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ABSTRACT: Two discretizations of a novel class of Markovian backward stochastic differential
equations (BSDEs) are studied. The first is the classical Euler scheme which approximates
a projection of the processes Z, and the second a novel scheme based on Malliavin weights
which approximates the mariginals of the process Z directly. Extending the representation
theorem of Ma and Zhang [MZ02] leads to advanced a priori estimates and stability results
for this class of BSDEs. These estimates are then used to obtain competitive convergence
rates for both schemes with respect to the number of points in the time-grid. The class of
BSDEs considered includes Lipschitz BSDEs with fractionally smooth terminal condition as
well as quadratic BSDEs with bounded, Holder continuous terminal condition.
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1 Introduction

» Framework. Backward stochastic differential equations play an important role in the theory
of mathematical finance, stochastic optimal control, and partial differential equations. In this
paper, we study two discrete-time approximations of the for a novel class of Markovian backward
stochastic differential equation (BSDE). The first is the well-established Euler scheme for BSDEs,
and the second is a novel scheme we call the Malliavin weights scheme for BSDEs. Let T' > 0 be
a fixed terminal time and (Q, Fr, {F:},P) a filtered probability space, where {F; : 0 <¢ < T} is
the filtration generated by a g-dimensional (¢ > 1) Brownian motion W and satisfying the usual
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conditions of right-continuity and completeness. We look to approximate the R x (R? ) T-valued,
predictable process (Y, Z) solving the BSDE

T T
Y= ®(X7)+ | f(s,X,,Ys, Zs)ds —/ Z.dW,. (1.1)
t t

Here, (R9)T is the space of g-dimensional, real valued row vectors; X is an Ré-valued (1 < d < q)
diffussion; and ® : R? — R and f : [0,7) x R? x R x (R?)" — R are deterministic functions
that are termed the terminal condition and driver, respectively. We focus on the setting in which
the terminal condition @ is in the space of fractionally smooth functions Ly, for parameter
a € (0,1] - see (Ag) in Section [1.2] for details - and the driver is locally Lipschitz continuous
in (z,y,2) and locally bounded at 0 in the sense that there exist constants 6, 6. € (0,1] and
finite L, Lx,C¢ > 0 and a function Ly : [0,T) — [0,00) dominated by Lx (T — t)(?2=1)/2 such
that, for all t € [0,T) and (z,y, 2), (z/,9,2') € RT x R x (R9) T

ly —y'| + 12 = 2|
(T — 1)T—00)/2

Cy
< — .
|f(t5"1:7070)‘ — (T _ t)l_gc

|f(t,x,y,z)—f(t,x’,y',z’)\ SLf +Lx(t)‘l‘—.%‘/|,

(1.2)

We say that (Y, Z) solves a BSDE under local conditions. Furthermore, X solves a time-
inhomogeneous stochastic differential equation (SDE) with bounded, continuously differentiable
coefficients whose derivatives are also bounded, and the volatility is uniformly elliptic; see (Ap,5)
in Section [[.2] The existence and uniqueness of this class of BSDEs is given in Section 2.3] As
we will see below, this class of BSDEs contains a large section of the important class of quadratic
BSDEs and can also be used to study proxy schemes, so it is of great interest to find good discrete-
time approximations. We note that fully implementable algorithms — admitting the full generality
considered in this paper — based on the FEuler and Malliavin weights schemes have been studied
in detail in [GT13Db][GT13al respectively, but, to the best of our knowledge, this is the first paper
considering the discretization error under the full generality of the local conditions.

» Summary of results. In the spirit of [GMI0], we make use of non-uniform time-grids {7‘(’5\?) =
{0 = t(N) . < t(N) =T} : N > 1} whose parameter 3 € (0,1] determines the time-points
tN =T — T(l —i/N)V/B,

The first approximation, studied in Section [3] is the so-called Euler scheme for BSDEs:

1
N N
Y]S] ) = @(XT), ZZ( ) = WE[ ( )(W(N) t(N)) |]:(N)]
7+1 7
v =B + £ X VY, 2 @5 - 671 (1.3)
for each i € {0, .. —1}. The random variable ZZ»(N) is a discretization of the projection (tg +1)

( ))ZtL =FE[ (1;;)1 Zsds|F, <N>] This approximation has been frequently studied: [Zha04][BT04][GLOT]

among others, in the settlng where the terminal condition ® and the driver are uniformly Lipschitz
continuous (i.e. 8 = 1); [GMI0] in the setting of the fractionally smooth ® but uniformly Lipschitz
continuous driver; [IDRI0][RicI] in the setting of bounded Lipschitz (resp. Hoélder) continuous
® and quadratic driver; and [Ric12] in the setting of possibly unbounded (locally) Lipschitz con-
tinuous ® and (super-)quadratic driver. Typically, the discretization error of the Euler scheme is
measured by

N—-1 +(N)
o (N)2 s (N) |2
E(N) = max E[lY 0 — Y,V + ; /tm E(|Z, — 2™ ?)at (1.4)



First, we show in Theorem that if 5 < (2y) A«
5(N) < ON711[1)2] (Oé + QL) + CNiQFYl(O’l)(OL + QL)

where v = (§ A0 + ) A 8.. The optimal rate of convergence O(N~1) is obtained if a + 67, > 1.
This rate is optimal in the sense that it is the same as the rate of convergence obtained in [GMI10,
Theorem 3.2] in the uniformly Lipschitz driver setting (fz, = 1). This result can be complimented
under the additional assumption that the terminal condition ® is #g-Holder continuous: in Theorem
we show that if 5 < (29) A a A6y, then

E(N) <CON'1; (05 + B+ 27) + CN 1o 1y (00 + B+ 27).

Now g + B + 2y > 1 is sufficient to obtain the optimal convergence rate O(N~1!). Although
the complex relationship between 0¢, a and v make it difficult to compare the two results in full
generality, the latter is clearly superior if 6, > 1/2.

The second approximation, studied in Section {4} is the so-called Malliavin weights scheme.
Rather than approximating the projections of the process Z, this algorithm is used to approximate
the version of Z given by Theorem at the points of the time grid directly: for each N > 1, set

VW =exr), VYV =E@(Xr)+ Z 5 X0, YN, Z80) (15— 6) F ),

j+1> j+1
Jj=i
7N = E[®(Xy)HY + Z F X<N>,1f]<fl>,z<N>)H2(§+} .N))|]-‘t§m] (1.5)
Jj=i+1 )
for i € {0,...,N — 1}, where (H]Z)” is a suitable discrete time approximation of the so-called

Malliavin weights (H?)s,, of Section Due to the connection between BSDEs and quasilinear
partial differential equations (PDEs), see [Ric12][CDI12] and references therein, it may be of in-
terest to approximate the marginals of the process Z rather than the projections. Other schemes
that make use of Malliavin calculus are available [BLI3|[HNSTI], but this is, to the best of our
knowledge, the first scheme of this form. Convergence results are given for fixed time-points in
Theorem[4.5] These results are proven under stronger conditions than for the Euler scheme because
the use of stronger a priori estimates — Proposition [3.4] — is essential in the proof: one requires
that either the terminal condition has exponential moments or that it is Hélder continuous, and
unfortunately we have not yet been able to extend these a priori estimates to second moments of
the terminal condition. One also requires a greater constraint 5 < v A 6y A a on the time-grid.
The rate of convergence again depends on the parameters (a,0r,0.,5): in the general setting,
B+ 2v > 1 is required for optimality, whereas in the setting of 64- Holder continuous terminal con-
dition, 8+ 0 + 2y > 1. It is shown in [GT13a] that, using Monte Carlo least-squares regression to
approximate the conditional expectation, one can theoretically gain an order one improvement on
the algorithm complexity using the Malliavin weights scheme compared to the multi-step forward
implementation of the Euler scheme [GT13b|, so it is of substantial interest to study this scheme.

The main tools in this paper are stability results for approximating sequences of BSDEs com-
bined with dynamical estimates of Malliavin derivatives — see Section — and a priori estimates
— see Section A key result used to obtain these estimates is a representation theorem on the
process Z which does not require ® and f to be differentiable. This theorem is proved in Section
This theorem gives us important stability estimates, see Proposition 2.11] These stability
estimates lead in turn to a priori estimates of the form

|Z] < CV(T — ) 1B [®(X7) — B [®(X7)][2] + C(T — t)% Y2 4 By [®(Xp) 2|V 2(T —t)%:/2



for all t € [0,T) almost surely. Such estimates are quite novel and allow us to study the impact
of the regularity of the terminal condition: see Proposition Usually, one considers bounds of
the form C'(1 + | X¢|") [MZ02][Ric12] for (locally) Lipschitz continuous ® only.
» Contributions to quadratic BSDEs and proxy methods. We consider the setting where
® is a bounded, fg-Holder continuous function. To make the contributions of the numerical results
in this paper clearer, we consider two important examples. Note that these examples have also
been given some attention in [GT13bl Section 2].

Quadratic BSDEs have powerful applications in financial mathematics, for example to solve
utility optimization problems in incomplete markets [REKQ0Q][HIMO05]. Let ¢ = d and the measur-
able function F': [0,7) x R? x R x R? — R satisfy

c (1+ Jyl+ 1),
c L+ Izl + 12Ny — | + |z = ']).

[F(t, 2.y, 2)

| <
|F(t,x,y,2) — F(t,2,y',2")] <

It is known [DGO6] that the solution (Y, Z) of the BSDE with terminal condition ® and driver
F(t,x,y,z) exists and is unique and that there is a constant § € (0,1] and finite C;, > 0 such
that |Z;] < C (T — t)®=1/2 for all t € [0,T) almost surely. This implies that (Y, Z) also
solves the BSDE under local conditions with terminal condition ® and driver f(¢,x,y,z) =
F(t,z,y, Te, (r—ne-v/2(2)), where Tp(2) == (=L V z1 AL,...,—~LV 2y A L). Indeed, Cy = ¢,
0. =1, Ly = C(T(l’a)/2 + 2\/&Cu), and 0, = 6. The terminal condition is fractionally smooth
with parameter « at least as large as 6 - see Remark It is shown in Corollary that
|Zi| < C(T —t)@»=1/2 50 0} is at least as large as 0g. Therefore, the error £(N) of the Euler
scheme is bounded above by CsN 11 4(309 + 8) + CN 214 1)(300 + f3) for any 3 < 6. In
[Ric11], the Euler scheme for bounded, Holder continuous is also considered, but with a different
non-uniform time-grid and a transformation of the terminal condition. The author obtains a rate
of convergence C, N n=% for any n > 0, so we have obtained an improvement in this work. This
improvement is likely due to the use of the time-grids 7'('%3) in our scheme — indeed, [GM10] show a
rate of convergence O(N~%) in the uniformly Lipschitz continuous driver setting if only a uniform
time-grid is used.

Next we consider a particular instance of the proxy method. Let f(t,z,y, z) satisfy , and
(Y, Z) satisfy the BSDE with terminal condition ® and driver f(¢,z,y, z). For functions b and ¢ —
the drift and volatility of X — satisfying the conditions of (Ap ) in Section the linear parablic
PDE given by

2 d
0=0m+ 3¢ (o0 T)i,jax?azi“+2i—1bi0i)iu’} (1.6)

u(T,z) = &(x).

has a unique strong solution u(¢,z), and the k-th order (k < 3) partial derivatives in z of u are
bounded by C, (T — t)@*=%)/2 see Lemma It is well known that (Y, Z) = (V; — u(¢t, X¢), Z; —
Vu(t, X¢)o(t, X)) solves a BSDE under local conditions with term with zero terminal condition
and driver F(t,z,y,2) == f(t,z,u(t,z) +y, Vyu(t,z)o(t,z) + 2), 0. = 0o and Lp(t) = L;C,(T —
t)(9@+9L’3)/2. Throughout this paper, we actually compute the discretization error of (Y, Z) in
order to obtain that of (Y, Z), although it is technically not in the scope of . For 0, =1, it
is known that this error has a better rate of convergence [GM10], but it is not necessarily so for
67, < 1. On the other hand, it is shown in the proof of Proposition [3.4] - equation — that
|Zi| < O(T — t)O2a+(R0)70L=1)/2 " whereas |Z;| < C(T — t)((20:)M02=1)/2 T fact, smaller almost
sure bounds yield improved rates of convergence for numerical methods [GT13al[GT13b], so it is
numerically beneficial to simulate (), Z) rather than (Y, 7).

» Remarks on extensions. In this paper, we work with one of the simplest time-inhomogeneous
SDE models with stochastic volatility, which, in particular, allows us to make use of powerful results



from the theory of parabolic PDEs [Fri64] — see Lemma The representation of Z in Theorem
also makes use of the uniform ellipticity condition. Our application to quadratic BSDEs also
requires these constraints, and additionally that ® is Holder continuous and bounded, because
we make use of the results of [DG06] to introduce local Lipschitz continuity. In fact, the use of
fractionally smooth terminal conditions combined when driver is inevitably introduces a host of
technical problems due to time dependancy, see also [GG04][GHO7] [GM10][GG11][GGG12], and it
is the goal of this paper to extend this literature and provide solutions that may be stepping stones
to further extension. Another interesting aspect of our general results is that we require neither
BMO results nor (local)-Lipschitz continuity of ®. Combined with the connection to quadratic
BSDEs already discussed here, this suggests there may be potential to apply the results of this
paper to obtain novel representation theorems, a priori estimates, existence and uniqueness results
for (super-)quadratic BSDEs with possibly unbounded and discontinuous terminal conditions. This
would be a nice complement to the recent work of [Ric12]. There are already several directions that
may help us to avoid the uniformly elliptic condtion. The results of [Kus03] [CD12|] [Neell], offer
suitable PDE results under UFG conditions. Also, a representation theorem beyond the uniformly
elliptic setting has been found by [Zha05] and |[GM™'05] (although only for the zero driver case in
the latter). Unfortunately, all of these interesting extensions are beyond the scope of this paper.

1.1 Notation and conventions

» Time-grids. Since each result is given for a fixed number of time-points IV, we denote the points
{tl(-N)} of the time-grid simply by {¢;}. Let A; := t;41 — t; and AW, := Wy, , — W;,. We also
suppress the superscript (V) in the Euler and Malliavin weights scheme.

» Conditional expectations. The conditional expectation E[-|F] is denoted by E;[-], and Ey,[]
is denoted E;[]. The norm +/E[| - |?] by || |l2. We will make use of a conditional version of Fubini’s
theorem, stated in Lemma In order to simplify notation throughout this paper, we write
fOT E[fs]ds := fOT Fy(-,s)ds, where F} is the process defined in Lemma

» Lebesgue measure For any Euclidean space E, B(E) denotes the Borel measurable sets in E,
and the Lebesgue measure on the measurable space (E, B(E)) is denoted by m.

» Processes and spaces. For two processes X and Y in Lo([0,T] x Q;R¥), Y is said to be a
version of X if X =Y m x P-a.e. P C B([0,T]) ® Fr is the predictable o-algebra, generated
by the continuous, adapted processes, and H? is the subspace of Ly ([0, 7] x §2) containing only
predictable processes. For p > 2, SP is the subspace of H? of continuous processes Y such that
IY]lsr := E[supg<s<r |Ys|”]% is finite for all Y € 8P; || - [|s» is a norm for this space.

» Linear algeb;‘a_We identify the space of k x n dimensional, real valued matrices with R¥*™,
T denotes the transpose operator. For any A € RF*" let Aj denote the j-th column vector of A.
For any vector z € R™, |z| is the vector 2-norm, defined by (37, |#;]?)!/2, and for any matrix A,

i+1

|A] is the matrix 2-norm, defined by maxj,—; |Az|, where |Az| is the vector 2-norm of the vector
Ax.

» Functions and regularity. Let v € (0,1] and A(-) be a function in the domain [0,7) x R!
taking values in R¥*" (resp. R¥). We say that A(t,-) is y-Hélder continuous uniformly in ¢ with
Holder constant L4 if, for all (z,y) € (RY)? and t € [0,T), |A(t,z) — A(t,y)| < Lalx —y|7; in the
case that v = 1, we say that A(¢,-) is Lipschitz continuous uniformly in ¢ with Lipschitz constant
L,. Likewise, we say that A(-,z) is y-Holder continuous uniformly in z with Hélder constant
Ly if, for every (t1,t2) € [0,T)? and x € RY, |A(t1,z) — A(tz,x)| < Lalt; — t2|7. For a given
multi-index o = (i1,...,%4) With no zero entries, we define by dy A(t,-) the multiple derivative
Oz, ...c’?‘/]“‘alA(t7 ). If A(t,-) takes values in R* and is differentiable, we define by V,A(t,-) the
R**! valued function whose (u,v)-th component is 0., A, (t,-). If A(t,-) takes values in (R*)T



and is differentiable, we define by V,A(t,-) the R™**_valued function whose (u,v)-th component
is 05, Ay(t,-). Define by [|Al| the infinity norm

max sup |Ay (t,z)] (resp. max sup | Ay (t, x)]).
WY (t,x)€[0,T) xR! Yo (t,x)€[0,T) xR!

» Mollifiers. The following definitions will come in handy.

Definition 1.1. Let Let n be a non-zero integer. A mollifier is a smooth function ¢ : R™ — [0, 00)
with compact support on {x :€ R™ : |z| <1} such that [, ¢(x)dz =1 and limp_o R"¢(Rx) =
0(x) for all x € R™, where 6(x) is the Dirac delta function. For R > 0, define the function
oRr : R™ = [0,00) be the function © — R"¢(Rx).

An example of a mollifier is ¢(z) = e~1/(1=I2D1, ;. The following lemma, which is standard,
shows how a mollifier can be used to generate a smooth function from a continuous one.

Lemma 1.2. Let F : R"™ — R be continuous, and define the function Fr(x) := [p. F(x —
Y)or(y)dy. Then the function Fr(x) is smooth and imp_oo Fr(xz) = F(z) for all x € R™.

1.2 Assumptions
The following assumptions will hold throughout this paper.

(Ab,s) X is a solution to the stochastic differential equation (SDE)
¢ ¢
Xo=x9, Xi=uxg +/ b(s, Xs)ds +/ o(s, Xs)dW, s> 0, (1.7)
0 0

where zo € R? is fixed and b and o satisfy

(a) (t,x) € [0,T] xR s b(t, x) is R%-valued, measurable and uniformly bounded. Moreover,
b(t,-) is twice continuously differentiable with uniformly bounded derivatives and Holder
continuous second derivative, and b(-,z) is 1/2-Holder continuous uniformly in z.

(b) (t,z) € [0,T] x R4 — o(t,z) is R?*9-valued, measurable and uniformly bounded. More-
over, o(t,-) is twice continuously differentiable with uniformly bounded derivatives and
Holder continuous second derivative, and o(+, ) is 1/2-Ho6lder continuous uniformly in
x.

(c) o(-) satisfies a uniformly elliptic condition: there exists some finite 5 > 0 such that, for
any ¢ € RY, (To(t,x)o(t,x)T¢ > B|¢|? for all (t,x) € [0,T] x RZ

(Ag) The terminal condition ® : R? — R is a measurable function and there exists a constant
a € (0,1] such that K*(®) < oo, where

K*(®)%

2
[19(X) ] + supy<,cp HEEE (1.8)
for V; 7 (®)?

E
E[|o(XT) — Ee[@(X7)]|*].

We say that @ is fractionally smooth, and that it belongs to the space Ly . We refer to
[GM10] for further discussion of and references for the space Lg 4.

(Ag) The driver f:[0,T) x R x R x (R?) T — R satisfies (1.2).

The following assumptions will be needed for interim results only hold when specifically stated.



(Ape) The driver (¢, z,y,z) — f(t,z,y, z) is continuously differentiable with respect (z,y, z) for all
t €[0,T), and the partial derivatives are bounded by Lg(T — t)(==1/2,

(Ag,) The driver f(t,z,y,z) is 3-Hélder continuous in its ¢ uniformly in (z,y,z) with Hélder con-
stant Ly.

(Apa) The function ® is uniformly bounded: ||®||s < 0o.

(Aexp®) The terminal condition has exponential bounds in the sense that there is a finite C¢ > 0 such
that E[e/®X0l] < C¢.

(Aha) The function ® is Holder continuous: there exists a finite constants K¢ and 04 € (0, 1] such
that |®(21) — ®(22)| < Kg|r1 — 22|% for any x1, 29 € R%.

Remark 1.3. Due to (Ap ), (Ans) implies (Aexps) and (Ag). Note that it is possible that
fp < a: see [GGGI12, page 2086, e.g. (i)].

In the proofs below, it will be necessary to compute a right-inverse to the matrix o(-), i.e.,
for every (t,z) € [0,T) x R%, it will be necessary to find a (g, d)-dimensional matrix o~!(¢,z)
such that o(t,x)o~t(t,x) = I5. In the case where the dimensions d and ¢ are equal, this is
uniquely defined by usual matrix inverse of o(t,x), whose existence is guaranteed by the uniform
ellipticity condition (A, ). If the dimensions d and ¢ are not equal, o~ 1(¢,x) is defined by
the pseudoinverse o (t, x)T(U(t,x)a(t,x)T)fl; this is well defined because the uniform ellipticity
condition (A, ) guarantees the existence of the inverse of oo . In both cases, the right-inverse
is uniformly Lipschitz continuous.

Lemma 1.4. The right inverse matriz o(t,-)~1 is Lipschitz continuous uniformly int and o=1(-, )
is 1/2-Hélder continuous uniformly in x. Its Lipschitz (resp. Hoélder) constant depends ||o|so,
V.20 lleo and B only, but not on (t,z). Moreover, ||~ |so < ||0]l0o/B-

2 Key preliminary results

2.1 Malliavin calculus

We recall briefly some properties and definitions of Malliavin calculus. For details, we refer the
reader to [Nua06].

For any m > 1, define C;°(R™) to be the space of functions taking values in R which
are infinitely differentiable such that all partial derivatives have at most polynomial growth,
and denote by W(h) := fOT hydW; the 1t6 integral of the (RY)T-valued, deterministic function
h € Lo([0,T); (R?)T). Let R C Lo(Fr) be the subspace containing all random variables F of
the form f(W(hi),...,W(hy,)) for h; € L2([0,T);R?) and any finite m. Define the derivative
operator D : R + Lo([0,T] x Q) by DyF := Y% 8; f(W(h1), ..., W(hm))h;(t). The derivative
operator is extended to D'? C Ly(Fr), the closure of R in Lg(Fr) under the norm ||F|3 , =
| F|13 + E[fOT |D;F|?dt]. Define by DV2(RF) (resp. D2((R¥)T)) by the space of random variables
F = (F,....,F,)" (vesp. F = (F,...,Fy)) such that F; € D2 for each i € {0,...,k}. The
Mallivin derivative DF is denoted by the R¥*4- (resp. R7**-) valued process whose i-th row (resp.
column) is DF; (resp. (DE;)").

The following lemma, termed the chain rule of Malliavin calculus, is proved in [Nua06, Propo-
sition 1.2.3].




Lemma 2.1 (Chain rule). Let (Fy,...,Fy,) € (DY2)™. For any continuously differentiable func-
tion f : R™ — R with bounded partial derivatives, and F = f(Fy,...,F,) € DY2, the random
variable f(F) € DY2 and Df(F)=>1",0;f(F)DF; =V, f(F)DF

Remark. In the case that F takes values in (R™)T, the result of Lemma hold with Df(F) =
V.f(F)(DF)". In the case that f takes values in (R¥) T, applying Lemma [2.1| component-wise
yields that f(F) is in DY2((R*)7) and Df(F) = (DF)"V.f(F).

For the space
T
dom(8) := {u € Ly([0,T] x Q; (RY) ") : Ic € R 5.t VF € D'? |E[/ (us - DyF)ds]| < c||F||3 }
0

define the Skorohod integral operator § : dom(§) — Lo(Q2) as the dual operator to the Malliavin
derivative in the sense that ]E[fOT(us - DsF)ds] = E[Fd(u)]. Below are the key properties of the
Skorohod integral used in this paper.

Lemma 2.2 (Integration-by-parts). Suppose that u € dom(8) and F € DY2 are such that E[F? fOT lug|?ds] <
oo. Then, the integration by parts formula holds: fOT(us - DyF)ds = Fé(u) — 0(Fu).

Remark 2.3. Suppose that the process u takes values in R9** is such that u, is in dom(J) for
each i € {0,...,k}, where u; is the i-th column of u. The Skorohod integral of u, denoted by 6 (u),
is defined by

o(u) := (5(uI)T, .. .,S(UZ)T). (2.1)
The integration by parts formula, Lemma [2.2] is applied column-wise in the case of matrix valued
u. where DsFuy is understood as a matrix-matrix multiplication, and the Skorohod integrals are
defined in the multidimensional sense of equation (2.1)).

2.2 SDEs and Malliavin calculus

Fix t € [0,7) and z € R?. We recall some standard properties on the Malliavin calculus applied
to SDEs X ®) of the form

Xt = g 4 / b(r, XN,y (r)dr + / o (r, X N1y (r)dW,. (2.2)
t t

Observe that the SDE X defined in (I.7)) is equal to X (%*0). First, we recall the flow VX ®#) and
its inverse VX (%=1 which are respectively defined by the SDEs

VX(””)—Id—i—/ v, vxt du+2/ o} XD AW,
q
VXT(t,x,—l):Id+/ VXﬁt’w’_l) Z Ju _b/ dT_Z/ VX(tx,—l) ’ d/ng
t =1

where b), denotes anj(u,Xff’m)) and ¢’ , denotes V,a;(r, XT(-t’m)). These processes are linear
SDEs, and we list some standard properties used throughout this paper in the following Lemma.

Lemma 2.4. For every p > 1, VX% and VXE=1 gre in SP, and there is a constant Cp
depending only on ||o||so, |Vabllso, |Va0jlloc, T and p such that |[VX®D)||sp + VX EED]| g <
C,. Moreover, |[VX™ —vXED |24 | wxPo ) —w x5 V)2 < Cylr—s| for all (t, 5) € [0, T2,
and VXEOVXESD = 1 for all v a.s., and, for any r < u < s, ET[|VX§t’I)VX7(,t’x’71) -
VXQ(f’I)VXﬁt’m’_l)\Q] < Co(s—u) a.s.



The Malliavin derivative of the marginals of X (**) is strongly related to the flow and its inverse,
as shown in the following Lemma. The proof of the estimates follows directly from Lemma[2:4]

Lemma 2.5. For all r € [0,T], x5 s in DY2(R%). Moreover, for all 0 < s,r < T,
D X" = VXX G (s, X1 ()17 (s)  aus.

whence there exists a constant Cp, depending only on ||0||oc, |Vab|loos [|V20jllec, T and p such that
Es[|DSXT(W)|p] < Oy, and sup, E[sup,<, <7 |DSX§t’$)|2]1/2 < Cy; moreover, for any x1,r2 € RY,
E[|D, X" — DX |P] < Cplay — 2o|P and, for any r < u < s, E[|D, X" — D, X,|?] <
Ca(s — u).

2.3 Existence, uniqueness, approximation and decomposition of the BSDE

Since the class of BSDEs under local conditions has, to the best of our knowledge, not been studied
in full generality, we now include a proof of the existence and uniqueness of solutions.

Theorem 2.6. There exists a unique pair of process (Y, Z) in 8? x H? solving the BSDE (1.1))
with terminal condition ®(X7) € Lo(Fr) and driver f satisfiying the locally Lipschitz continuous

and boundedness of (1.2).

Proof. Let (¢,9) be in H? x H?, and define the random function f(r,y,2) = f(r) =
f(r, Xy, ¢ ;). The function f is predictably measurable and satisfies assumptions (H1)-(H5) of
[BDH™03, Section 4]. Since f takes no argument in (y, z), it is only necessary to check (H1), which
follows readily the local Lipschitz continuity and local boundedness of the driver .Thanks to
[BDHT 03| Theorem 4.2], there exists a unique solution (Y(*%), Z(#%)) to the BSDE

T q T
VO o) + [ =Y [ 2w,
t ot

in H? x H2. The function Z : H? x H? — H? x H? mapping (¢,1)) to (Y(®¥) Z(@¥)) is well
defined. In fact, V(%) is in S2.

As in the proof of [EKPQ97], Theorem 2.1], we prove that = is a contraction. For k € {1,2}, let
(¢1,r) € H2xH? and define the BSDE (Yy, Z1,) := Z(¢x, 11 ). Define the differences §Y = Y} —Ys,
0Z =71 — Za, 0¢p = ¢p1 — ¢p2 and d¢ = 11 — 1a. It then follows from Holder’s inequality that

T T
1Y) + / 162, ||2dr < | / 1, X b1 ) — F(rs X by o) 2
t t
T
< IA(T 1) / (166,12 + 169,12} dr

for all t € [0,T). Setting to = (T — 1/(4L%)*/%* A1) V 0 ensures, on the one hand, that L3(T —
to)?* < 1/4, and, on the other hand, that T — t; < 1. Integrating the above inequality on the
interval ¢ € [ty,T) then yields 4ftf{||§Yr||§ +[6Z,||3}dr < fi{”é(br”% + |64 ||3}dr and 4)|6Yz||2 <
Lf{”é@”%—i—”&/}r”%}dr for all t € [tp,T). On the interval [0, to), the function f(¢,x, ) is Lipschitz
continuous with a uniform Lipschitz constant for all (¢, z), so we proceed as in the proof of Theorem
[EKPQ97, Theorem 2.1] to show that, for sufficiently large n > 0,

to

to 1
/O 10,13 + 152 [3)dr < e 62,12 + / {18602 + (160, 12} dr



Combining this with the above estimates on ftf{H(SYrH% +16Z,||3}dr and |63, ||2 then yields

T

T
1
[ emtioviig + 162, Bydr < 5 [ e qlonl + 60, 33ar
0 0
where 7, = n(r Atp). This is sufficient to prove that = is a contraction. (]

We now introduce an approximation procedure that will be used repeatedly in this paper.

Definition 2.7. Let ¢ € [0,T) and define f©(t,z,y,2) == ft, 2y, 2)1 0 1—e)(t). Let (V&) z())
be the solution of the BSDE

T T
v = o(Xy) +/ (s, X,, Y9, 2 ds —/ ZEaw,. (2.3)
¢ ¢
Additionally, let (y,z) be the solution of the BSDE with zero driver y, = ®(Xr) — ftT z2sdWs and
(y®), 24)) the solution of the BSDE with zero terminal condition
T T
y = / FO (s, Xy ys +yl 26+ 209)ds — / 29 dW;. (2.4)
¢ ¢

Since f©)(t,x,y,z) is Lipschitz continuous uniformly in ¢ with Lipschitz constant Lfe(eb’l)m,
the solutions of the BSDEs in Definition exists in S? x H? and are unique for all € € [0,7T)
[EKPQ97, Theorem 2.1]. The introduction of the BSDEs in Definition is localization technique
used extensively in [GM10], and we shall frequently take advantage of it throughout this work. We
shall also make use of the decomposition (Y, Z()) = (y 4+ ), z + 2(9)), which is standard in
BSDE literature [GM10].

We first treat the linear BSDE (y, z). The following Lemma relates the linear BSDE (y, z) to
the PDE in (1.6) and gives some boundedness properties for the function w and its derivatives;
these bounds will be used throughout this paper.

Lemma 2.8. Let (Apg) be in force. Then u(t,z) = E[®(X7)|X; = 2], the so-called Feynman-Kac
representation, is a classical solution of the PDE (L.6), and the derivatives 0%u (|a| < 3), dyu,
0y V zu exist and are continuous. There is a constant C depending only on the bound on b and it’s
derivatives, the bound on o and it’s derivatives, and [ such that ||02u(t,)||eo < C||®||eo (T —1t)lI/2
for all (t,z) € [0,T) x R Moreover, (u(t, X;), (Vou(t,X¢)o(t, X;))") is the solution to the linear
BSDE (y,z). For any x1,12 € R%, t € [0,T) recall from the SDEs X(t#1) and X 4%2) " and for
a, B €1[0,1] define X := aX®*1) 4+ 3XE22) - then |V, u(r, X,)|? < CE[|®(X1) —E,.[®(X7)]|*|(T —
)~ and |V2u(r, X,)|? < E.[|®(X7) — E.[®(X7)] 2| (T —r)~2 for all v € [0,T).

Proof. The Feynman-Kac representation of the solution is well known, see |[GM™05] among
many others. Moreover, X is a Markov process with transition density p(t,z; ¢, s) and, under
(Ab ), the derivative of the transition density 09p(t, x; €, s) exist for all a such that |a| < 3 and
are bounded [ETi64) Chapter 9, Theorem 7]. The bounds on the derivatives of u(t,-) follow from
Lebesgue’s differentiation theorem and direct computation.

To show the bound on |V, u(r, X,)|, let us recall first that the result in the case a = 1 and
B =0 is given in [GMI0, Lemma 1.1]. The authors use the tools of [GM™05, Lemma 2.9] to show
that, for every r € [0,7) and = € R?, there is a random variable H,. , such that V u(r, Xr(t’w)) =
E.[®(X7r)H, ). H,, satisfies E.[H,, = 0] and E,[|H,.|?] < C(T — r)~1, whence their result
follows. In fact, one can follow the proof method of [GM™05, Lemma 2.9], using additionally the
linearity of the Malliavin derivative, to show that, for H, := aH, ., + BHr,za, Vyu(r, X,) =
E,.[®(X,)H,], whence the result follows. The proof for the bound on |VZu(r, X,.)| is similar. O
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We move onto the non-linear BSDE (y(%), 2(¥)). The following representations and a priori
estimates will be critical throughout this paper.

Lemma 2.9. Let (Ags) and (Aps) hold. Define ©, = (r, X,.,YT(E), Zﬁa)), and set

al® =V, f&(0,) + V,f0,)Vou(r, X,) + V.f(0,)U(r, X,) ",
b =V, fOr X, V&, Z2E), &)=V, (r, X,, Y, 2). (2.5)

where U(r,x) is defined by
d
U(t,z) := V2u( 2)+ Y (Vau);(t, 2)Vao] (£ 1), (2.6)
j=1

Then there a finite constant C' depending only on T, d, K*(®), the bound on o and it’s derivatives,
the bound on b and it’s derivatives, Ly, and 01, such that

1al)|a < CLig 1oy (r)(T — )@ F0L=3)/2 (2.7)

There exists a unique solution (U V©)) € 82 x H? of the BSDE

T q
Uf):/ D+ U0 Ig + Vob(r, X,) + Y e\ ) Voo (r, X,)dr
t j=1

/ Z VINT ()1 + Vo1, X,) der/ ViNTaw;, (2.8)

(e)
7.
column of VT-(E). There is a (possibly different) constant C such that, for any 0 <t <T and e > 0,

where 0;(-) is the j-th column of o(-), c,; are the j-th component of cge), and V(E) is the j-th

Opa [ e O c
Bl sup [USF)+ [ IVOlar <Ol [ el < ey (29)

Let us consider (Vy'®), V) solving the BSDE

T
Vy(a) = / fa(:E)(@r>VXr + flsg) (@T)(U(T, XT)VX’I‘ + Vyﬁs))d’l“
t

T q
+/t fés’(er)U(r,Xr)Tvxr+;f§f2(@r)< AN Ty — Z/ VN Taw,. (2.10)

The processes z\€) and Vz©) satisfy the representations

29 =U90(t, X)) mxP—ae. (2.11)
(VN = (V) To 1 (t, X)) — U Va0t X0) m x P — ace. (2.12)

where sz(;) is the j-th column of Vzt(s).

Proof. In what follows, C' may change from line to line. From [GMI10, Lemma 1.1], ||V u(t, X¢)||2 <

C(T — t)@=D/2 and ||V2u(t, X,)|l2 < C(T — )@=2/2 Therefore, ||a\” ||y < C(T — r)r+a=3)/2
for all » € [0,T — €], which is the bound (2.7)), whence

T—e¢ 9 C
(A ||a$€)“2dr) < m < o0.

11



This is the second inequality in (2.9). Additionally, for all ¢ € [0,T), |b§€)| + max; |c§€t) | <C(T
t)(2=1/2 almost surely. The first inequality in (2.9)) follows. Let (¢,1) be a (R%)T x R4*?— valued
process in H?, and define the random function

g(r.y,2) = g(r) = a® + ¢ () La + Vb(r, X,) +Z Va0, (r, X))

q
3 (W) T(E o + Vo, (r, X, ).
j=1

The function g is progressively measurable and satisfies assumptions (H1)-(H5) of [BDH™03, Sec-
tion 4]. Since f takes no argument in (y, ), it is only necessary to validate (H1): using the triangle
inequality, Jensen’s inequality, the Cauchy-Schwarz inequality, and assumptions (Ag¢) and (Ap o),
it follows that

B[ ot <BIC o9 an? 2+ o EllonFlan (| )

1/2 r dr 1/2
+C’Z/ L dr)/(/o )/ < .

Thanks to [BDHT03, Theorem 4.2], there exists a unique solution (u,v) to the BSDE

T a T '
up = / g(r)dr — Z/ vjrdW) te[0,7).
t o

in 8% x H2. The remainder of the proof of existence and uniqueness follows exactly as the proof
of Theorem [2.6] To prove the first inequality in (2.9), observe that the driver g(r) satisfies
from Proposltlon Epvmth fr= |a$«€)\ and \, = p, = C(T — r)(0=D/2,

The proofs of and ( are given in [GM10, Theorem 2.1]. The inclussion of the local
Lipschitz continuity assumptions make no difference, because the driver f(t,z,y, 2)1o,r—c)(t)
is Lipschitz continuous uniformly in ¢ in (z,y, z) with Lipschitz coefficient L fs(aL_l)/ 2, (Il

2.4 A priori estimates

For 0 < s <r < T, we define the Malliavin weights by

HS = ! (/r(a’l(t,Xt)Dth)Tth)T (2.13)

r—s

where D, X; is the Malliavin derivative of X; at s defined in Section 2.2l It was shown in Lemma
that |o~1(¢, z)| is uniformly bounded in (¢,). The following constant appears throughout this
paper

Y2, sup sup E,[|D.X;[%]. (2.14)

0<s<T s<t<T

CM = ||0'_

It is known from Lemmathat SUPg< s <7 SUPg <7 Es[|Ds X [?] is bounded. The following result
is used in the proof of [GMI0, Lemma 1.1]; we include it here for completeness.

Lemma 2.10. For any0 <s<r <T,
Cum

r—s

EL[|H; "] <

almost surely.

Moreover, for every p > 2, there is a finite C, > 0 depending only on p, ||0llcc, [[Vablso,
max; ||V.0;]l00, and T such that ||HE||, < Cp(r — s)7P/2.

12



Proof. Observe, using Lemma [2.5(and the fact that (s — r)?|HZ|? — [ |07 1(t, X;) Ds X, [?dt is
a (local) martingale, that

o™ oo
(r—s)?

One then applies the conditional Fubini’s lemma, Lemma and the uniform bound on E,[| Dy X;|?]
from Lemmal[2.5|to complete the proof. The bound on || H¢]|, is proved using the Burkholder-Davis-
Gundy inequality on the continuous local martingale (t — s)H;. O

We now state and prove a priori results on the solutions of BSDEs with drivers satisfying .

Es[|Hj\2]:(r—s)*2Es[/ lo = (t, X¢) Ds X¢)?dt] < Es[/ | D, X |dt].

Proposition 2.11. Let © — ®1,Py € Lo(Fr)and (w,t,y,z) — fi(w,t,y,2), fo(w,t,y,z) be
P ® B(R) ® B((R?)")-measurable functions for which there are constants (61.r,02.1) € (0,1]
and (Ly,,Ly,) € (0,00)? such that

Lidly =yl +12 =2}

) _r o
|fz(w,t,y,z) fz(wvtay )y % )| < (T_t)(l—ei,L)/Q

m X P — almost everywhere,

and fi(w,t,0,0) € H? for i € {1,2}. Let (Y;,Z;) be a solution to the FBSDE with terminal
condition ®; and driver f;(t,y,z) (i = 1,2 respectively).
Define

AY; = Yl,t - YQ,t, AZy = Zl,t - ZQ,m
Afyi= fi(t, Y, Z14) — f2(t, Y14, Z14), AP =Dy — Dy,

Then there is a finite constant C' > 0 depending only onT', Ly, and 02 1, such that, for alls <t < T,

T T
Es[AY?] 4 E,| / |AZ|*ds] < CE{[A®*] + C( / EJ[Af2)2dr)® (2.15)

¢ ¢
Moreover, suppose that Z; 4 := Et[fbi(XT)H%—i—ftT filr, X0, Y5, Zin)HEdr] for allt € [0,T) almost

surely (i = 1,2). Then there is a (possibly different) finite constant C > 0 depending only on T,
Cwy, Ly,, and 09 1, such that,

E [(A® — E,AD)2]1/2 T |, [AfF2L/2
[( tAP)? LC s[Af7]

E,[|AZ]2]Y? < C ZelBJrl
Az < T—1t v =t

dr + CE4[A®HY2(T — 1)02/2

(2.16)
for allt € [0,T) almost surely.

Proof. In what follows, C' may change from line to line. We prove the result for s = 0; the
general case is proved analogously, the only difference is that one must use the conditional version
of the Minkowski, Cauchy-Schwarz, and Holder inequalities and the conditional Fubini’s theorem
(Lemma [5.1)). Using the definition of the BSDE (L)),

T T T
AY; + / AZ,dW, = AD + / Afyds+ / Fo(5, Vg Z1.3) — fo(s, Yo, Zo.s)ds.
t t t
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Using (1.2)) and Hélder’s inequality,

T T T
1AVl + [ 187,55 < 31A0E 3 [ AfaslF+3 [ (s ¥i Z00) = fols. Vo Zo.)dsl
t

AY |+ |AZ,
< 31 AD|3 + 3 / INATRE RSV Y / e sl
T 1

< 303 + 3| / Afdsi+31%, [ s / (IAY 3 + 1A Z, |13} ds

t t

T
§3||A<1>||§+3||/ AJ|ds|l3 + 313, (T *"u/ IAY,[2 + |AZs|2}ds (217)

t

Setting to = (T — 1/(6L%,)'/%%) V 0 ensures that 3Ly, (T —t)?>* < 1/2, and, on the other hand,
that T' — tg < 1. Integrating (2.17) over (to,T"), we obtain

T T
/ IAYAIE + [ AZ,|2ds < 6 A®|3 +6L2 | / INACRE (2.18)
to

to

Substituting (2.18]) into (2.17)) then yields

T
sup [|AYy[[3 §6||A‘I’H§+6||/ |Afsldsll3
to<t<T to

and this gives the result in the interval [to, T.
In the interval [0,¢y), the function (y,z) — fa(w,t,y,z) is m x P Lipschitz continuous with
Lipschitz constant L = L (T — to)2£=1/2_ Tt then follows from [EKPQ97, Proposition 2.1] that

T to
sup [AY2 + / |AZ|2ds < Cl|AY:, |3+ C| / INALAE
to

0<t<tog
and the proof of (2.15]) is complete by substituting the bounds on ||AY,||3 from above.

Next, we prove (2.16). Using the representation Z; ; = E;[®; H: + ftT [i(r,Yir, Zi ) HLdr], it
follows from Minkowski’s inequality, the Cauchy-Schwarz inequality, and Lemma that

CV,r(AD) /T [NAR T AY e + |AZ ]2
AZ < — 21 (C dr +C dr. 2.19
1822 < VT —t ¢ =t * (T — )0 Oen)2 =i (2.19)

where we define V; 7(A®) by E[|A® — E,A®|?]'/2. Defining O, = ||AY; ||z +||AZ,|]2 and recalling
(2.17)), it follows that

CVt,T(Aq}) ||Afr||2 O,
o, g0||A<I>H2+ﬁ+C/t e +C/ T s T L (2.20)

Applying Lemma [5.6] with u; = ©; and

CV,r(AD) /T [NAE
=C||Ad® — 21 d
we = ClARly + ==+ 0 | g

it follows that

Wy T @r

T
@r < th + O\/t (T ) (1—62,1.) \/,,Tdr +C (T — 7')(1_92,L)/2 dr
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whence it follows from Lemma [5.7 that

T
o, Wy
/t (T =000 =1 dr<C/ - 62L)/2mdr
Substituting this into (2.19)) and applying Lemma leads to
CVir(A®) HAfer Wr
< — 22~ 7
[AZl2 < =T +C/t = dr +C/ T— )0 02L)/2mdr
CVir(AD) HAfer Ve (AD)
?—&-C/t d+C/ T 0“)/2de

f ”AfSH S_T) 1/2d 2,L
+c/ e QHWﬁd r 4 C|AD|o(T — t)22/

OVfT(Afb r HAfer V. r(AD)
= c/ d+C/ TG h —dr

e / TN / (s — )10 (r — 1)V 2dr}ds + Cl|AB||o(T — 1)>2/2,
t T

The proof is completed by observing that V. p(A®) is non-increasing in 7. |

The estimates (2.16]) allow us to determine a priori estimates on the conditional second moments
of the solution of the BSDE (Y, Z).

Corollary 2.12. Assume that Z; = B [®(Xp)Hb + [ f(r, X, Yy, Z,)Hidr] for all t € [0,T)
almost surely. Then there is a constant C' depending only on Ly, 0y, Cy, 0., K“(®) and T such
that, for allt € [0,T) and s € [0,t], we have
sup E,[[Vi*]'/? < C(1 4 E,[|®(Xr) — B[®(X7)]*]/?),
s<t<T
CE,[|®(Xr) — E,[®(Xr)]|*]*/ n ¢
T _¢ (T — t)(1-20.)/2

E,[|1Z,*]'/* < + CE,[|@(X)[*]/3(T — 1)°e/2.
In particular, ||Yi|lz2 < C and || Zi]|2 < C(T — 5)((200ha=1/2 for qlit € [0,T), and

C C
||f(saX57}/S7ZS)H2 < (T _ 8)1—((20c)/\a+9L)/2 + (T — 5)1*9c ’

(2.21)
If (Ana) is in force, we have additionally that | Z;| < CKg(T — s)((20:)N02=1)/2 for qll t € [0,T)
almost surely.

Proof. In what follows, C' may change from line to line. As in Proposition we only prove
the result for s = 0. Apply (2.16]) from Proposition [2.11|with (Y7, Z1) = (0,0) and (Y2, Z2) = (Y, Z)
to obtain (for all ¢ € [0,T))

T
t

VT —t Vr—t
C T dr 0
. _ L/2
< (T — ) =a)2 +C’/t T = =0 fr =1 +C(T —1t) .

Combining the local Lipschitz continuity and boundedness of f in leads to the required
bound on the conditional second moments of Z;. The estimate on the conditional moments of
Y; is obtained similarly starting from . The remaining bounds are obtained by taking into
account and the regularity of the terminal condition ((Ag) or (Ans)). O
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Recall (Y(E), Z(E)) from Definition in Section the BSDE with terminal condition ® and
driver f)(t,z,y, 2) :== f(t,z,y, 2)110,7—c)(t). The following corollary of Proposition will be
used extensively throughout this paper; it provides a stability results between the BSDEs (Y, Z)
and (V) Z(9)) that are controlled by ¢.

Corollary 2.13. Let~y := (96/\%—1—%)/\90. Suppose that Z = Et[CD(XT)H}—i—j;T f(s,Xs,Ys, Zs)H'ds]
and Z\F = E[®(Xr)HL + ftT FO(s, X, YD, ZEVHLds] for all t € [0,T) almost surely. Then
there is a constant C such that

T
sup [V Y+ [ 12~ 213 < o=, (2.22)
0<t<T 0
12— 29N < C & (2.23)
wv(T—e) (T —8)177/s —t
for allt € [0,T). In particular, (Y, Z©)) = (Y, Z) as € — 0 in S? x H2.
Proof. In what follows, C' may change from line to line.
It follows from (2.15)) in Proposition that
) T T 9
sup Vi YO+ [Nz 2OBds <o [ s Xy Zlds) . (220)
0<t<T 0 T—e

2
Substituting (2.21) into (2.24) combined with ( fTTfe (T—sd%> < Ce?Y completes the proof of
(2.22)). Next, it follows from (2.16]) that

4 ||f(S’X571/S7ZS)H2
V(T —e) Vs—t

Substituting (2.21]) above proves ([2.23]). O

To end this section, we present a mollification procedure that will be used frequently to al-

12— 29|, < C ds for all t € [0,T).

low us to extend results under the assumptions (Ape) and (Apa) to the same results without
these assumptions. The following corollaries are a trivial consequence of Proposition and the
properties of mollifiers.

Corollary 2.14. Let M > 0 be finite, and M +— R(M) > 1 be increasing w.r.t. M. Define
Ppr(z) := —M V ®(x) A M and, recalling the mollifier ¢ of Definition[1.1]

fM(t7 z,Y, Z) = / f(ta r — 1'/, Yy— ylv z = Z/)¢R(M) (1'/, y/a Z/)d(x/7 yl7 Z/)a
RIXRX(R2)T

Let (Yar, Zyr) be the solution of the BSDE with terminal condition ®p; and driver fu(t,x,y, z).
Then @)y satisfies (Apa), fur satisfies (Aag), and (Yar, Zy) — (Y, Z) as M — oo in 82 x H2.

2.5 Representation theorem

Theorem 2.15. Suppose that & € Ly, and (t,z,y,2) — f(t,z,y, z) satisfies (1.2). Then, there
18 a predictable version Z of Z which satisfies

T
Zp = By [®(X7)HE —|—/ f(s, X, Y, Z)HLds]  for allt € [0,T) P—a.s. (2.25)
t
where H! are the Malliavin weights given in (2.13)).
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Proof. In the following, we C' is a constant whose value may change from line to line.

To start with, assume (Ap¢) and (Aps). Recall the BSDEs (Y(®), Z()) (y,2) and (y(®), 2(9))
from Section and furthermore the decomposition (Y&, Z(5)) = (y + 4, 2 4 2()). We obtain
the representation theorem for the BSDEs (y(%), Z(E)) and use the decomposition to obtain rep-
resentation theorem for (Y(¢), Z(¥)); the representation theorem for (y,z) is well known, see the
proof of [GM10, Lemma 1.1].

Firstly, observe from Lemmathat (y), 2(9)) solves a BSDE with terminal condition 0 and
driver F(t,z,y,2) = f©(t,z,u(t,z) +y, (Vyu(t,z)o(t,r))" +2) on the time interval [0, T —¢]; on
this interval, the driver F' is uniformly Lipschitz continuous (01, r = 1) in (z,y, z) and uniformly
bounded at (z,y, z) = (0,0) (fc,r = 1), due to the bounds on u and it’s derivatives, and continuous
in t. Therefore, [MZ02, Theorem 4.2] applies to the BSDE in the interval [0,T — €], i.e. zf) =
Eq| tT7€ F(r, X,, e, zﬁe))Hf.dr} for all ¢t € [0,T — €] almost surely. On the other hand, zta) and
F(t,x,y,z) are 0 for all ¢t € (T — &, T] almost surely, so the representation holds trivially in the
latter interval. Therefore, including the representation of (y, z), it follows that

T
719 = B, [®(Xp)HE + / fOr X, Y, ZNHdr] forallt € [0,T) P—as.  (2.26)
t

Define by Z the predictable projection [JS03, Theorem 2.28] of the process (X; := ®(Xr)HE +
ftT f(r, X0, Yo, Zy)Hdr)cio,ry- In what follows, we show that ||Zt(8) — Zi]l2 = 0 as € — 0 for
almost all ¢ € [0,T"). This implies, by the dominated convergence theorem, that Z ) - Z in H>.
Since Z(8) — Z in H? was determined in Corollary this implies that Z; = Z; m x P — a.e.,
which completes the proof under the assumptions (Age) and (Aps).

We first need some intermediate bounds. Analogously to Corollary we have that

If(r, X, Y., 2|5 < for all r € [0, 7). (2.27)

S
(T —r)t=>
Fix t € [0,T) and n > 0. Using the representation formula ([2.26]), it follows from Minkowski’s
inequality, the Cauchy-Schwarz inequality, and Lemma that

T
12 — 2|2 = ||Eq] / (fOr, X, Y9, 29 = f(r, X, Yy, Z,)) HLdr]||2
t

T
< ||E¢] / (fO0r, X, Y, Z29) - f(r, X, YD), Z{))) Hldr]||»
t

e [T F0 X0, YO, 28 — f(r, X0, Ve, Z)

+Cy I2 4. (2.28)

t r—t
Taking ¢ < (T — t)/2 and using (2.27)), it follows that
|fr. X, Y, 2

T—e¢ Vr_t

ar T T dr  Ce

C
< —M___ — = :
VT —t—¢ Jr_. VT =t Jp_o (T —r)t=7 Tt

Taking ¢ < n'/7(T — t)1/(7) /C, where C is the last constant in the inequality above, is sufficient

T
Bl [ (F90 X0 Y, 209) = 10, XY, 20 Hparl < O 24
t

||f(7’, X?"a }/7"(6)7 Z7£6))||2dr <
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to bound the above term by 7. On the other hand, letting § < (T —t)/2,

/T I1f(r, X, Y9 289 = f(r, X, Y, Z,)
t VT —t
T
1/2 ft+5 Hf(ra XTa Y;"(E)v ZT(’E)) - f(r7 XT’7YT’7 ZT’)”er
<cy 7
/”5 If(r, X, Vi, Z) = f(r, X0, Yy, Z,)
t r—t

Her

+Ci? 2 4, (2.29)

To bound the first integral term above, apply Holder’s inequality and the Lipschitz continuity of
f(t,-) to obtain
T

C]1\4/2 6Hf(7n7 er Yr(5)7 Zfr(*E)) - f(T’, XT‘7YT‘7 Zr)||2dr
t+

T T
dr 1/2 1/2
<0oV’L (/ 7) ( sup ||V, — Y 2+/ Z, — 7 2dr)
>y Hf o (T —r)i-oe ogslg)TH b ) | + Iz

Using that (Y, Z() = (Y,Z) in S x H? as ¢ — 0 (Corollary , set ¢ sufficiently small so
that the above is bounded above by v/67. To bound the second integral term in (2.29)), use (2.21)
and ([2.27) combined with the triangle inequality to show that

o [N X, Y, 28 — £, X Y, Z,)

[
C d
Mo J— r
C o gy CVo

< <

ST ) it a oo
and set ¢ sufficiently small so that the above is bounded above by 7. Therefore, we have shown that
for almost every ¢ € [0,T") and every n > 0, there is a sufficiently small e such that HZt(E) —Z4||2 < 3n.
In other words, E[\Zt(g) — Zi|?] = 0 as e — 0 for every t, as required.

To prove the result without (Ass) and (Aps ), recall the mollified BSDE (Yas, Zas) from Corol-
lary Since @,/ satisfies (Ape) and fis satisfies (Age), there is a predictable version Zys of Zys
satisfying Zars = E[®p (X7)HE + ftT Faa(ry X, Yoy, Zpg ) HEdr] for all ¢ € [0,T) almost surely.
Now, we can use analogous to the above arguments, together with the point-wise convergence of
far to f and @ to @, and the convergence of (Yar, Zar) to (Y, Z) in 8% x H? from Corollary
to complete the proof in the general case. O

3 Convergence rate of the Euler scheme for BSDEs

Throughout this section, the assumption (Ag,) is in force. The following theorem serves as the
basis of our estimates in this section; the proof is analogous to the proof of |[GL0G, Theorem 1],
one must only use the result Ay /(T —t)' =% < T (BN)~! for 8 < 0, (see Lemma in order
to compensate for the local Lipschtz constant of the driver.

Proposition 3.1. Let 8 < 0y,. For the Euler scheme for BSDFEs defined on the time-grids {771(\’[,3) :
N > 1}, there is a constant C' depending only on Ly, 61, 8, and T, but not on N, such that, for
all N > 1,

i+1

N—-1 ¢
E(N)<CN'+C Z / | Z — Zy,||3dt
i=0 Yti
where Zti = A%IEi[ftti“ tht].

i
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Following on from Section we work with the version of Z given by (2.25) in Theorem m
Since (Z:,); is the projection of Z onto the space of adapted discrete processes with nodes on 7
under the scalar product (u,v) = E fOT(us -wg)ds, it follows that

i1 i+1
Z / 12— 2, ||2dt<2 / 12— Z,,|13dt. (3.1)

To bound &; (N), it follows from Proposition that it is sufficient to bound the term on the right-
hand side of (3.1). To do so, we use an approximation procedure. Recall the BSDE (Y (¢), Z(2))
from Deﬁniti in Section In what follows, we work with the version of Z(€) given by
Theorem [2 The following lemma decomposes the Lo-regularity of Z into the Lo-regularity of
Z() and terms controlled by «.

Lemma 3.2. Let 5 € (0,1]. Then there is a constant C' depending only on Ly, Cy, 01, 6., f,
Cy, K(®), and T, such that for all N > 1

S

Proof. In what follows, C' may change in Value from line to line. Using the Cauchy mequality
and the orthogonality of the prOJectlons, 3 ZZ 0 t’“ 1Zs — Z,||3ds < fo ||Z — Z9|2ds +

Z "2, - Z 8)‘|§A + ZZ 0 tt1+1 ||Zs€ _ tf)||2d5. Recall from Corollary [2.13| that fo 1 Zs —

A ||§ds < Ce®). Moreover, using Jensen’s inequality,

N—-1 ~ ~
Z || Zti - Zti
=0

and this completes the proof. (]

Rds < © Z / 129 — 29 |2ds + 0=,

N-1 1 tit1 T
0= 5Bl / (2 — 27|30 < / 12, = 2 |l3ds < Ce
i=0 ° ti 0

We now come to our first and most general estimate on the £(V). Later, in Theorem we
augment this result under stronger assumptions.

Theorem 3.3. Let 0 < 5 < (27) A . There is a constant C' depending only on Ly, Car, 0z, 0.,
B, Cr, K*(®), and T, but not on N, such that for all N > 1,

E(N) <ON "1y 9(a+60L)+ CN™ 1 1y(a+0L)

Proof. From Proposition it is sufficient to bound Zl o t”l |Z; — Z,||3dt. In what
follows, C' may change in value from line to line. To start with, assume (Apf) and (Aps). Recall
the BSDEs (y(%), 2()) from Definition and (U®), V) from in Section In the proof
of [GM10, Theorem 3.1}, the authors show that for any ¢ and s € [t;,;41),

129 - 27 < C / o 2dr +C / IV lladr + CAY, (3:2)

Using (fOT |al®|2dr)? + fOT Vi 2dr < Ce= 1+t from [@.9) in Lemma and (3.1)), it

follows from Jensen’s inequality that

N-1 g0, C Cmaxo< <N-14
> /t 128 — £ 2ds < N s S ONTH1 4 lrreniTh
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where max; A; < CN ! follows from (5.2)) in Lemma Combining this estimate with Y% ! ttv’v“
2, ||3ds < CN~1, shown in [GMI0, Theorem 1.3], Z(6) = 2z + 2() and the results of Lemma

(3.1) it follows that
N—-1 tit1 ~
Z / 1 Zs — ZtiH%dS < CN—2V/8 402 4 CN71(1 +6(9L+04)/\171)' (3.3)
i=0 Yti

Let ¢ = N7%. To complete the proof under (Age) and (Aps), we take § = 1/(2y) if a +6, > 1
and 6 = 1 otherwise, and notice that 2v < a4+ 0y,

In order to prove the general result, recall the BSDE (Y, Zr) from Corollary its terminal
condition satisfies (Ape) and its driver satisfies (Agg). Moreover, [GMI0, Lemma 3.1] yields
K*(®,7) < K*(®). Therefore, working with the version of Zj; given by Theorem it follows
from the triangle inequality and the results obtained above that

T N-1
S(N)gz/ HZS—ZM,sH%dsHZ/
0 o Jt

i

ti+1 _ )
1Zn,s — Zre||2ds

and letting M — oo with Corollary yields the result. O

In the remainder of this section, we give a complementary result to Theoremunder (Aexpa)-
This is achieved using the an additional a priori estimates on ||Vt(5)||2, given in the proposition
below. This a priori estimate will be very important in Section

Proposition 3.4. Suppose that (Agg) is in force and ®(x) is not zero everywhere in R%. If (Apa)
is in force, there exists version of V€ and a finite constant C depending only on Ly, the bounds
on b and o and their partial derivatives, 8, Car, 01, 0., Cy, and T such that for any e € (0,7
and every t € [0,T), HW(E)”Q < Co(t,e,0r), where

T—e dr
B(t,e,0L) = ||<I>||oo/t (T — G002/ ¢

(3.4)

If (Ana) is in force, there exists a version of V), such that for any e € (0,T) and everyt € [0,T),
IVill2 < Co(t, 2,01, 00), where

T—¢
dr
¢(t75,0L,9q>) = Kq;/t (T—’/")(3_9L_9<I>)/2\/7Tt. (35)
Remark. The integrals in (3.43.5) exists and are bounded by Ce~(1=02)/2(T — ¢)(a=1)/2,
Proof. In what follows, C' may change from line to line.
For all (t,x) € [0,T) x R?, define the FBSDE
T T
ylete) :/ F(r, Xﬁt’z),yfng’t’z),sz’t’x))drf/ 2E82) qw,., s€et,T), (3.6)

where F(t,z,y,2) = fE(t,z,u(t,z) + y,(Vyu(t,z)o(t,r))" + 2z) and X®) is the solution of
the SDE (2:2). Note that the BSDE (y(®),2(¥)) from Section is equal to (y(:0:%0) z(=:0:20))
because, thanks to Lemma (y, z) is equal to (u(',X.), Vmu(~,X4)0(',X.)) and X is equal to
X (©0:z0) - Since f(¢)(t,-) is Lipschitz continuous for all ¢+ € [0,T], F(t,-) is also Lipschitz contin-
uous, with Lipschitz constant C'ly r_) (t)e@r=3)/2 for all t € [0,T). Now, letting HE®S) =
Len@) (o1 XD XN TaW,) T where DX (%2 s the Malliavin derivative of X{"),

20
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it follows from [MZ02, Theorem 4.2], because the terminal condition of the BSDE satisfied by
(y&t®) 2(&62)) s gzero, that Lot gy equal to z(5)(r, Xﬁt’z)) m X P-almost everywhere, where

2 1[0, T) x R* — (RY)T is a continuous, deterministic function given by
T
29 (t,2) = [ / F(r, X (W0, y(&he) plebe)) gltet) gy, (3.7)

r T
t

we work with this version of z(*%®) from hereon. It will be sufficient to show that z()(¢,-) is
Lipschitz continuous for all ¢ € [0,T) with Lipschitz constant Cé(¢,-) for ¢ relevant to (Aps)
or (Ape). Indeed, for a mollified version of z(%)(t,-), |szr€) (t, Xt)] < Co(t,-). The chain-rule
of Malliavin calculus — Lemma — yields D,z (t, X;) equals (D,X;)"V,2®)(t, X;). More-
over, (o7 !(s, XS)VXS)TDSZ(E) (t, X;) is equal to (VX,)TV,2E) (¢, X;) due to Lemma and the
Cauchy-Schwarz inequality and Lemma then imply that

(o™ (s, Xo)VX,) Doz (t, X,)[l2 < Co(t, ) for all s.

Since the bound on Hszrs)(t, X;)||4 is independent of the mollification, it follows that 2() (¢, X;) €
D2 for all ¢, and the above estimate holds. Using the version of zgs) given by 2()(¢, X;), and
Vzte) = (a‘l(s,Xs)VXs)TDszt(E) from [MZ02, Lemma 2.4] it follows that ||Vzt(5)||2 < Co(t,-).
Now, using Lemma [2.9]

(@) T © e dr
€ € .
| s UP<C [ ot <0 [ S < Cots),

s<r<T

and (Vj(i))—r = (sz(-i))—ra_l(t, Xt)—Ut(E)anj(t, X¢), therefore we conclude that ||Vt(8) lo < Co(s,-)
as required.

Let us now prove that z(%)(¢,-) is Lipschitz continuous. Fix s € [t,T). Using the representation
(B7) of 2(=42) it follows that

T
Hzg&t,wl) _ de,t,w2)||2 < ||Es[/ F(T, X£t7w1),y£6’t’wl),Zﬁa’t’ml))Hﬁt’wl’s)dT]
’ T
SB[ F X0 et e )

T
SB[ Pl X{02 ) (et rlane) s,
= A + As.

We start with an estimate for As. Using the Cauchy-Schwarz inequality, it follows that
T
Ao = / 1F(r, X (002) yfoitoea) otead|| | H(B00e) — BB ||y dr (3.8)

Using the same techniques as in the proof of Lemma [2.10] one shows that

o (5, X8%™)) — 0715, X8 s Blsup, cyer Do XA 511/
Vs
o™ loc Elsup,cycr DX — DX F]1/8
Vr—t )
where Cjy is the constant coming from the BDG inequality. Thanks to [RY99, Theorem 1X.2.4],
we have that

|H o) — HBP29) |, < Oy

+Cy

(3.9)

X&) — XB22) || g8 < Clay — 22 (3.10)
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The function o~1(¢,-) is Lipschitz continuous uniformly in ¢ with Lipschitz constant as given in
Lemmal[1.4] for all s € [t,T). Moreover, Lemma [2.5] gives that

E[ sup |DXEIPY8 < ¢ and E[ sup |D X% — DX E=2) B8 < Olay — ).

s<u<T s<u<T

Combining these estimates, it follows that [|H{"*"" — H*2D||, < Clay — 2| /v — L.

In order to find a bound for || F(r, xhea) o (eten) zﬁs’t’m))ﬂz;, we show that y{*"*) and z{&"?)
are in Ly(F,). Once this has been shown, we take advantage of the local Lipschitz continuity and
boundedness of f, and the uniform bounds on w and its partial derivatives from Lemma
in order to show that

u(r, X7 + (|0 oo | Vot (r, X772)))
(T_ /r)(l—eL)/2

- Cy CB.(®) _ _ CB/(®)

ST =)0 T (T =)0 T (p 16

|F(r, X572),0,0)] < [ f(r, X52),0,0)] + Ly

(3.11)

where B,.(®) := IETHCD(X%“)) - Er[q)(Xj(f’“))]|2]1/2. It follow from the triangle inequality, the
local Lipschitz continuity (1.2]) and the inequality (3.11]) that

|y£€,t,1’2) ‘ + |Z7(‘87t71'2) |

[ X{072, 0072, 2(0052) < P X0, 0,0) 4 Lt S5,

(e,t,x2)

But yr and z{5""2) are bounded: apply Proposition with (Y1, Z1) = (0,0) and (Y3, Z3) =
(y(&te2) 2(&:t22)) combined with inequality (3.11]) and Lemma to obtain that

T—e
Jyst )| < C/ E,[|F(u, X{072),0,0) ")V 2du < CB(®)(T — r)’":/2,

or
2

T—e
|z(&t22)| < c/ B [|F(u, X% 0,0) 212 (u — r)~Y2du < CB.(®)(T — r)?"F 3 (3.12)
for all r € [t,T). Therefore, ||F(r, X\""2) y{&t®2) (&0e2)y) o bounded above by C|| B, (®)]]4(T —
0
r)ac/\TL_l. Under either (Ape) or (Ape), ||B-(®)|4 is bounded uniformly in r by, say, Bs(®).
Substituting this and the bound on ||H7£t’w1’t) — gt |l4 into (3.8)

dr CB4(‘I))|1‘1 —l‘2|
< 0

)N s T (T — ) 0N

Now, we estimate A;. Using the conditional Fubini’s theorem, Lemma [5.1} and the Cauchy-

T
As < CBa(®)[z1 — ac2|/
. (T

Schwarz inequality,

T—¢
A < ”/ EsHF('f'? Xﬁt’wl),yﬁs’t’xl), Zﬁa’t’xl)) _ F(T, Xr(t,z2)7y£a,t,x2)7 Z,(,E’t’xz))|2]1/2ESHH£7€’JJ1’S)|2]1/2d7“||2

Analogously to Lemma ESHHT@’II’S) 1211/2 < Cpr(r — t)~Y/2] therefore Minkowski’s inequality
implies

2 dr.

T—¢ (t,z1) | (et,@1) _(et,1)y (t,xz2) (e,t,x2) _(g,t,x2)
Al < C/ HF(nXT > Yr ) Zr ) F<T7XT ) Yr ) Zr )H

r—s
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By applying the Lipschitz continuity of f(*)(r,-), A; is bounded by
c / T = X0 4 oo fu(r, X50) — i, X5
(T — 1) =602/ —§
o [ IVl Vet X55) = Vau(r, X505
(T —r)A=00)/2\/r —¢

L T—¢ ||y7(»€’t’m1) . ygs,t,mg) ||2 + ||Z7(_€,t,m1) . Z7(_s,t,z2) ”2 0
\ (T -0y —1

Using the differentiability of u(s, -), it follows that

dr

dr

Ju(r, X{B70) — u(r, XE2)) ||y < R (u,r, X570, X Br2))||5,
[Vau(r, X)) — Vou(r, X52)) ||y < |R(Veu, r, X5, XBw2))

for all r € [t, T'), where, for a differentiable function g, R(g,r,x,z’) is the remainder from the first
order Taylor expansion of g(r,z) — g(r,2'): in the case of g taking values in R, this is equal to

R(g,r,z,2') = {/0 Veg9(0x + (1 —0)z")dé} (x — 2'); (3.13)

in the multidimensional case, the expansion ([3.13) is defined component-wise. Denote by R(r) the
sum of the normed residuals ||R (u, r, X", X2 ||, + ||R (Vou,r, X x#2))|1, - Therefore,
denoting by O, the normed sum Hy(E ) (E b w2)|| + ||Z ) (E b w2)||2, the final bound on
A is

C/TE R(r)dr +C/T6 Or dr.
— -2 — ¢ . (T—r)=0/2/r —¢
It follows from Lemma 2.8] that
ClI oo | X — X (T = 1) 71O @ oy — 22|(T =)~} < under (Apa),
R(r) <
CKol| X" — X% ||y(T — 1) F =1 < OKplat — 2o (T —7)F ! under (Aps),

where the bound ||X£t’z1) - X7('t7m2)||2 < C|z1 — z2| is obtained from [RY99, Theorem IX.2.4]. It
is clear from the bounds above that the integral in R(r) in the bound of .4; dominates the upper
bound on As. Therefore,

T—¢ T—¢
||Z£8,t,:l:1) _ de,t,xg)llz < C/ R(T)dT +C/ G)r
. (T—r)-m)2/r—g . (T—r)=02/r —¢

Since y{&"®) = s[fST FOr, x5 y&hm) | ZERDY ) similar estimates yield

dr.

®<C/T€ R(r)dr e O,

s > . (T—T) (3— 0L)/2\/7T3 (T_,,,)(l_HL)/Q e —
for all s € [t,T —¢). Let (Aps) be in force. Applying Lemma with w, = C||®| o]z —
2| frT_E(T —u)0e=3)/2(y — )=1/2dy and u, = O,, it follows that

dr

T—e dr
s < Cf[@floclar — x2|/ — B2 fr— s

T—¢ U u_ )9L/2—1(7~ ) 1/2dr T—¢ @r
+C||<I>||oo|x1—x2|/ o [ S

T—¢ dT T—¢ (__)T
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where we have used Lemmato bound the integral [(u—r)?%/2=1(r—s)=1/2dr. Then, applying
Lemmaﬁto bound the integral fsT_E O0,.(T — r)@=1/2dr  final bound on |\z§5't’“) — zgs’t’m2)||2
for all t € [0,7), (z1,72) € (R?)?, and s € [t,T) is

dr
_ r)(S*OL)/Z /r — 3
fTTfa(T —u) =32 (y —p)=1/2dy
(T =)0/

T—e¢
(e,t,x1) (estm2) ||, < _ /
z z D oolz1 — 2
|| s s H2 = || || | 1 2| . (T

T—e
+Cl@] el — 2] [ :
and application of Lemmayields the final upper bound Co(t, e, 01)|x1 — z2|. Therefore, setting
t = s yields that the function z(¥) (¢, ) is Lipschitz continuous, as required, with Lipschitz constant
Co(t,e,0r). The proof under (Ape) is analogous. a

In order to make use of Proposition [3.4] it is is necessary to approximate Z by an intermediate
process Zj; which satisfies the hypotheses of Proposition |3.4

Lemma 3.5. Assume that (Aexpa) is in force. Recall the BSDE (Y, Zyr) defined in Corollary
2.14L Take the version of Zy given by Theorem . For M = (3In(N))"/* and R(M) equal to
3LfeM2/2, there is a finite constant C' depending only on Ly, Cyr, 01, Ce and T, but not on N,
such that for all N > 1

N-—1 tit1 ~ N-—1 tit1 B
S [Nz zulas <Y [ 120~ Zualfids + ON .
i=0 /i i=0 vt

Proof. In what follows, C' may change from line to line. Using Cauchy’s inequality and the
orthogonality of the projections,

P N=D et i T Noloo No1 it .
3> [ Nz-Zulds < [ 12 ZudlBast 3 120 -Zaue BA Y [ 12000~ Zava 3.
i=0 Yt 0 i=0 i=0 Jti

From Jensen’s inequality, it follows that Zf\!ol | Zs, = Zar, |30 < fOT | Zs—Zn s||3ds. Proposition
with (Y1, Z1) = (Y, Zar) and (Ya, Zo) = (Y, Z) yields that, for any s € [0,T),

T T
/ 1Z: — Zarel|3dt < C|®(X7) — ®ar(X7)|3 + C/ £t Xe, Yares Zaae) — Faa(t, Xy Yare, Zane)||3dt,
0 0
(3.14)

It follows from Markov’s exponential inequality and (Aexpa) that

|®(X7) — ®ar(X7)|2 = / P(|®(X7)|> > x)d < cg/ e Vdr = 2Ce(1+ M*Ye ™ <CN2.
M2

M2
(3.15)
The last inequality is obtained by substituting the value of M. On the other hand, the basic
properties of the mollifier in Definition yields

|f(ta XtaYM,hZM,t) - fM(taXtaYM,t,ZM,t”

< / Lf(t, Xe, Yore, Zoaae) — f(6, Xe — 2, Yre =y, Zae — 2)|drn) (2,9, 2)d(2, Y, 2)
REIxRx (R2)T

Lf / 3Lf
< —— x|+ |yl +2])o z,y,2)d(z,y, z) <
(T — t)(lfeL)/Q {\x|2+\y\2+|z|2§R(M)*2}<‘ | | | | |) R(M)( ) ( ) (T_t)(lfgL)/QR(M)
(3.16)
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Substituting the value of R(M) then gives ||f(t, X¢, Yars, Zare) — far(t, Xo, Yares Zarille < (T —
£)r=D/2N-1/2 for all t € [0,T). Substituting (3:15) and (3.16) into (3.14) Lemmal5.5| then yields

N-1

T
A,
Zs— Znrsll2ds <CN '+ CN—2 i
/O [ M,sllads < + ;:O T

— U

The sum on the right hand side above is bounded by 1 + ftN YT —t)~tdt = 1+ CIn(N), whence
the proof is complete. (]

We now provide an extension to Theorem under (Ape) with the aid of Proposition

Theorem 3.6. Let (Ana) be in force and 0 < § < (2y)A(aAbL). There is a constant C' depending
only on Ly, Cyr, 01, 0., B, Cf, Ko and T, but not on N, such that for all N > 1,

5(N) < CN_ll[Lg] (9¢ + 8+ 2"/) + CN_271(071)(9<1> + 8+ 2’}/). (3.17)

Proof. In what follows, C' may change from line to line. To start with, we assume that (Age)
and (Aps) are in force. Recall l) From the bounds [|a\” ||y < C(T — r)(@+02=3)/2 iy the proof
on Lemmathe first sum >, ft Y ft \G(E)||2d7")2dt is bounded above by

dr 2
CN 2 tiy1 (ftz (t— 7,_)(1 9L)/2 C ftN 1 (t— r)l eL/2)
Z (T — )%« T —t)l-«
i=0 vt fn—t
N=2 ity (T—t)ﬁ l(t—t 146y, (t—ty_1) GL
sc;/ OEDELE dt+c/N1 7t1adt
N-2 1+6 ti
A;TE i+1 dt 0 +o
<C Z Tt / T + CA%te, (3.18)

Using (5.3) from Lemma 5.3} A; < CA;4q for i < N — 1, which, combined with (5.2), yields

A1+9L AlJrGL o
. @< —* NtV
Ogriréa]‘\)f(—2 (T — ti+1)17ﬂ - COSIZ'I%%\}/(—l (T — ti)176 <¢
Additionally, 5 < « implies that A‘;‘Vtef = CON—(a+0)/8 < CN—1. Substituting these results into
(13.18)) gives

N—1 ety t
> [ I tednzar < enc. (3.19)
i=0 “ti ti

The refined estimates HVT(E) llo < Co(r,e, 0, Hdr — a.e. from Proposition are used to bound

Z?;Bl tt.m (ftt ||Vr(8) ||2dr)?dt. Using Lemma and Jensen’s inequality,

1+1 i+1 T—e — (671)/2 2
Z/ / é(r,2, 01, 0 dr) dt = K2 Z/ / / ol lfg),%,% du far) at
T—-uw)= =2 Vu—r

tit1 T—e d
51 T /t / / T —u)i— 6o 5)/2‘/771_70}(”) dt

N—

C tiy1 t d 2
< 5170¢*ﬂ Z / (/ (1 Te ) 2) dt
i=0 ti ti (T _ 7:) 7( Lfﬁ) /
C(maXOSiSN_l Al)z T dr CN—2
= gl=ba—p /o (T —t)t=(0=h) a = gl=0e—p (3.20)
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where we have used (5.2) in Lemma for the bound maxp<i<y—1A; < CN~1. Substituting
(13.19) and (3.20) into (3.2) finally yields

N-1 g CN—2
> /t 1289 — 29 |2ds < ON"' + e (3.21)
1=0 i

Then, using Z(&) = 2(5) 4 2, Lemma and SN0 [5 |l2g — 24, ||3ds < ON, shown in [GMIO,
Theorem 1.3], it follows that

N—1 tit1
> / |Zs — Zy,)|3ds < CN~F 4 CN 20 +0-1 L ON=2/8 1 0, (3.22)
i=0 Y1

i

Let 6 € [0,1] be sufficiently large so that N=%In(N) < 1; for N € {1,2}, take § = 0, and for N > 2,
0 =Inln(N)/In(N). We have ascertained the value of ¢ to be d given in the Theorem statement.
Set ¢ = N~(149/(27) Recalling further that 2y < 3, this implies that, under (Apg) and (Age),

N-1 oty
Z / . | Zs — Zy,||2ds < CN ™! 4 C N2~ OetB-1)A+n)/(27)
i=0 7t

To obtain the general result, recall the BSDE (Yas, Zys) from Corollary The driver of
(Yar, Zyr) satisfies assumptions (Agg). The proof is complete by taking M equal to (31n(N))'/4,
R(M) equal to 3LfeM4/2, and applying Lemma (Il

4 Convergence rate of the Malliavin weights scheme

Recall the Malliavin derivative of the the marginals of the process X in Section In the
definition of the Malliavin weights scheme ([1.5]), we use the following discrete-time approximation
of the Malliavin weights (2.13)):

_ T
(o (tr, Xo ) D, Xeo (i, X)) T AWY) (4.1)

Notice that H} satisfies E;[H}] = 0 and E;[|H}|*] < Cpr(t; — ;)™ the latter property is proved
exactly like Lemma If the marginals of X and D;, X are not known explicitly, one can use an
SDE scheme to provide approximations, but this is beyond the scope of this work; see Section 3
and after of [GM™05| for some results in the zero driver case. In what follows, we use the version
of Z given by Theorem However, the first term in this decomposition

We start with some preliminary results.

Lemma 4.1. There is a constant C' depending only on the bound on b and it’s derivatives, the
bound on o and it’s derivatives, 3, Ly, 01, Cr, 0., K*(®) and T such that, for any 0 <i < j <N,

CN—1/2
(T — t;)(t=)/2”

CN—1/2

T )G &

Proof. For any j > i and t > t;, define N}’ := o~ (t, X;)Dy, Xy0(ti, Xy,). Observe the
decompositions into telescopic sums

B [@(X7)(Hf — H})]|l2 <

B[ f5(Xe; 5 Yoy ins Ze)) (Hy — Hl2 <

JL

Ny = Nyt = o1 (t, Xe)(De, Xi — Dy, Xo, )o(ti, Xi,)
+ (07t Xe) = 0 (b, Xi, ) D, X0 (i, Xy,
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it follows from the boundedness and Lipschitz continuity of ¢ and o~! (Lemma that for any
j>tandte [tj,tj+1},

bt Jo T EING = NP O B D X — D X P 41X — X ] Pt
(t] - t’b) a (tj — ti)2 ’

It now follows from Lemma the usual bound E;[|X; — X,]|?] < C(t —t;), which can be easily

shown from (Ap ), and Lemmamthat IEZHH;’ —HI?] < Cmaxy, Ag(t;—t;)~' <CON~(t—t;) !

The bound on ||E; [@(XT)(HfJ — H})]|l2 now follows from the Cauchy-Schwarz inequality and

Vir(®) < K%(®)(T — )*/2. The bound on [[E;[f;(Xy,,Yy,,,, Zi,)(H{: — H})]||2 follows from the

Cauchy-Schwarz inequality the fact that, similarly to (2.21), || f;(X¢,,Ys, ... Zi,)|l2 < C(T —t;)7 7L

Ei[| Hf} — HjJ*] =

O
Lemma 4.2. For allt;,t; € m such that t; <t; and r € [t;,T],
Eilf(r, X,, Yy, Z,)HE] = Bi[f(r, X, Y, Z,) HL). (4.2)
Moreover,
tit1
/ flr, X, Y, 2 )Ht dr] = Z i Xtyvytﬁ—lvztj)Htt;Aj] +Ez[/ fr, Xr,EaZr)Hﬁidr]
Jj=i+1 ti
N-1 tit1
VRIS [ U XY 2~ (X0 Y Z) . (13)
j=i+1Vti

Proof. First let (Apf) be in force and recall, as argued in the proof of Theorem that the
BSDE solved by (), 2(5)) in Definition satisfies the conditions of [MZ02, Theorem 4.2]. A
key element of the proof of that Theorem is to show that, for almost all v € [0, r),

Dy f©(©,)0 (v, X,)VX, = f(0,)VX, + f19(0,)(u(r, X,)VX, + Vi)
+ f9O,)(U(r, X,)VX, + Vz) mx P —a.e;

where U(r, x) is defined in (2.6)); see the equality just above equation (4.19) in [MZ02]. Integrating
with respect to v over v € [t;,t;), on the one hand, and between v € [t;,7), on the other, which
yields

©(0,)0 (v, X, ) VX, dv.

t; 1
/ Dy, f9(0,)0 (v, X, ) VX, dv = .
t; — U

ti—t;

One then follows the proof of [MZ02l Theorem 4.2], which essentially uses integration-by-parts for
Malliavin calculus — Lemma f to show that E;[f(®) (r, X, YT(E), Zﬁg))Hf,i] = E;[f)(r, X, YT(E), Zﬁg))Htt]’]
One extends to the general case by convergence arguments as in the proof of Theorem m
The relation is now straightforward to obtain from . (]

Lemma 4.3. There is a finite constant C' depending only on the bound on b and its derivatives,
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the bound on o and its derivatives, Ly, 01, C¢, 0., and T such that, for all i € {0,...,N — 1},

tig1 + bt dr

E, X, Y, Z,)Hldr]||]s < C e
|| tl[/tl f(?", rydry T‘) r T]||2 = /t; (T—T')l_’y\/”Tti7 ( )
” Z IEt fj Ytﬁn ) fJ( Jt+1 ))Ht ]A ||2
Jj=i+1

<c z 1Y = Yiillz + 12, = Z5ll2 (45)

R e N e |
N-1 tit1
” Z ]Et,[/ (f(T,XraYr,Zr)_f(tjvxtjaytwrl?th))Hgdr}HQ
j=it1 2

NS = Yl 41120 = 2, ll2Yr
<CON24+C Z t it d (4.6)

IS (T —t;)(=00)/2 /T =7,

Proof. In what follows, C' may change from line to line. Using Lemma Minkowski’s
inequality, and the moment bound (2.21)) of Corollary

tit1 . tita dr
Ee, X Yo, Zp)H i dr||o £ C .
| t"[/ti flr VH,!ldr 2 /t (T =)' r =t

Using the Lipschitz continuity of f, Minkowski’s inequality, and Lemma [2.10

N-1 7
||}/tj+1 - J+1||2 + ”Zt Zj||2
I3 Bl 2) = £, ) HEI - 1llz<0;ﬂ BTN e T

For (4.6), the t-Holder continuity of f in (Ag, ), the Cauchy-Schwarz inequality, Minkowski’s in-
equality, and Holder’s inequality are needed:

41
IS Bl / (5 X Yo Z0) = £5(X0,, Vi Zy) HEv ]

J=i+1

i tJ+1 Hf(r XT7Y;7Z ) f’(XT7Y7‘aZT)||2dT Nl fti,]*l ||fj(X’r7Ytr7ZT) - f](Xt nJ‘Fl’ tj)Her
oS S ">

j=i+1 J o

j=it+1 b=t

J — tj
c Z ft T =tdr c sz SIS = X o+ 1Ye = Vi ll2 + 12 — Zy, 2 }dr
j=it+1 Vi =t j=it+1 (T = ;)02 /E =

IN

The usual bound || X, — X, ||z < Cy/r —; is easily shown from (Ap ;). Note that 3 fttj_j“ VT —tidr =

2A§’/ > < CN-1/2A; follows from Lemma Applying Lemma [5.5|to bound the remaining sums
by C' is then sufficient to complete the proof. O

In the following proposition, we obtain a bound for the error terms on the right hand side of
(4.6)); these error terms are intrinsically related to the discritization error of the Malliavin weights
scheme. Proposition will be essential in the proof of this result.

Proposition 4.4. Let either (Aexpa) or (Ana) be in force and suppose that 0 < < (2’y)Aa/\9L.
For §,K > 0, define C(§,K) := K(N~Y/21(; 3(6) + N~"1(9,1)(0)), and, for j € {0,.. -1},
U, = t]“{HY Yi,ille +1Zr — Zy, ||l2}dr. There is a constant C' depending only on Lf, 0L, Cy,
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0., B, B, the bound on b and its derivatives, the bound on o and it’s derivatives, and T, but not
on N, such that, for all N > 1,

N-1 f Ji+1 \IJ
t; _
W < O(T — t;)IH0e=0/2¢(8 4 24, In(N) V4 v 1),
j:O
= W dr
J < C(T — t;)~H6=00)/2¢ (5 4 2, In(N)V4 v 1)
2 T=L) 0P =

in the case of (Aexps), and

ftj+1 \I/

(1 01)/2 < C(T - ti)(H—eL_B)/zC(ﬁ + 9<I> + 2'77 Ki’)a

QMZ

N-1
U;dr —(1+8—6L)/2
j=i+1 ¢

in the case of (Ana).

Proof. We will prove the bounds for

t,
= ‘/;J'J-H{HYT - Y;fj+1 ”2 + ”ZT - th ||2}d’/‘

The bounds for the other sum are obtained analogously. Moreover, we will only prove the result
for the terms in Z. The bound for the terms in Y are also obtained analogously. In what follows,
C may change from line to line. We first prove the result under (Ay¢) and (Aps ), and then obtain
the general result by means of mollification. Fix ¢ < Ay_; and recall the BSDE (Y(©), Z(¥)) from
Definition in Section We use the version of Z() provided by Theorem First, apply
the triangle inequality to the integrand in order to obtain ||Z, — Z, ||z < |1 Z: — Z.|l2 + | Zs, —
s (e) E)

2+ 112 2.

To bound the terms in Z — Z©) recall the bound - ) from Corollary |2 For j < N — 2,
the bound on || Z; — )||2 implies that

b+ s[5 (T —r)ydr L gt
7, — 7% dt<C/ T dt < Cev S
/tj 12— 2. j W o [Tl

Lemma yields ﬂt7+1(tN_1 —t)"Y2dt < 2A;(ty_1 — t;)~ /2. Therefore, applying Lemma

implies that
N—2 ftj+1 12, — Z(E)H dt N—2 5
Z ¢; t— 2t "2 < e Z A < Ce
o T =) = = 7% L (it — ) G =6 (i1 — )00

(4.7)

Then, use (ty_; —t;)" /% < 2(T — t;)~'/? on the denominator on the right hand side. For the
outstanding term, j = N — 1, we implement Lemma [5.5] to show that

T T T
/ 120 — 29 |dt < c/ {/ (@ )= (e =0 Y < OAYPY,
tN—1 tnN—1
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whence it follows that

T £
SN2 = ZF|ladt oAl oatoe?

< 4.8
Al QL)/Q\/— Vin-1—ti T /T =1 (48)
Combining (4.7) and (4.8)), it follows that
N-1 tj+1 HZt Z(E)”er Ce C 1
N
! c + (4.9)

<
j;l (Tftj)(l 072 /1 — 1, — (T —t;)=00)/2 " T —,

where we have used that AY 0" = TN@+01)/8 and 8 < (27) A 01. Analogously, we can also
show that

]Vil 12, — 22|24 _ CeY L OoNT!
S (T — ;)0 =00)/2 /57—, = (T —¢;)(1=00)/2 ~ /T —¢,

Recalling the BSDEs (y, ) and (y(®), 2(9)) from Deﬁmtlonnand that Z(9) = 2+ 2(9) the triangle
inequality yields HZt(s) <l (® zt [GM10, Theorem 1.1],
in bounding the terms E and Es, it is shown that, for all t € [0, 7],

C(t

—t;) ‘
2,3 < T —pe +C/ti IV2u(r, X,)||5dr.

(4.10)

|2 —

Lemma [2.8 implies ftt 1V2u(r, X,)|3dr < C’f: (T — r)*~2dr. Now, applying Jensen’s inequality,
Lemma [5.4) Lemma and the above bound, one obtains
. 1/2
Ni fj”l lor — 2, ladr 2 CA S = eV 2a g [ ([ - 02 dr
1—00)/2 . —f = (=602 =
2 )BT S 2 (T —4,)0 002 JT, =,
1/2( ptisa 1/2
Nol CAM(T — 1)@ D2 CAY (04 (3 = (T = )~ 2a)
P T ) o,
For j < N — 2, one can apply Lemma [5.3] and Lemma [5.4] to show that
tit A; Lt CN7A;
tiy1 —t Tft“’zdt<7j/ T—t)* P gt < ——— =0
f, ot s i [T o< gt

J

IN

(4.11)

On the other hand, for j = N — 1, since g8 < «,

T

T T
/ (T — £)(T — 1)*2dt = AN =N TN

tN—1

Substituting these bounds into (4.11]) and implementing Lemma and Lemma we obtain

_ tit1
]VZ]- u/;jj+ |ZT - Zt] ||2dr CN 1/2 Z Aj + CN—1/2 Af\?[?
St (T—tj)(l 0r)/2 /t —t; £ H_l 1+(B a—0r)/2 /t — /tN—lif T
- CN-1/2 CN-1 119
ST yarewn t e (4.12)
In the bounds ([3.2)), we used the inequality
128 — 2 < c/ ||a§5>\|2dt+c/ 1V, ||adt + C AL (4.13)
ti
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Using ||a£€)||2 < C(T — t)(@+02-3)/2 a5 shown Lemma M Lemma m Lemma and Lemma
b5 it follows that

Nz_:l ﬁsﬁ#{ﬂ ||a§f)||2dt}dr . sz ftJ-H{ft (9L+a 3>/2dt}dr
J J S
S @)U =R T Sy (T - tj><1 RN
e Z tiﬁrl( )(a 2)/2drftj+1( —t)(ebfl)/th NZ A(3+¢9L)/2
flaret — ;)2 = ER Ve =
< O(os?%a}\)/(A W) Z (T — t,)@+P—0-)/2 [ —1, < T — 1) 512
(4.14)

On the other hand, we obtain bounds for ||Vt(8) |l2from Proposition under (Aexps) Or (Ans).
Let us work under (Aexp®). It follows from Lemma and Lemma that, for all 7 and
€ [tj’ tj+1]’

T—¢
/ IV ladt < €@ / A RS

§0||<I>||Oos<ﬂ*1>/2/ {/ (T —s)P2 =P~ (s — 1)~/ 2ds}dt
t; t

r (B=1)/2A .
(8-1)/2 _ )0=B-1)/2 < J
< C)|ce / (-1 < O 7 ey
Therefore, using Lemma Lemma and the above bound,
= fﬁ“{ft 1V, ot }dr A,

‘ M

< C||®|| 0PV maXA
) A=0L)/2 ETF; > jzz—:i-l P=0e=5)/2 /=7,

C||<I>||005</3—1>/2N—1
<

S r = ) (4.15)

Now, substituting (4.14)) and (4.15) into (4.13)), it follows that
N—1 ftij+1 ||Z7(n5) _ Zt(:)||2d7: CN-1/2 C||®||soe (B-1)/2 -1 16
> (T —4,) 0002 J5, =8, = (T — ;)0 +P—0c-a)2 * (T — ,)(0+5—00)/2 (4.16)

j=it1

Combining (4.9), (4.10)), (4.12) and (4.16)) yields

N- f”l 1Z, — Zy, ||2dr
; S A=00)/2 T
CN—1/2 CN—! Ce? C||®||soeP~D/2N—1

R e e TR ey R (R (TR G B (AT

and we take e = N~/ if 1 — 8 — 2y < 0 and ¢ = N~ ! otherwise to complete the proof under
(Ape) and (Apa). The proof under (Ays) and (Ape)is analogous.
To prove the result without (Agg) or (Ape ), recall the mollified BSDE (Y, Z M) from Corollary

Set M = (3In(N))Y/* and R(M) equal to 3L eM’/2. Subsituting equations (3.15) and (3:16)
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into (3:14), || Zs — Zas,sll2 < CN~Y(T —s)~'/2 for all s € [0,T), whence the triangle inequality and
Lemma imply
tjt1 ti+1 ti+1
|2 = 2 er < [ N2 = Zassladr 12 - Zag e+ [ 120 = Zass Jadr
t; t; t;

tj+1
<ONTA@ ) 4 [ 2oty = Zas,
t

J

The proof is then completed with use of Lemma O

We come to the main result of this section, namely the error estimation for the Malliavin
weights scheme.

Theorem 4.5. Let (Aexpa) or (Ans) be and force and suppose that 0 < 8 < yAa A0r. For
5, K >0, define C(6, K) := KN*1/21[173] (6)+ N=71(,1)(0). There is a constant C depending only
on Ly, 0r, C¢, 0., B, B, the bound on b and its derivatives, the bound on o and it’s derivatives,
K%(®) and T, but not on N, such that, for all N > 1,

1Yy, = Yilla < O(T — t;) M +0==A)2¢(8 4 24, In(N) V4 v 1),
||Zt71 _ Zi||2 < C(T _ ti)’(w*‘gL)NC(ﬂ + 2%111(]\01/4 V 1) in the case of (Aequ,),

I¥e, = Yilla < O(T — )02 =D/2C(6 + 0 + 27, Ka),

! ] A .
1Z0. — Zills < C(T — 1)~ 0F=922C(B + Og + 2, Ka), } in the case of (Ans)

Proof In what follows, C' may change from line to line. For simplicity, we omit the process X
from the driver, so that f(t,y,z) := f(t, X¢,y, 2) and f;(y, 2) := f;(Xy;,v,2). Fixi € {0,...,N —
1}. Using the estimates from Lemma and Lemma and (4.3) from Lemma it follows
that

N—1
1Ze; = Zillo = |Ei[@(X7)Hy — ®(Xr)Hy + / F@& Y, Z)HpdE = Y f (Y, Z) HyA ]|l
Jj=i+1
tit1 . ) N—1 . .
< ||Ei[/t Fr, Yo, Zo)HE |2 + B [@(X7) (HE = Hi)lll2 + 1 Y Balfs (Ve Ze)) (HE — H)IA 2
i j=it1

PSS Bl Z) — Ty Z)HIA e+ 3 B / Y0, Z,) = 15V, Z2,) HEvdr] 2

Jj=i+1 j=i+1
CN-1/2 tita dr = 0,;A;
< C CE(i) + C 123
STyt / T PO 2 e T,
(4.17)
where ©; == ||Yy,,, — Yjiilla + | Z¢, — Zj]l2 and
N-1 . t;
: () : a
£00) = VG = [~ Yl 12, 2, o}
j:zz'-ﬂ (T —t;)=00) 2 T =T, 2] .

In ([4.17), we have estimated ||ZJ i1 i[fj(Yth,th)(Htf H’)]A H2 by CN—1/2 Z] H_1(T —
tj)'Y_l(Tj —t;)7Y2A, using Lemma and the latter sum by C(T — t;)?~/? using Lemma
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Using a similar technique, ||Y;, — Y;||2 is bounded above by

N-1

i+1 j GJA]
C/I T— —w+02w+cgm
< ON- 1/2+02L+0Ni@j—% (4.18)
= tj)(l—GL)/2 e (T — tj)(1—9L)/2 :

where we have used Lemma and Lemma on the first integral to obtian ft T =) dr <
CA(T — ;)71 < CN~Y2_ 1t follows from and ({18) that

CN—1/2 tita dr = 0.A,
i S CE() +C 179
©i= (T —t;)(1=en@)/2 +C/ti T o j:ZZH (T = t;) =002 T =T

Letting U; = ©; and

it dr
_ N—1/2(p _ gy (@A@)-1)/2 N = T 4 B N
Wi = N"VX(T —t;) +/ti T = HEO =T+ EO +E0), (419)

it follows from Lemma [5.6] that

N-1

W;A; O;A;
< A C — 4.20
P D NIV P SN e I
Therefore, using Lemma [5.7]in (£.17) and (£.18),
N—1
WA,

Zy — Zills <W; +C 4.21
|| t; H2 = + j;l (T ) (1-61) /2m ( )

N-1 . N-1 WA

—1/2 32

j=i

Let us consider the sum in the W terms. Firstly, remark that we only need consider the sums
for i < N — 1. Recall the terminology of (4.19)). Using Lemma

N-1 T(j)A N-—1 AL
J — CN— 1/2 J < C’N_l/Q(T— ti)(eL—l)/Q_
j;l (T —t;)-00)/2 /T —1; J;l — ) 02—

(4.23)

Using the fact that A; < Aj;_; to show that \/#; 11 —t;/\/T; —1; < 2, Lemma to show that
Aj/Aji1 < C and max; A;(T —t;)*~! < N7!, one can apply Lemma 5.5 to bound the sum in
=(j) as follows:

N—
Z E()A,
(1= 0L)/2m
ftN e e +C NZ2 NNV TR LN e i e
AR A @)
§ CAE\II+~/+6L)/2\/7_2 . Aj
= T Teme T ) = e N ENG
1+1 J J
<ON 3/2+CN 1/2( HL 1)/ (424)
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In order to deal with the sum in £(j), we change the order of summation and apply Lemma to
obtain

W (k) .
N-1 Zk =i+ (T—4) 0002 Jtr—t A

N—1
Z 5(J)A Z
= (T—t )(1 eL)/2m (T )(1 0L)/2m

Jj=i+1

Aj
N-1 Z] i+1 (T—t; )1 eL/z\/t —t; \I/(k)

- kZM (T — ) 0—00)/2
(j) .
< C Z (1 GL)/Q(t —t )(1 02)/2 = Cg(’t) (425)
Jj= 1+1
Combining (4.23)) - (4.25)), the bound on the sum in W; is
N-1
WjAj —1/2 (0r—1)/2 .
> (T — ;)0 =002 5, — 4, S ONT/A(T — )" + CE(i). (4.26)
j=it1 i
Similarly, one can show that
N-1 .
W;A; 1/2(p (0r+1)/2 V()
z;l m <SCONT/AT - t3) +C Z T =)= (4.27)
= =

The proof is completed by substituting (4.26) into (4.21)), (4.27) into (4.22)), and using Proposition
to bound the remaining terms. O

5 Appendix

The following conditional Fubini’s theorem is a consequence of the Monotone Class Theorem.

Lemma 5.1. Let f, € Ly([0,T] x ). Then, for all t € [0,T)], there exists a B([0,T]) & F;-
measurable processes Fy belonging to La([0,T) x Q) such that (w, s) — Fi(s) is a version of (w, $)
E.[f.] and

T T
Et[/ fsds] = / Fi(-,8)ds almost surely.
0 0

We need the following generalization of the a priori estimates [BDHT03, Proposition 3.2]:

Proposition 5.2. Let k be an integer, and p be an integer greater than or equal to 2. Let f :
Ox[0, T)x (RF) T xRk — (RF)T be PxB((R*) ") @B(R?**)-measurable, and & be an (R*) " -valued
random variable in L,(Fr). Let (ft)ico,r) be non-negative, predictable process, p € Lyi([0,T];m)
and A € Ly([0,T);m) be R-valued non-negative. Additionally, assume that E[(fOT fidt)P] < co. For

any (y1,y2) € (R¥)2, define the scalar product (yi,y2) := Z?Zl y1,5Y2,; and assume that, for all
(tvyaz) € [OvT) X (Rk)T X kaq’ (u),t,y,Z) = f(w,t,y,z) satisﬁes

(91 Y2y 0, f(w, by, 2)) < fe(w) + pelyl + Ael2| - almost surely. (5.1)

Let (Y, Z) be a solution to the ((R*)",R?**)-valued BSDE
Y= 5"’/ fTYMZ dr—Z/ ]r Wi
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in the space SP x HP, where HP is the space of predictable processes X such that E[(foT | X4|%ds)P/?]
is finite; Z; denotes the j-th column of Z.

Then, there exists a constant C,, depending only on p, such that, for any n; > e + A7 /(p — 1)
in L1(R; dt),

T T
Efsup e” o 1"y, P 4 ( / e o mdr| 7, 12a)P/?) < C,E[ePdo mar|e|p 4 ( / elo 1 £, dt)P).
t 0 0

Proof. Consider the processes f@ = el 141y, and Zt = el mdr 7, - Then ()7,2) satisfies a
BSDE with terminal condition £ = elo mrdre and driver f(t,y,2) = elo nedr (4 e~ Is rdry, e s medr )
nty. Moreover, for all (t,y, z) € [0,T) x RF x R¥X4_ f(w,y, z) satisfies

(1917 9Ly 50, f(w, b, 9. 2)) < fi(w) + fuelyl + Aelz|  almost surely.

with f’t =e b medr £l = pig — 1, and At = A. The rest of the proof follows exactly as the proof
of [BDHT03, Proposition 3.2]. O

Lemma 5.3. The time grid 7®) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)"/B} with
B € (0,1] satisfies

Ay T 1
< - .
ogli%v (T —tp)t=% = B Nl/\% ) (5.2)
YAN? 1 1.1
<= —)? .
0<iEN—2 Ay B <1 Y (26) >’ (5:3)
for all 8 € (0,1].
The following is a trivial result that will come in useful.
Lemma 5.4. For finite § > 0, and s <r < R < oo, [[(R—1)°"'dt < +(r —s)(T —s)°~L.
Proof. Direct computation of the integral term yields
" dt 1 1 R—s R—r r—s
L(waﬁ sUR=5) — (R _6hRf@P5 mf@kﬁ 5(R—s)1—°
O

The following three lemmas and their proofs can be found in Section 2.1 of [GT13al; the results
on the integrals are proved exactly as the results on the sums.

Lemma 5.5. Let 6,p € (0,1]. Then for Bs, := fol(l — )=, iy, for any 0 < s <t < T,
S
/ (s =)’ (r — s)P7Vdr < Bs (s — t)° TP~ L.
t

Moreover, on the time-grid 7%) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)"P}, for any

0<i<k<N,
k—1

D0 (b =)t — )P A < 2Bs (b — ) T
j=it+1
Lemma 5.6. Let 6 € (0,1/2], p> 0 and t € [0,T). Suppose that, for a positive constant C,,, the
finite positive real functions w : [t,T] — [0,00) and w : [t,T] — [0,00) satisfy

T
m§m+@/ urdr (5.4)
¢ (T —7r)27%r—t)z="
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Then, for constants C) and C) depending only on Cy,T,6 and p,

w,-dr u,dr

T T
u§C_w+C,/ T . +C_/71. 5.5
‘ B3t B3 ¢ (T —7r)z7%(r—t)2="r G35 ¢ (T —r)z7° (5:5)

Moreover, on the time-grid %) = {0 =ty < ... <ty =T : t; =T —T(1 —i/N)"P}, suppose
that the real functions U : 78 [0,00) and W : 7 [0, 00) satify

N-1
Ui <Wi+Cy Y
j=i+1 (

UjA;
T —t;)20(t; —t;)7°

(5.6)

foralli€{0,...,N —1}. It follows that

= WA, oA
J=J J=J

Ui < 2053 Wi + 2053 Y (T_t_)%_a(t__t_)%_ﬁ%) > Tt
j=i+1 J J v Jj=i+1 J

forallie{0,...,N —1}.

Lemma 5.7. Let § € (0,1/2], p >0 and t € [0,T). Suppose that the finite positive real functions
u:[t,T] = [0,00) andw : [t,T] = [0,00) satisfy (5.5) for some positive constants Cg,) and CEap) -
Then, for v > 0, there is a positive constant C*) (depending only on C),C),T, 0, p,v) such
that

T T
/ 1urdr SC(”)/ lwrdr (5.7)
(@i N e I

Moreover, on the time-grid 7#) = {0 =tq < ... <ty =T : t; = T—-T(1—i/N)"/P}, suppose that
the real functions U : (%) [0,00) and W : (%) [0,00) satify (5.6) for alli € {0,...,N —1}.
It follows that

-1

N-1
(T —ty)2 7t —ta)' =" (T —t5)2=°(t; — t:i)' =

j=i+ =i+l

forallie{0,...,N —1}.
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