o) + Bolex) Hoghgi 5no(5t—h)0tfif2,no (On)
(C.24)

We detail the computation to convince the reader but the arguments used are clearly

the same. Similarly, turning to derivative with respect to w(ey) for k € {1,...,d}

17



such that wy(ex) = 0, in view of 6y < 6,, together with inequality (C.2):

1 9o},

o, Ow(ey)

ILSt =ey, +ﬂn<3t ]lSt 1=e; = ﬁn Bn(st z)
< o
= O'tzn(e ) + Zz: 97“90) ]lstfzfl—ek
< ]lSt =€k +5n0(3t) ]lSt 1=eg + i H0<h<z ﬁn( ) ]IS
o o7(6p) — R; (o) +H0<h<zﬁn( W)Su-ic1(0o) T *
< 1s,= =ej +ﬂno (St) ]lSt*1=6k
— 2

Oy (90)

= [o<n<i Bro(st-1)
+ s, ; 1=e, = Y.. C.25

2 Fosl00) + Thoanes Boaloe )00 110 ™ (€-29)

Similar upper bounds hold for 2 a , for k € {1,...,d} such that wy(ex) # 0

Bat n

and ~ Baler)

ke{l,...,d} such that ao(ek) = 0. For any n > nyg, using (C.4) and

O’ 80’2 .
remarkmg that —:* > S-, 07, < Uﬁno componentwise, we have :

afn 89 = o, 00

Note that the right hand-side term of (C.23), (respectively (C.24) and (C.25)) con-
verges a.s. to its left hand-side term when ng tends to co. In view of (C.23), (C.24),
(C.25), it follows that :

Y (no) <

< g SV (o) (C.26)

for some (R3?)-valued, processes Yt(l)(no) and Yt(2)(no). Because the vectors involved

in the last inequality have positive components, it follows that:

2 2
(1) 1) 1 doj,, doi,,
Yt (nO)Yt (no)/ < 0.4 00 oo

t,n

<Y, (n0)Y,® (o)’ (C.27)

componentwise. Note that the lower and upper-bounds are independent of n, when-
ever n > ng and both converge to é%%ﬁz. Lemma 1 in Francq and Gautier
(2004a) applies to n~ 1Y 1, v, (nO)Y;(i) (no)" (i = 1,2) provided the expectation of
EY ) (ng) Y& (no) is finite (with Y (no)(i = 1,2) defined by replacing (s,) by (S;) in
the definition of ¥, (ng)(i =1,2) ). We thus need to prove EYS(? (nO)YS(i) (ng) < oc.
We will show it only for components of expression (C.24), (C.23) and (C.25) because

these are the terms that need the most careful attention. The cases related to the

derivatives with respect to w(ey) (respectively a(ey)) for k such that wo(ex) # 0(resp.

18



ap(er) # 0) may be treated in a similar way. Let us define Yy, (respectively Ys,
and Yg ) the right-hand-side term of (C.25), (respectively (C.24) and (C.23)) after
replacing s; by S;. Ys, being very similar to the right-hand-side term of (7.18),
proceeding as in the proof of (7.19) leads to :

1 + Bno (St)

Ysull, <
Mool =%z

4

1 B (St) - -+ Brg (St—i) 2541 (6b)
Qg,t—i—l(go) CS,t(QO) + 5710(575) g 'Bno(St—i)Qz‘,t—i—l(eo)

o0

2

=1

4

< K +i ! {@w(st)...6no<st_i>ﬂz,t_i_1<eo>}”/16
i—1 254-5-1(00) cs,(6o) A
< K+ 3 ||| oS0 a0 ||
= T(1—Z n s Pn —1 v/16
i=1 sttfilff(eo) 8 16 CS{t (60) 16
< K+K) p'% < oo (C.28)

i=1
Indeed, to get this result we have to add two arguments to those used in the proof
of (7.19). First, the first inequality relies on R; s+(6p) > cs+(6p) coming from (C.3)
together with the obvious inequality Qs,(0) > 25,(¢) . Second, the fourth inequality
relies on inequality (C.5). We turn now to Yg,. Ys, being very similar to the right-

hand-side term of (7.20), proceeding as in the proof of (7.22) leads to:

||YS,aH4
> Bug(S1) -+ By (S1-)0%1 s 5y () "
< el 4K n { im0 }
[z ;H”t 2|l ds.4(6o) ,
00 Y " 1
< K+ K AE (S0 oS0} F{03emiman0a)} " || e
i=0 dS,t (90) 8
S KA+ KB (0} " Y A {Bun(S)- - un (i)} }
=0
< K(1+) p'%) < oo (C.29)
=0

Indeed, to get this result we have to add three arguments to those used in the proof of
(7.22). First, the first inequality relies on inequality ‘Rg¢(6y) > ds+(fy) coming from
(C.3). Second, for the third inequality, we need to use the stationarity of (€s¢n,)-
Third, to retrieve the fourth inequality, we need to use (C.5) and (C.6). Turning to

Ys 5 using the inequality ;Rg¢(6o) > cs+(6p) coming from (C.3) and proceeding as
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in the proof of (7.23):

||YSB||4

S B o e e |

< KD [(Bul) By esicicr @]
Jese(tn)+1]

< K i( F LB (B (50 Bro(Se )} Y4

< KZ i41)p /10 < (C.30)

The second inequality comes from the arguments used in the proof of (7.23). The
third one comes from the stationarity of (cstn,) and (C.6). The fourth one relies on

(C.5).

(C.28)(C.29) and (C.30) allow to get that each component of the vector Y =
(Y., Y., Ys) possesses moment at order 4. Thus by the Cauchy-Schwarz inequality,
EY'Y < oco. Y is asub vector of Ys(i) (ng) and the others components of YS(? (ng) can
be treated in the same way to show that Yéi) (ng) possesses a fourth-order moment.

We omit the proof for brevity. It follows that
n! ZY (n0) Y, (no)' = Y3 (n0)Ys7 (o)’

By the Lebesgue Theorem, this expectation converges to J when ng — co. Similarly,
nty Yt(l)(no)Yt(l)(no)/ % J, when n and ng tend to +oc. In view of (C.27) we
can conclude, when n — oo, that

n

1 Oo? Oo?
1 t,n tn P
" z;afn o0 o0 7

which entails (C.21). Let us turn to prove (C.22). Firstly remark that YS(? (no)
possesses moment at order 4. Thus E{XYS(? (no)Ys(i)(ng)’)\}Q < 00 and using a law

of large number
1 n
=3 BY P (00)Y, P (ng) AY? = E{NYSY (no) Y7 (no) A} < oo.
/rL K K
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Then using Markov inequality, Ve > 0:

1
2
E § E(xt,n ﬂ\$?7n|2n1/26)
t=1

n n 2
1 A 1 1 80152,71 Gazn
< 55D Ba, <55 ) (k- DE {)\ o6 90 A

t=1 t=1

K n
< S BP0V o)A -0,

t=1
showing (C.22). The proof of b) is complete.

62
Proof of c): The first and second derivatives of lg:,(0) = 2> + log 0%, .(0)
S,t,n s

are given by :

ags,t,n _ 1— 6%,t,n 1 aO—g',t,n
80 gg,t,n Ug,t,n 89 ’

ngs,t,n _ 1— 6%,t,n 1 620%,1‘,,71

0000’ Ug‘,t,n 0’%715,” 0000’

26§,t,n 1 1 ao’%’,t,n 1 aag,tﬂ C.31
L RSl (=T Rl o T R
Sit,n Sit.n Sit,n

To prove ¢), we need to prove following the scheme of proof of Lemma 7.10, that

2 2
1 aUS,t,n 6S,tm
sup sup o5 — , sup sup - =
ne

n>no 0V(00)0 Oty OO n>no 0V(6o) O%in

{ 1 820-,% t,n }
and sup sup o =

2
n>no 0eV(60)n0 | 054, 0000

possess respectively a third (respectively third and second) order moment. Actually,
we will show that they all possess a fourth order moment. This result will be used
in the proof of f).

As in b), we will only treat the first order derivatives with respect to w(e) for
ke {1,...,d} such that wo(ex) =0, a(ex) for k € {1,...,d} such that ag(e;) =0
and S(eg). First, we will show that a formula similar to (C.26) holds in some
neighborhood V() of 6y. Let us define V(6y) according to Lemma 7.6 with m > 4.
Let us denote 0 = infycy(g,)ne @ the infimum being understood componentwise.
Defining © as an hypercube allows to get that § € ©, which is what we will assume

here. Let ng be large enough so that 6,, € V(). Then similarly to (C.23), for
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n2n07

1 0ok,
sup ~— (6
0eV(00)NO Ug,t,n 35(%) ( )
1 - H0<h<z (St h)CS,t—i—l,n(Q) :
< sup 1, j—ex
50(6k) —o 9€V(90)nO zRSt( )+ H0<h<z (St—h)cs,t—z‘—m(@) =0
S S CS;t—i—1,n 0
< 1 Z z+1 sup H0<h<z ( t— h) St 1, 0( ) .
50(6% i=0 Sy 90 e ¢st(0) + T To<nes B(St—n)Cst—i—1,n0(0)

The first inequality follows from (7.5) and that for § € V(6) MO ;Rg:(0) <; Rg.(6).
The second one follows from (C.3) and that x/(a + z) is an increasing function of
x when a > 0 (here a = ¢g4(8) > 0) together with HoghgiB(St—h>cs,t—i—1,n(‘9) <
[To<n<i B(Si-n)Csi—i—1ne(0). by (C.4). Remarking that m < Supgeeo Kl(e) be-
cause f € O, it possesses thus a moment of order v in view of (7.3). Combining this
result with arguments from the proofs of (C.30) and (7.23), it can be shown that
the right hand-side term possesses a moment at any order m € N. Thus remarking
that this right-hand-side term does not depend on n, we get that the supremum on
n > ng of the left hand-side term possesses moment at any order m € N.

Turning to derivative with respect to a(ex) for k € {1,...,d} such that ag(ex) =0

and similarly to (C.24) for n > ny,

1 ao—%tn(9>

sup @ —— =
0eV(60)NO Usm da(ex)

ESt 1n

IN

sup  —————
6V (80)NO USt 1 n(e)

- H0<h<z (Si- h)ﬁ?i 20§,t—i—27n(9n)

+ sup ]151—1—1=8
;Oevw ne RSt( >+5(€k)no<h<z (St—h)ag,t—z‘—zn(e) ’

00 2
9 Us,t—1,n(9n> 05,t—i—2,n(9n>
M sup  —S5—— - sup I
" oevione %1,(0) ;%vwme 0% 1—i—an(0)

sup H0<h<z (Sen)nii_ 2Ug‘,t—z‘—2,n(9>
0eV(09)NO dSt( ) + ﬁ(ek) H0<h<z (St*h)ag'tfif2 n(0>
2
2 USt ln Us,t—i—zn(@n)
N;_14 Sup sup + NMi_j_g § SUD SUp ——————
' 1{n2”0 0€V(00)NO USt ln } Z e {n>no 0€V(60)NO Ugﬁt—i*z,nw)
sup H0<h<z (Si- h)OSt—i—Q,n()(H)
0eV(60)NO dSt( ) + ﬁ(ek) H0<h<z (St—h)o-%,t—i—Q,n()(e)

The first inequality follows from (7.5) and that for 6 € V(6p) N© “Re,(0) <" Rs+(6).

IN

IA

(C.32)

The second one follows from (C.3). The third one relies on two arguments. Firstly
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x/(a + bx) is an increasing function of x when a > 0,0 > 0 (here a = dg(f) > 0

and b = B(‘fk) > 0) and Ho<h<zﬂ<5t—h)a?s‘t i— 2n< ) < HoghgiB(St—h)ag‘,t—i—Q,no<9)'
O'S ‘. n(On

(9)) for n > ny.

Now, for any m > 0 and with w defined in Lemma C.2:

H0<h<z (S h)‘fg t—i—2n0 (9)

Secondly, we take supremum on Supgeygy)ne o

sup
0eV(60)NO dSt( ) + 5(€k> H0<h<z (St*h)o-g‘,tfiflno(e) m
/4m w/2m 9
< K sup H0<h<zﬂ 15/4m )USt i 2n0( )
0V (00)NO dgy () .
w w 1
< K| s ] 8% (S sup 027, 5,0 |
0EV(00)NO < o |[PEV(E)NO wm 11455 O],
< K{E sup [ B2 (Sn)}'*™ < K(p*om)0HY. (C.33)

0EV(60)N© o Zj

The first inequality follows from the elementary inequality z/(1 + 2) < = with

1 < L. The second one relies on the Cauchy-Schwarz inequality. Remarking that

dsi(é’) < SUPgee 75, Pecause 0 € © and using (7.3), we get

< 0oQ.

4m
Using (C.7) and the stat1onar1ty of (0%,,,), We get the third inequality. The last

w

dim (9)

one follows from the Holder inequality and (7.8). Now choosing M > 0 such that
7 + 4+—V = }1 with v defined accordingly to Lemma C.2 and taking the supremum

on the left hand-side term of (C.32), using the Minkowski inequality :

1 ao—%t n
sup sup ———>—-(0)
n>ng 0€V(6p)NO UStn 8a(ek)

4

sup sup O-g’,t—l,n <8n)
n>ng 0€V(6p)NO oé,t_l,n(é)

+ Z [
1=0

IN

s,

4

2

JS,t—i—Q,n(en)
sup  sup o~
n>no BV (60)NO O-S,tfifZ,n(e)

4+v

sup H0<h<z (Si- h)a—%tfiflno(e)
0€V(00)NO dSt( )+/6(6k) H0<h<7, (St—h)o%,t—i—lno(g)

M

< K+ KZ(p*ﬁ)(iH) < o0.
i=0

The first inequality relies on two arguments. Firstly it follows from the independence
between 7?7 ;, , and the other term inside the sum. Secondly, it follows from the

Holder inequality. A7”, the stationarity of (n?) and (agst”( ) (C.7) and (C.33)
S,t,n

lead to the second one. The result follows from p* < 1.
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Now we turn to the first-order derivative with respect to w(ex) for k € {1,...,d}

do2
W‘Z’b(@), we get that

such that wy(ex) = 0. Noting that aws(;;)’ 0) =
1 Oo%,, 1 Oo?

sup  sup —— S, (0) < sup s

n>ng H€V(0p)NO Usm aw(ek) 0€V(00)NO USt 300(%)

(9)

It was shown in (7.19), that the right hand-side term of this inequality possesses
under the assumptions of Theorem 3.2 a moment at order 3. Using the same type
of proof, it possesses a moment at order 4 under assumption A7” and A9’. Thus

we have established that

2
1 aas,t,n

0<sup sup 0) < Ys(i) (no) (C.34)

n>no 0eV(9)0 Tarn 00
for some vector Y;(S) (ng) admitting moments at order 4. Similar arguments show

that for 4,5 € {1,...,3d},

2 2
1 aO_Stn

0<sup sup (0) < Y;(;L)St(no) (C.35)

n>ngo 96]}(90) ne USt n 80 89

for some variables Y;(j s.:(no) admitting moments at order 4. To handle terms of

(C.31) 1nvolv1ng remark that, using (C.7) and the assumption A7”,

sup sup Ug,t,n (971)
n>no 0V (00)NO U%,t,n(Q)

(9) ’

ESﬂf,n

< oo. (C.36)

4

sup sup S| = {EU8}1/4
n>ng €V (09)NO US,t,n(0> ‘4 '

The proof of ¢) is thus achieved.
Proof of d): Following the lines of the proof of Theorem 7 v) in RZ, we have
almost surely, for ¢ sufficiently large with supycq Hj:1 pTi(e;) < B <1:

dot, 067, K3 d%02, 0%, K5 (C.37)
su — — < . Su — — | < . .
sn |0~ o ves || 9000~ D000
In view of (7.6) and &7,,(0) > ¢;,(#) we have,
1 1 tn Tim Kpt 2 (0 t
LIS R . UK. O PPN S DA
o;(0)  6in(0) 01 (0)57,,(0) Oin(0)cen(0) 07,(0) — Cin(6)
(C.38)

We have, similarly as in Lemma 7.11, using (C.38), the first inequality in (C.37) and
some computations detailed in the lines of the proof of Theorem 7 4v) in RZ, that

for ng sufficiently large and n > ny,

8@; n 8& n 5i 2 ]- 803n(9n)
9y . 9 < ?
R T B T SR 2 R =R T )
ok ) { 1 aafn(e)}
< K 1+ 1+ su su : i
T R R NV P T
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Two arguments are needed to retrieve the second inequality. Firstly, ¢;(6p) < ct.n(6,).
Secondly, noting that 6, € V(6y) N O for ng sufficiently large, we are allowed to
upperbound {m%f")} by the supremum on V(6,)NO of the function 2n aa(in’
which is naturaily bounded by its supremum for n > ng. Using the elementary

inequality (z 4+ y)* < 2% 4y, for z,y > 0 and 0 < u < 1, it follows that for any

0 <u<1andn > ng,
= [00,6) 9000 )]
1/2 t, Yty
% Z{aa 6,

t=1
- { 1 6o§,n(9>} '
sup  sup :
nzng 0€V(0g)NO Ut2,n (9) 891

_5 5ut
< Kn ;Kct(Qg)(1+nt)

(C.39)

0.2
Let us choose u < min(r/2,1/2). From c), sup,,,, SUPgey(g,)ne {U 1 - 9 Séz?(e)}
S,t,n v

possesses a moment of order 1, thus a moment of order 2u. We get thus using (7.4)

that:

2u

1 1 02 a0
<oo, FE——~<o00, FE|sup sup 5 sin(f)
n>ng 6V (60)NO US,t,n(e) 00;

C?ft (60)

< 00,

1
J i
C ¢ (6o)
(C.40)

for u > 0 sufficiently small. Using the independence between 7, and (0g,(6o), cs:(60)),
1 aa%,t,nw)) (for n Z n()):

0%, (0) 96
1 80% t n(e)
sup  sup —

n>no 0eV(90)n0 Tarn(0) 00

the stationarity of (¢3,,,) and (

1+ sup sup L 80%7,57”(9)
n>no 0eV(00)n0 T80 (0)  00;

(Z B 1+77t2)“

tlcSt

1 1
< E((l+HY | E +F
(@ tm)") ( c§4+(6h) c§4+(6h)

) fjﬁ::t/?

t=1

o0
< K) B <oo.
t=1

The second inequality follows from the Cauchy-Schwarz inequality, the existence of

moment of order u for 7 and (C.40). The result follows from 3% < 1. This result

B* 1+77t) 1 agg,t,n(a) v
shows that >}, TG0 1 + Sup,,>p, SUPgev(g,)ne T, .0 o converges a.s..

Thus, by a straightforward extension of Lemma 1 in Francq and Gautier (2004a),
the right hand-side term of (C.39) converges to 0, a.s. showing (C.19).
We turn now to prove (C.20). For any 0 < u < 1, using the inequalities (C.37) and
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(C.38) and following some computations detailed in lines of Proof of Theorem 7 iv)

in RZ, it can be shown that for n > ny,

L s [ @la(0)  0*0,(0) || v Bt
— ’ — : < Kn su —)
n ;{ 00,00, 00;00; Zleevwgrw@ ci(0)”"

sup
0€V(00)NO

(C.41)

where

€ 1 %0} 1 0o}, 007,
Yy = sup sup 1+— 14— L 7o n |

n>ng €V (0p)NO Ut n Ut n 00; 8‘9 Uzl,n 00; 89;‘

Let us define:

n 1 %% n 1 Oo? n bolex: n
Ysy = sup  sup {1 + = St } {1 + St + St Sit, .
ne

nzno 6€V(6o) OS t,n 05’ t,n 80 (90 05’ t,n 86)1 89]

Note that Vs, involves only some nonnegative terms, thus is nonnegative. The

Cauchy-Schwarz and Minkowski inequalities entail that for any u > 0:

2
1 Vsell,, < [[sup  sup {1+ }
n>ngo €V (0p)NO S,t,n 2u
14+ 1 620-S,tn I 1 ao_%’tnaggtn
sup sup —5— ’ sup sup < —— = - .
n>no 0€V(6p)NO Gg,t,n ael&eﬂ o n2np 0€V(6o)NO Uéﬂf ael 86] 2

Using the lines of the proof of lemma 7.10, the terms involving the first and second-

Stn

order derivatives of 0%, and — * possess moments of order u for u > 0 sufficiently
small. Let choose 0 < u < r/2 such that EYg4 < co. Now, using the stationarity of
(cse) and (Vsy) :
n 6ut > ”
EY sup ——=yi < (D BME sup

—1 0€V(00)N© CSt(e) —1 9V (60)NO CSt(e)

Vst

< KE sup
0€V(00)NO CSt(e)

EySt < 00.

The second inequality follows from the Cauchy-Schwarz inequality and Y < 1. The

result relies on EYE} < oo and (7.4). Thus Y\ supgeygyne & ySt converges
s , and thus 2:;1 u(e yt converges a.s. by a straightforward extensmn of Lemma

1 in Francq and Gautier (2004a). The right hand-side term of (C.41) thus converges
to 0 a.s. which shows (C.20). The proof of d) is complete.
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Proof of €): Similar to (C.31) the second order derivatives of 4, is :

azgtm o 1 €t2,n 1 820_?,11
0000 — " o2, ) \ o3, 9000

t,n

2 2 2
61En 1 8Utn 1 aatn
g bn ! n L 42
" { o, }{a o }{a ae'} (C.42)

First consider the second group of terms at the value 6,,. In view in (C.27), we have

for n > ny,

2 2
1 Odoji,, aam

—1 22_1_ 5
" t_zl< %=V 50 ap

t,n

n

< 0 S0 @0 D lages Y (00) Y, ()
t=1

+ (@0 = 1) Laypa VP (n0) Y (no)'.

t=1
Lemma 1 in Francq and Gautier (2004a) applied to sums of the right hand-side

term, yields, a.s.

~ 1 Oo? 0o?
. -1 2 t,n t,n
hglsolipn Z(Znt — 1)?“”—39 50

t=1

< B{21 — 1) Loyps JE{YE (o) YA (n0)'}

+ B{20 — 1) Lo JE{YS) (o) YaY (no)'},

from the independence between 7, and the variables Ys(lt) (ng). We have already seen

that E{Yé?(no)YS@ (no)'} — J for i = 1,2, as ng — oo. It follows that, a.s.

‘ i ) 1 &fﬁn do?, )
hgl)solipn Z(QUt - 1);% 80 69/ — E{(277t - 1)(]1277,5221 + ]]-2T]t2<1)}‘] =J

t=1

Similarly we have

1 002 0Oo?
. . -1 2 t,n t,n
lim inf n ZH S T

> B2 — 1) oo JE{YSY (no) Y7 (n0)'}

+ B{20 — 1) Lo JE{YS) (no)Ysy (no)'},

which converges to J as ng — oo. Thus we have that

- 1 9dot, dot,

: -1 2 I 212 —
Jm ™Y (@nf = 1) - e =

t=1 tn
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The first group of terms in the right hand-side of (C.42) can be treated analogously,
20.2
using some appropriate lower and upper-bounds of %%. Therefore we have a.s.,
t,n

. _ %02, .
lim, ,oon P> 0 (1 nt) : 3959, = 0. The convergence in e) follows.

Proof of £): Some similar arguments to those used in the proof of ¢) show that

fori,j,k € {1,...,3d} and for ny > 0 sufficiently large:

1 9of, (5)
0< (9 <Y C.43
:EE) geys(lél(gm@ O_St . 89 ae aek( ) — z,],k,S,t(n()) ( )

for some variables Y;(f)k s.¢(10) admitting moments at order 4. Differentiating (C.31),

we get :
D3s4.0(0)
00,00;00,,
o ESt n 1 asast
T 02,0 [ 02..(0) 96:00,06,
+ 9 6Stn 1 1 8UStn 1 820-5'1571(9)
UStn UStn UStn 89 aek
+ 9 6Stn 1 1 aaStn 1 820-5'1?71<0)
US t, n US t,n 6) 89 USt n ae’ﬁaek
+ 9 6Stn 1 {aOStn aQO-Stn }
o2, oLl 90, 00,00,
+ —6 S t,n 60_5’ t, n ao-St n( ) aag,t,n(e)
O-g',t n US t, n ae] aek '

Thus taking the supremum firstly on V(6y)NO then on n > ny, for ng > 0 sufficiently

large

sup  sup —aSZSt n(0)
n>ng 0€V(6p)NO 8(9 89 89k

eSt n
6 sup sup e 42
{ n>ng 0V (60)NO U%,t,n(e) }
5 3 3 3 3 4
V) sm0) + Y& (10) VS, (n0) Y (o) + Y& (m0) Y, L o (m0)

Y (10)Y Vs (no) + Y (o) Y, (o) ). (C.44)

IN
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Now using the Holder and Minkowski inequalities, for ng > 0 sufficiently large

2

€St 3 3

E sup  sup 6— d 9 +2 YS(t)z(nO)Yé,t?]‘(no)Yé,t?k(”O)
n>ng 0€V(09)NO Us,t,n( )

2
6S,t,n

< {6/[sup sup 2 [viio, e, [, < oo

nzno €V(0o)NO US,t,n(Q) 4

The result follows from (C.36) together with (C.34). Similarly combining (C.36),
(C.34) and (C.35) leads for ng > 0 sufficiently large to

€,
E sup sup 6 2S’t’ +2 Ys(t)l(no)}/;fi?&t(no)
n>no 0eV(@)ne | Ty (0)

2
GS,t,n

< {6sw s +2} [, [kl < oo

n>ng HV(60)NO Us,t,n(e) 9

Combining (C.36) and (C.43) leads for ny > 0 sufficiently large to

2
€Stn (5)
Esup sup 6——"~+2,Y" (no)

2P sesiboe { (@ }

2
6S,1E,n

< {6

sup  sup (nO)H < 00.
2

n>no H€V(60)NO O-S,t,n(e) 9

Thus the right hand-side term of (C.44) possesses a moment of order 1 for ng > 0

sufficiently large, which leads to the proof of f).

C.3 Asymptotic distribution of 6,

This part of the proof relies on the identical arguments existing in the proof of

Theorem 3 in Francq and Zakoian (2009) once provided (C.17) and (C.18).

D Proofs of Lemmas 7.1,7.2 and 7.3

In this section, we present the proofs of Lemmas 7.1,7.2 and 7.3. The assumptions
A0’ and A1 imply that © is a compact included in |0, 0o[?x[0, 0o[??. Letting for
v >0, P, =[y,00[*%[0,00[**, under A0’ and A1, © is thus included in P, for
some vy > 0. Letting

O,(I,b) ={0 € [0,00* w(e;)) >y Vig¢g I, ale)>~y Viel, B()>a(l)V}.

29



O,(I) = {0 € 0,00 wle) 27 Yigl, ale)=q Viel, AL)=q}
As © is a compact and 0 < a(.) < 1, A0”’ implies
©CTI, =P, U{UO0,(1)} (D.1)
for some v > 0 and the assumptions A9 or A9’ imply
© C Iy, =P, U{Uree0,(1, 9)} (D.2)

with ¢ = 3 4+ 7 under A9 or g =4 + v under A9’ for some v > 0.

We will need the following Lemma :

Lemma D.1 Let w(.) a function with values from E to R, By = {e; € B w(e;) =
0} and 0 < p < 1 and Q = U(p) = >y p'w(Si—i). Let us denote for all
t>0,&={S; € By, Vje{l,....t}}. If (P(E)Y?) converges towards a constant
a € [0,1) such that :

P(&) "= O(d") (D.3)
then for all p > 0,
1 u
E < oo, Flog Q < 00. D.4
for some u > 0. More over for all m > 0, if p > a'/™ then
oD (R G (D.5)
Q '

Proof of Lemma D.1 For any E, C FE, without loss of generality, prooving
the lemma for w(z) = l,¢g, allows to proove it to any function w;(.) such that
{e: € E wi(e;) = 0} = Ey. Defining wy . = mingeg¢p, wi(z) > 0 and wi =
MiNgepo¢r, wi(x) > 0, we have then w(.) > wyw(.). Thus, viewing €2 as a function
of w(.) in lemma D.1, if (D.4) is true for w(.), it will be true for w;(.). In the following,

we will treat the case w(z) = 1.¢g, - Firstly, noting that a < 1:
P(Q; =0) = lim P(S;_; € By, Vj€{l,...,J}) = lim P(&;) = lim o’ = 0(D.6)
J—00 J—o00 J—o00

Secondly, let us define j > 0. It is obvious that &1 C {Ql < 1%,)} . Let us define

for all 0 < p < 1, K the biggest £ € N such that 1’% > 1. It can be easily shown
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that K := K(p) = [M] Now, for j > K if + < j is thus that {*~ 5 > p' then

log p
1> j— K. Thus {Ql < pj } C &j_k—1. We can thus conclude that
& cC<<O < pj Cc €& D.7
A e (D.7)
Let us prove the first term of (D.4). By (D.6), remarking that ; < l%p and

P
Up 1= 1=

{ } ZE{QU o< £ } (D.8)

In view of (D.7), it can be shown that P(p"* < (1 —p)Q; < p") < P(E,_x_1). This

inequality leads to :

1 (L=p)p P "
{thﬁkmﬁﬁ} S e Ty St s
(1—p
WP(E’R—K—I)
n—K-—1 n
n—00 a n—00 a
= o) =05 )

The first equality follows from (D.3). Now, as p > 0 and a < 1, it is possible to choose
u > 0 such that a < p*. ;iu < 1 implies that the sum in the right hand side term of
(D.8) converges to a finite limit for this w. The first part of (D.4) straightforwardly
follows from the stationarity of the process (2(S;)). When p > a'/™ by choosing
u=mas - <1, the sum in the right hand side term of (D.8) converges to a finite
limit for this u. The stationarity of the process (2(S;)) leads to the proof of (D.5).

We turn now to the second part of (D.4). Let us choose p € [0, 1] and define
N > 0 such that for all « > N, . (D.8) that :

p’L
1—p —

Elog~Q, = ZE{ longlln+1<Q<p }

n=N
We can deduce :
pn—i-l pn—l—l pn
El 0 < 1 P < <
o6 E:(%l p (1—p Ty
00 pn+1 pn
< 7;\[ (n+ 1)|log p| + |log(1 — )|)P<1_p<91§1_p)<oo
(D.9)
The sum in the last inequality converges because IP( < _p) = O(a"),

when n — oo with a < 1 and we get the second term of (D.4)

31



D.1 Proof of Lemma 7.1

Now we turn to the proof of Lemma 7.3. We will use using inclusion inequality
(D.1) because this Lemma is stated under the assumption A0”’. On P,, w(.) > v,
and thus (7.2) is true when replacing © by P,, because the three functions are
respectively bounded by 1/4%, log™ v and log~y for all u > 0.
Let us choose I € £ and 0 € O.(I). Denoting Ey = {e; € E, 1 € I}, let us
define: Qg 1:(p) = D o0 P Ls,¢, - 1t is clear that
Qgt(ﬁ) > min w(z)Qs 1.:(8:(0)), (D.10)

x¢Eo
and thus for all u > 0:

1 1 1
< — .
Qg3(0) — minggp, w(x) Q5 ,,(8.(0))

Using this inequality, noting that for all 8 € ©,(1),

né%n w(z)* >~ and p.(0) >~ (D.11)

and that Qg0 is an increasing function of p, we obtain for all u > 0 :

sup (g,“(0) < v “Qg7,(7)- (D.12)
0cO, (1)

Qs.1+(7) satisfies all the assumptions needed to apply Lemma D.1 (here, with nota-
tions of Lemma D.1, a = a(I) < 1 by assumption A0” and p = v > 0). Thus, for all
I € & there exists u(I) > 0 such that EQ;L}(tI) (7) < oo. Choosing u = minyegs u([),
by the Hélder inequality EQg% () < oo for all I € £. Taking the expectation on
(D.12), we get thus that for this u > 0 and for all I € £,

E sup < 00.

0cO,(I) qut(e)

Combining this result with E'supycp, m < oo and using the elementary inequal-
S,t

ity max(z,y) < x4y for x,y >0,

)

1 1 1
Esup = FEmax(max( sup ———,1€&),sup =
pco 254(0) ( (9eew(1) Q%0 ) ocp, S¥54(0)

1 1
=P SUp ooy T SUD oo <00 D.13
{IGZS ooy (n 254(0)  acp, Q54(0) } (D.13)
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and we get the first term of (7.2). In view of (D.10) and (D.11), remarking that for
any 0 € ©,(1), Q5,(0) > vQ2s04(7) (as Qs is an increasing function of p), and

that log™ (.) is a decreasing function:
log™ Q,(0) <log™ (vQs0.(7)) for 0€O,(1). (D.14)
Proceeding similarly to (D.13):

suplog™ 5,(0) = max(max( sup log™ Q% (0),1 € &), sup log™ 25,(0))
0co 6€0.(I) feP,

< {Z sup log’QZ,t(H)Jr;:g log™ QEW)}
vy

Tee 0€0,(1)

{Z log™ (vQ2s,14(7)) + log™ ’y}

Ieg

IA

< Zlog_7+log_7+ {Zlog_ QS,M(V)} <oo. (D.15)

Ie€ Ie€

The second inequality follows from (D.14) together with the obvious inequality
SUpgep, log™ 25,(0) < log™ 7. The third one comes from the elementary inequality
max(0,a + b) < max(0, a) + max(0, ). Lemma (D.1) applied to Qg0.:(7) leading to
Elog™ Qs0,(7) < 0o, taking expectation on (D.15) implies : E supycg log™ Q25 ,(0) <
oo. Now

sup E'log™ Q5,(0) < Esuplog™ Q5,(f) < oo
0co 0co

and we get the second term of (7.2). Noting that 6* = (+,0,0,7,0,0,7,...) € © and
remarking that log > —log™ we get

inf —log™ ,(0) < inf log 5, () < log 05, (6")
, D , ,

0co
—suplog™ Q%,(0) < inf log Q%,(0) < log~. (D.16)
9cO ’ 0o ’

The second inequality comes from log s ,(0*) = log~y and the obvious definition
of the supremum. Taking expectation on (D.16) using F supgcg log™ Q25 ,() < oo
leads to the third term of (7.2). The lemma is thus proved.

D.2 Proof of Lemma 7.3

Now we turn to the proof of Lemma 7.3. We will indifferently treat the Lemma under

the assumption A9 or A9’ using the inclusion inequality (D.2). Letting & < « and
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coefficients b and ¢ chosen according to their definition in (D.2) and Lemma 7.3. It
is clear that b < g. On P,, w(.) > =, and thus (7.4) is true when replacing © by P,,
because the three terms are respectively bounded by 1/4°, log™ 7 and log~y. Let us
choose I € £, and 6 € ©,([,¢g). Denoting Ey = {e; € E, i € I}, let us define:
Qs1.(p) =D i0o P 1s,¢8, - First, using the elementary inequality :
1 < 1 1
QF,(0) ~ minggg, w(@)* Q1 ,(5:(0))

and second, noting that for 6 € ©,(1, g),

rié%n w(x)®>+" and  B.(0) > a(I)V? > a(I)?,
z¢Ep

and third noting that {250, is an increasing function of p, we obtain :

1 1 1
E  sup " <—F—F7"—7——< .
oce, (1) U (0) ~ 2 Q4 (a(D)19)

The result comes from application of Lemma D.1 to Qg(a(I)¥9) with m = b
(because a(1)Y9 > a(1)'/* in view of a(I) < 1 and b < g). Combining this result
with

E sup < 00

1
fePy lejt<9)
and using the elementary inequality max(z,y) < x +y for z,y > 0,

1 1
Esup ——— = FEmax(max( sup =5,/ €&),sup =
sco Q25,(0) ( <eeeﬁ, (1g) 28,(0) ) 0eP, left(Q))

1 1
< F su + s < 00
{Zp ) %(0)}

and we get the first term of (7.4).

D.3 Proof of Lemma 7.2

We will choose here r = s with s defined in A8 and according to Lemma 7.1 (these
coefficients can be chosen equals without loss of generality). Assumption A0’
allows to use (D.1). Remarking that first og,(6) > Q%,(#), applying Lemma 7.1 to
0%, we get easily

EE%T = USt "(Oo)n; T < QF, + (Bo)n; Y
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Using independence between (7;) and (S;) in view of AO, using A8 and applying

Lemma 7.1 to ng we obtain:

1 1 1

Fo <F——F— < x. (D.17)
G%Tt QS,t(e()) n7
Assumption A0’ leads to:
1 < 1 1

sup — < max | sup —,max sup -
06 Cgy pep, (W(St) + a(Sh)ez,)" €€ geo, (1) (W(Si) + a(Sh)es,)

1 1 1 1 1 1

< sup + SUp — 5 < — + — < —(1+ K—-).

TSy T 2w, < v e <5

The second inequality follows from the elementary inequality max(z,y) < |z| + |y|,
the third one from w(.) > 7 on P, together with a(.) > 7 on ©,(1), in view of (D.1).
Taking the expectation on this last inequality, we retrieve the first term of (7.3), in

view of (D.17). Following same arguments we can show that

1 1 1
sup—— < —(1+ K-
ok, =3 Moz e

and taking expectation in this inequality leads to the proof of the second term of

(7.3), using (D.17). The lemma is thus proved.

E Proof of Lemma 2.1

We will use the following lemma, which is proved in Berkes, Horvath and Kokoszka

(2002).

Lemma E.1 Let X be a positive random variable such that Elog X < 0 and EX" <

00, for some u > 0. Then there exists a number r > 0 such that EX" < 1.

For any j € 1,...,d, E(ao(e;)n? + Bo(ej)) = aole;) + Bole;) < oo This result and

condition (2.8), using Lemma E.1, with X = ag(e;)n? + Bo(e;) allows to define r;

.....

inequality, for any i € 1,...,d
E(ao(e)n; + Boles)” < {E(ao(e)n; + Bole) )/ < 1.

and it can be shown that r can be choose in (0,1). Now defining

X = E {GS(St, 77t—1) S GB(St—i, nt—i—l)} )
— E 7 2 7 T7
nax (ao(e:)m; + Bolei))
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and the filtration Fy, 4, = 0(Si,, Sty—1,-- - M5, M1, - - -), then p < 1 and :

d
E(ag(stantflﬂthl,th) = ZEWS(@jJ]t—l)]lst:ej |Ft71,t72>
j=1
d
= > E(ag(ej, m1)P(S; = €j[Fy1,2)
=1
< e m_ < p. E.1
< ier{Illﬁ?jd}(E(ao(eyam 1)) <p (E.1)

The first equality follows from the assumption AO that entails the independence be-
tween 17,1 and o (S, Fy—1;—2) and the first inequality follows directly from Zj P(S; =
ej|Fi—14—2) = 1. Now :

Xip1 = E(E(GS(St, 777%1)“&%1,1%2) {GS(St—la 777572) e GS(Stfi—lj 77t7i72)}>
pE {GS(St—l, Ne—2) - - - CLS(St—i—h 77t—i—2)}

< pE{ay(Se,mi1) - ap(Se—ismi—i1)} < pXi < Xyp™

IN

The first inequality follows from the inequality (E.1), the second one from the sta-
tionarity of af(Ss, m—1) ... ab(Si—i, mi—i—1) and the last one from a trivial recurrence

computation. The lemma is thus proved recalling that p < 1.

O
F Proof of Lemmas 7.4 and C.1
In view of (2.6), elementary computations show for ¢ > 0,
0%, = CStJFZﬁ St) ... B(St—i)Cs—i1
i=0
i1
=cst + Z H B(Si—n)esi—j—1 + H B(Si—n)Qs,1—i—1
j—O 0<h<j 0<h<i
+ZH55M a(Si)ed, ;4 (F.1)
7=t 0<h<jy
=cst + Z H B(St—h)CS,t—j—1+ H B(St—h>a?9',t—i—2 (F.2)
j=0 0<h<j 0<h<i+1
=cst + Z H B(Si—n)csi—j—1 + H B(St—n)csi—i—1 (F.3)
0<y,5#1 0<h<j 0<h<i
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The positivity of 6, €&, and cg; together with (F.1) (respectively (F.3) and (F.2) )
allow to get easily the first (respectively second and third ) inequality of (C.3). In
view of the definitions of (;0%,), (‘o3,) and (07 g,) and (C.3) we get (7.5). Let us
denoting R; s, (respectively ;Rgs;n ‘Rssn ) the value of R; g, (respectively ;Rg;
and ‘Rg,) after replacing in these functions eg; by €g:,. We get in view of (F.1),

(F.3) and (F.2), for all § € O,

08, n(0) = Risen(0) + [T B(Si=n)Qsi—i-1(0),

0<h<i

Ug,t,n(e) =i Rstn(0) + H B(Si-n)esi—i1n(0),
0<h<i

0%0n() = Rsun(@)+ [ B(Sin)od, i 2, (0).
0<h<i+1

Combining these last equalities with Q(6) > Q(6*) (obvious because 2 is an in-
creasing fuction of 6), ;Rg+.(0) >; Res(0%), Risin(0) > Risi(0*) and “Rgyn(0) >
Rgin(60%) for 8 > 0* lead to (C.2). The Lemmas are thus proved.

G An application to natural gas prices

Regnard and Zakoian (2011) applied model (2.1) on the Zeebrugge day ahead nat-
ural gas spot returns with regimes taken as functions of United Kingdom mean
temperature. We refer to their paper for justifications of this approach. They es-
timated some models with different specifications of the regimes and compare their
out of sample forecasting performance and likelihood values to get the best of them.
They show significant effect of including these regimes, with respect to a standard
GARCH(1,1) model. The best model of their paper has some coefficients that seem
to be unsignificant. Denoting by ¢; the returns of natural gas spot prices and by 7T;
the temperature, their best model allows for 7 regimes, but some of them possess
regimes with ag(e;)+ Bo(e;) too close to 0, which is in contradiction with assumption
A0, Despite the forecasting performance, our framework does not allow us to test
for the nullity of parameter of this model. To circumvent this problem, we merge

some of them and estimate the following model.
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;

00016 + 023 ¢, + 076 o>, whenT, <5,
(0.0009) (0.14) (0.19)

0.0005 + 0.0001 €, + 0.69 o2, when 5 < T; <9,
(0.0002) (0.03) (0.09)

op = (G.1)
0.0004 + 027 €, + 068 o7, when9<T, <158,
(0.0002) (0.07) (0.08)
0.0004 + 012 €, + 073 o7, when 15.8 < T;.
(0.0003) (0.07) (0.15)

All coefficients of this model are significant, except ag(ez). Table 2 provide result of
Wald, QLR and Rao Score tests of the null hypothesis Hy : ap(ez) = 0. These three
tests accept Hy.

Model (G.1) Wald test Rao Score Test QLR test
=0

P values of test of Hy : ap(ez) > 0.05 > 0.05 > 0.05

Table 2: Tests of nullity for Model (G.1)
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