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Abstract

We introduce a new class of nonlinear Stochastic Differential Equations in the sense of McKean, related
to non conservative nonlinear Partial Differential equations (PDEs). We discuss existence and uniqueness
pathwise and in law under various assumptions. We propose an original interacting particle system for
which we discuss the propagation of chaos. To this system, we associate a random function which is
proved to converge to a solution of a regularized version of PDE.
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1 Introduction

Probabilistic representations of nonlinear Partial Differential Equations (PDEs) are interesting in several
aspects. From a theoretical point of view, such representations allow for probabilistic tools to study the
analytic properties of the equation (existence and/or uniqueness of a solution, regularity,...). They also
have their own interest typically when they provide a microscopic interpretation of physical phenomena
macroscopically drawn by a nonlinear PDE. Similarly, stochastic control problems are a way of interpreting
non-linear PDEs through Hamilton-Jacobi-Bellman equation that have their own theoretical and practical
interests (see [16]). Besides, from a numerical point of view, such representations allow for new approxi-
mation schemes potentially less sensitive to the dimension of the state space thanks to their probabilistic
nature involving Monte Carlo based methods.

The present paper focuses on a specific forward approach relying on nonlinear SDEs in the sense of
McKean [22]]. The coefficients of that SDE instead of depending only on the position of the solution Y, also
depend on the law of the process, in a non-anticipating way. One historical contribution on the subject was
performed by [31], which concentrated on non-linearities on the drift coefficients.

Let us consider d,p € N*. Let ® : [0, T] x RIxR — R¥?, g : [0, T| xR xR — R4, A : [0,T] xRYxR — R, be
Borel bounded functions and ¢, be a probability on R?. When it is absolutely continuous we denote by v
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its density so that (o(dz) = vo(z)dz. We are motivated in non-linear PDEs (in the sense of the distributions)
of the form

d
O = 3> 0% ((2D"); (¢, ,v)v) — div (g(t, =, v)v) + Alt,z,v)v, foranyt € [0,7],
i,j=1

v(0,dz) = Co(dw),

(1.1)

where v :]0, 7] x R? — R is the unknown function and the second equation means that v (¢, z)dz converges
weakly to (o(dz) when ¢ — 0. When A = 0, PDEs of the type (LI) are generalizations of the Fokker-
Planck equation and they are often denominated in the literature as McKean type equations. Their solutions
are probability measures dynamics which often describe the macroscopic distribution law of a microscopic
particle which behaves in a diffusive way. For that reason, those time evolution PDEs are conservative in the
sense that their solutions v(t, -) verify the property [.,v(t,z)dz to be constant in ¢, generally equal to 1,
which is the mass of a probability measure. More precisely, often the solution v of (L) is associated with a
couple (Y, v), where Y is a stochastic process and v a real valued function defined on [0, 7] x R? such that

(1.2)

Y= Yo+ fy s, Ye, v(s, YO) )W, + [y g(s, Ve, v(s, Yo))ds - with Yo ~ G
v(t, -) is the density of the law of Y} ,

and (W3)¢>0 is a p-dimensional Brownian motion on a filtered probability space (£, F, 7:,P). A major
technical difficulty arising when studying the existence and uniqueness for solutions of (I.2) is due to the
point dependence of the SDE coefficients w.r.t. the probability density v. In the literature (L.2) was generally
faced by analytic methods. A lot of work was performed in the case of smooth Lipschitz coefficients with
regular initial condition, see for instance Proposition 1.3. of [20]. The authors also assumed to be in the
non-degenerate case, with ®®! being an invertible matrix and some parabolicity condition. An interesting
earlier work concerns the case ®(t,r,u) = u* (k > 1),g = 0 see [8]. In dimension d = 1 with ¢ = 0 and
® being bounded measurable, probabilistic representations of (L) via solutions of (I2) were obtained in
[1T), 0. [6] extends partially those results to the multidimensional case. Finally [7] treated the case of fast
diffusion. All those techniques were based on the resolution of the corresponding non-linear Fokker-Planck
equation, so through an analytic tool.

In the present article, we are however especially interested in (L)), in the case where A does not vanish. In
that context, the natural generalization of (I.2) is given by

}/t :Y0+fg ¢(S7YS,’U(S7}/S)>dWS+f0tg(87Y:95U(SaY:9))ds7 Wlth YO NCO )
v(t,) == % such that for any bounded continuous test function ¢ € C,(R%,R) (1.3)
V(@) :=E {@(Yt) exp{fOtA(s,Ys,v(s,Ys))dsH , foranyte[0,T].

The aim of the paper is precisely to extend the McKean probabilistic representation to a large class of
nonconservative PDEs. The first step in that direction was done by [2] where the Fokker-Planck equation
is a stochastic PDE with multiplicative noise. Even though that equation is pathwise not conservative, the
expectation of the mass was constant and equal to 1. Here again, these developments relied on analytic
tools.

To avoid the technical difficulty due to the pointwise dependence of the SDE coefficients w.r.t. the function
v, this paper focuses on the following regularized version of (L.3):

{ Y:f = Yb + fot @(S,YS,U(S,YS))CZWS + fotg(s7YSa u(‘%%))ds ) with YO ~ CO ) (1 4)

u(t,y) := E[K(y — Y;) exp {fot A(s, Y, u(s, Ys))ds}] , foranyte[0,7],
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where K : R? — R is a smooth mollifier in RY. When K = §, (L4) reduces, at least formally to (I.3). An
easy application of Itd’s formula (see e.g. Proposition[6.7) shows that if there is a solution (Y, u) of (L4), u
is related to the solution (in the distributional sense) of the following partial integro-differential equation
(PIDE)

t_QZ (29");,(t,z, K +0)v) — div (g(t, , K * 0)0) + A(t, z, K * D)0
i,j=1
@(O,J))Z’Uo,

(1.5)

by the relation v = K 0 := [, K(- — y)0(y)dy. Setting K¢(z) = K () the generalized sequence K¢ is
weakly convergent to the Dirac measure at zero. Now, consider the couple (Y€, u¢) solving (L4) replacing
K with K¢. Ideally, u® should converge to a solution of the limit partial differential equation (LI). In the
case A = 0, with smooth ®, g and initial condition with other technical conditions, that convergence was
established in Lemma 2.6 of [20]. In our extended setting, again, no mathematical argument is for the
moment available but this limiting behavior is explored empirically by numerical simulations in Section[8
Always in the case A = 0 with g = 0, but with ® only measurable, the qualitative behavior of the solution for
large time was numerically simulated in [5} 6] respectively for the one-dimensional and multi-dimensional
case.

Besides the theoretical aspects related to the well-posedness of (L) (and (L.4)), our main motivation is
to simulate numerically efficiently their solutions. With this numerical objective, several types of proba-
bilistic representations have been developed in the literature, each one having specific features regarding
the implied approximation schemes.

One method which has been largely investigated for approximating solutions of time evolutionary PDEs is
the method of forward-backward SDEs. FBSDEs were initially developed in [24], see also [23] for a survey
and [25] for a recent monograph on the subject. The idea is to express the PDE solution v(t, -) at time ¢ as
the expectation of a functional of the so called forward diffusion process X. Numerically, many judicious
schemes have been proposed [26}[12,[17]. But they all rely on computing recursively conditional expectation
functions which is known to be a difficult task in high dimension. Besides, the FBSDE approach is blind in
the sense that the forward process is not ensured to explore the most relevant space regions to approximate
efficiently the backward process of interest. On the theoretical side, the FBSDE representation of fully non-
linear PDEs still requires complex developments and is the subject of active research (see for instance [13]).
Branching diffusion processes are another way of providing a probabilistic representation of semi-linear
PDEs involving a specific form of non-linearity on the zero order term. We refer to for the case of
superprocesses. This type of approach has been recently extended in to a more general class of
non-linearities on the zero order term, with the so-called marked branching process. One of the main advan-
tage of this approach compared to BSDE:s is that it reduces in a forward algorithm without any regression
computation.

One numerical intuition motivating our interest in (possibly non-conservative) PDEs representation of
McKean type is the possibility to take advantage of the forward feature of this representation to bypass
the dimension problem by localizing the particles precisely in the regions of interest, although this point
will not be developed in the present paper. Another benefit of this approach is that it is potentially able to
represent fully nonlinear PDEs.

In this paper, for the considered class of nonconservative PDE, besides various theoretical results of
existence and uniqueness, we establish the so called propagation of chaos of an associated interacting particle

system and we develop a numerical scheme based on it. The convergence of this algorithm is proved



by propagation of chaos and through the control of the time discretization error. Finally, some numerical
simulations illustrate the practical interest of this new algorithm.

The main contributions of this paper are twofold.

1. We provide a refined analysis of existence and/or uniqueness of a solution to (L4) under a variety of
regularity assumptions on the coefficients ®, g and A. This analysis faces two main difficulties. In the
first equation composing the system (L.4) the coefficients depend on the density v, itself depending on
Y. This is the standard situation already appearing in the context of classical McKean type equations
when u(t, ) is characterized by the law of Y;,¢ > 0. This situation can be recovered formally here
when the function A = 0 and the mollifier K = §y. In the second equation characterizing v in (I.4), for
a given process Y € C% := C([0,T],R?), u also appears on the right-hand-side (r.h.s) via the weighting
function A. This additional difficulty is specific to our extended framework since in the standard
McKean type equation, A = 0 implies that u(t, -) is explicitely defined by the law density of Y;.

In Section 8] one shows existence and uniqueness of strong solutions of (L.4) when ®, g, A are Lips-
chitz. This result is stated in Theorem B.I0l The second equation of (I4) can be rewritten as

atten) = [ K=wen{ [ A utsn)is}amte). (16)

cd

where m = my is the law of Y on the canonical space C?. In particular, given a law m on C%, using
an original fixed point argument on stochastic processes Z of the type Z; = u(t, X;) where X is the
canonical process, in Lemma we first study the existence of u = u™ being solution of (L.f). A
careful analysis in Lemma[B.4]is carried on the functional (¢, z,m) — u™(¢,z): this associates to each
Borel probability measure m on C 4, the solution of (3.I), which is the second line of (T.4). In particular
that lemma describes carefully the dependence on all variables. Then we consider the first equation of
(L4) using more standard arguments following Sznitman [3T]. In Sectiond we show strong existence
of (T.4) when ®, g are Lipschitz and A is only continuous, see Theorem Indeed, uniqueness,
however, does not hold if A is only continuous, see Example LTl In Section 5] Theorem [B.1] states
existence in law in all cases when @, g, A are only continuous.

2. We introduce an interacting particle system associated to (I4) and prove that the propagation of
chaos holds, under the assumptions of Section Bl This is the object of Section [7] see Theorem [Z1]
and subsequent remarks. That theorem also states the convergence of the solution u™ of (L.6), when
m = SN () is the empirical measure of the particles to u™°, where my is the law of the solution of
(T4), in the LP,p = 2, +00 mean error, in term of the number N of particles. We estimate in particular,
rates of convergence making use of a refined analysis of the Lipschitz properties of m — v w.r.t.
various metrics on probability measures. This crucial theorem is an obligatory step in a complete
proof of the convergence of the stochastic particle algorithm: it distinguishes clearly the control of
the perturbation error induced by the approximation and the control of the propagation of this error
through the particle dynamical system. By our techniques, the proof of chaos propagation does not
rely on the exchangeability property of the particles. In Section (6) we show that u := u™0 verifies
u := K0, where v solves the PIDE (L5). In Section[8] we propose an Euler discretization of the particle
system dynamics and prove (Proposition 8) the convergence of this discrete time approximation to
the continuous time interacting particle system by following the same lines of the propagation of

chaos analysis, see Theorem [Z1]



The paper is organized as follows. After this introduction, we formulate the basic assumptions valid
along the paper. Section[3]is devoted to the existence and uniqueness problem when ®, g, A are Lipschitz.
The propagation of chaos is discussed in Section[Zl Sections @ and Bl discuss the case when the coefficients
are non-Lipschitz. Section [f] establishes the link between (1.4) and the integro partial-differential equation
(LD). Finally, Section [§ provides numerical simulations illustrating the performances of the interacting
particle system in approximating the PDE (L)), in a specific case where the solution is explicitely known.

2 Notations and assumptions

Let us consider C? := C([0,7],R?) metrized by the supremum norm || - ||, equipped with its Borel o—
field B(CY) = o(Xy,t > 0) (and B;(C?) := 0(X,,0 < u < t) the canonical filtration) and endowed with
the topology of uniform convergence, X the canonical process on C? and P (C?) the set of Borel probability
measures on C? admitting a moment of order k € N. For k = 0, P(C?) := Py(C?) is naturally the Polish space
(with respect to the weak convergence topology) of Borel probability measures on C¢ naturally equipped
with its Borel o-field B(P(C?)). When d = 1, we often omit it and we simply denote C := C'.

We recall that the Wasserstein distance of order r and respectively the modified Wasserstein distance of order r
for r > 2, between m and m/’ in P,.(C?%), denoted by W.(m,m’) (and resp. W;(m, m’)) are such that

ey = it ] s ) - K@ b el @)
neti(mm) | Jeaxcs 0<sg

(W7 (m,m"))" = _inf {/ sup | Xs(w) — X" A1 d,u(w,w’)} ,tel0, 7], (2.2
peti(m,m’) (Jeaxcd 0<s<t

where TI(m,m’) (resp. II(m,m’)) denotes the set of Borel probability measures in P(C? x C?) with fixed
marginals m and m’ belonging to P,(C%) (resp. P(C?) ). In this paper we will use very frequently the
Wasserstein distances of order 2. For that reason, we will simply denote W, := W2 (resp. W, := Wf).
Given N € N*, [ € €%, [}, IV € C4, a significant role in this paper will be played by the Borel measures
N
. 1
on C? given by ¢; and N Z 05 -

j=1
Remark 2.1. Given I',--- IV, 1", --- [IN € C?, by definition of the Wasserstein distance we have, for all t € [0, T)]

N

AR 1
Wil <> 0uo D 0 | <> sup [i7 -1
\NeTNET) szlogsy‘ g

Cp(C?) will denote the space of bounded, continuous real-valued functions on C¢, for which the supre-
mum norm will also be denoted by || - ||« In the whole paper, R¢ will be equipped with the scalar product
-and |z| will denote the induced Euclidean norm for x € R%. M ;(R9) is the space of finite, Borel measures
on R%. S(R?) is the space of Schwartz fast decreasing test functions and S'(R?) is its dual. Cy(R?) is the
space of bounded, continuous functions on R?, Cg°(R?) is the space of smooth functions with compact sup-
port. Cp°(RY) is the space of bounded and smooth functions. Co(R?) will represent the space of continuous
functions with compact support in R%. WP (R%) is the Sobolev space of order r € N in (LP(R?), || - ||,),
with 1 < p < co. We denote by (¢11),>0 an usual sequence of mollifiers ¢ (z) = Jr¢?(Z) where, ¢ is
a non-negative function, belonging to the Schwartz space whose integral is 1 and (gn)nZO a sequence of
strictly positive reals verifying e, — 0. When d = 1, we will simply write ¢,, := ¢}, ¢ := ¢1.



F(): f € S(RY) — F(f) € S(R?) will denote the Fourier transform on the classical Schwartz space S(R?)

such that for all ¢ € RY,
1

B V2T Jrd

We will denote in the same manner the corresponing Fourier transform on S'(R9) .

F()(E) (z)e™* da .

A function F' : [0, 7] x R x R — R will be said continuous with respect to (y, 2) € R? xR (the space variables)
uniformly with respect to ¢ € [0, 7] if for every € > 0, there is § > 0, such that V(y, 2), (v/,2') € R x R

ly =+ lz=2<6= Vte[0,T], [F(t,y,2) - Ft,y,2)| <e. (2.3)

For any Polish space E, we will denote by B(F) its Borel o-field. It is well-known that P(E) is also
a Polish space with respect to the weak convergence topology, whose Borel o-field will be denoted by
B(P(E)) (see Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in [9]).
For any fixed measured space (€2, F),amap n : (2, F) — (P(E), B(P(E))) will be called random measure
(or random kernel) if it is measurable. We will denote by PS}(FE) the space of square integrable random
measures, i.e., the space of random measures 7 such that E[n(E)?] < oc.

Remark 2.2. As highlighted in Remark 3.20 in (see also Proposition 7.25 in [9]), previous definition is equivalent
to the two following conditions:

o foreach& € Q,ny € P(E),

e forall Borel set A € B(P(FE)), @ — ng(A) is F-measurable.
| X
Remark 2.3. Given Re-valued continuous processes Y, --- Y™, the application i Z Oy is a random measure
j=1
on P(CY). In fact §y5,1 < j < N is a random measure by RemarkZ2]
As mentioned in the introduction K : R? — R, will be a mollifier such that [, K(z)dz = 1. Given
a finite signed Borel measure v on R¢, K v will denote the convolution function 2 + v(K(z — -)). In
particular if y is absolutely continuous with density 4, then (K «v)(z) = [, K (z —y)*(y)dy. In this article,
the following assumptions will be used.

Assumption 1. 1. ®and g are Lipschitz functions defined on [0, T] x R? x R taking values respectively in R*?
(space of d x p matrices) and R%: there exist finite positive reals Lo and Ly such that for any (t,y,y', z,2') €
[0,7] x R? x RY x R x R, we have

@(t,y,2") = @(ty,2)| < La(|2' —2[+[y' —yl) and |g(t,¢',2") —g(t,y,2)| < Ly(|2" = 2|+ |y —yl) -

2. A is a Borel real valued function defined on [0, T] x R? x R Lipschitz w.r.t. the space variables: there exists a
finite positive real, L such that for any (t,y,y',2,2") € [0,T] x R x R? x R x R, we have

IA(ty,2) = Aty )| < La(ly' =yl + 12 = 2)) -

3. @, gand A are supposed to be uniformly bounded: there exist finite positive reals Ms, My and My such that,
forany (t,y,2) € [0,T] x RY x R

(a)
‘(I)(t7yvz)| SM(I>7 |g(t,y,z)| SMQ’



(b)
Aty 2)[ < My -

4. K : RY — R, is integrable, Lipschitz, bounded and whose integral is 1: there exist finite positive reals My
and L such that for any (y,y’) € R? x R?

K < M |KG) =K@l < Lely' =9 and [ Kahdo=1.

5. (o is a fixed Borel probability measure on R? admitting a second order moment.
To simplify we introduce the following notations.

e V :[0,T] x C? x C — R defined for any pair of functions y € C% and z € C, by
t
Vi(y,z) :== exp (/ A(s,y&zs)ds) forany ¢t € [0,7] . (2.4)
0

o The real valued process Z such that Z, = u(s,Y}), for any s € [0, T], will often be denoted by u(Y").
With these new notations, the second equation in (L4) can be rewritten as

ve(p) = E[(K * o) (Y)Vi(Y,u(Y))], forany ¢ € C,(R%,R), (2.5)

duy

where u(t,-) = F*.

Remark 2.4. Under Assumption[l} 3.(b), A is bounded. Consequently
0< Vily,2) <e™ . forany (t,y,2) € [0,T] x R x R. (2.6)

Under Assumption[Dl 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, observe that for any
((I, b) € Rz/

1
e’ —et = (b— a)/ etT=alagy < esup(ab) | _ g | (2.7)
0

Then for any continuous functions y, y' € C* = C([0,T],R%), and z, 2’ € C([0,T],R), taking a = f(f A(s,9ys, 25)ds
and b = fot A(s, 9y, 2 )ds in the above equality yields

t
Vi) — Vily,2)| < M / A (s, 9, 20) — A5,y 20)] ds
0
t

IN

MLy [yl =l 124 = ) ds. @9)
0
In Section @] Assumption[ll will be replaced by the following.
Assumption 2. 1. All the items of Assumption[lare in force excepted 2. which is replaced by the following.

2. A is a real valued function defined on [0,T] x R? x R continuous w.r.t. the space variables uniformly with
respect to the time variable, see e.g. 2.3).

Remark 2.5. The second item in Assumption 2] is fulfilled if the function A is continuous with respect to (t,y, z) €
[0,7] x RY x R.

In Section Bl we will treat the case when only weak solutions (in law) exist. In this case we will assume
the following.



Assumption 3. All the items of Assumption[I} are in force excepted 5. and the items 1. and 2. which are replaced
by the following. ® : [0,T] x R x R — R>P g :[0,T] x R x R — Réand A : [0,T] x RY x R — R are
continuous with respect to the space variables uniformly with respect to the time variable.

Definition 2.6. 1. We say that (L4) admits strong existence if for any filtered probability space (Q, F, F;,P)
equipped with an (F;)>o-Brownian motion W, an Fy-random variable Yy distributed according to (o, there is
a couple (Y, u) where Y is an (F;)i>o-adapted process and u : [0, T] x R? — R, verifies (L4).

2. We say that (L4) admits pathwise uniqueness if for any filtered probability space (0, F, Fy,P) equipped
with an (F;)>o-Brownian motion W, an Fy-random variable Y, distributed according to (o, the following
holds. Given two pairs (Y, u') and (Y2, u?) as in item 1., verifying (LA) such that Y} = Y3 P-a.s. then

u' = w? and Y and Y? are indistinguishable.

Definition 2.7. 1. We say that (L4) admits existence in law (or weak existence) if there is a filtered probabil-
ity space (0, F, Fy,P) equipped with an (Fy)s>o-Brownian motion W, a pair (Y, u), verifying (L4), where Y
is an (JF;)i>o-adapted process and w is a real valued function defined on [0, T] x R

2. We say that (L4) admits uniqueness in law (or weak uniqueness), if the following holds. Let (Q, F, F;,P)
(resp. (Q, F, F;,P)) be a filtered probability space. Let (Y'',u') (resp. (Y2, 4?)) be a solution of (LA). Then

ul = @2 and Y and Y2 have the same law.

3 Existence and uniqueness of the problem in the Lipschitz case

In this section we will fix a probability space (2, F, F;,P) equipped with an (F;)-Brownian motion (W}).
We will proceed in two steps. We study first in the next section the second equation of (I.4) defining .
Then we will address the main equation defining the process Y.

Later in this section, Assumption [[lwill be in force, in particular ¢, will be supposed to have a second

order moment.

3.1 Existence and uniqueness of a solution to the linking equation

This subsection relies only on items 2., 3.(b) and 4. of Assumption[l]
We remind that X will denote the canonical process X : C¢ — C? defined by X;(w) = w(t), t > 0,w € C%.
For a given probability measure m € P(C?), let us consider the equation

u(t,y) = fcd K(y — X;(w)Vi(X (w),u(X (w)))dm(w), forall te[0,T],y € R, with
(3.1)
Vi(X (W), u(X (w))) = exp (fg A(s,Xs(w),u(s,Xs(w)))ds) .
This equation will be called linking equation: it constitutes the second line of equation (L4). When A = 0,

i.e. in the conservative case, u(t,-) = K % m;, where m; is the marginal law of X, under m. Informally
speaking, when K is the Delta Dirac measure, then u(t,-) = m;.

Remark 3.1. Since A is bounded, and K Lipschitz, it is clear that if u := u™ is a solution of (31)) then w is necessarily
bounded by a constant, only depending on My, My, T and it is Lipschitz with respect to the second argument with
Lipschitz constant only depending on Ly, My, T.

We aim at proving by a fixed point argument the following result.



Lemma 3.2. We assume the validity of items 2., 3.(b) and 4. of Assumption[I]
For a given probability measure m € P(C?), equation B1) admits a unique solution, u™.

Proof. Let us introduce the linear space C; of real valued continuous processes Z on [0, 7] (defined on the
canonical space C%) such that
1 Z]|co1 :=E™ [sup|Zt|] ::/ sup |Zy(w)|dm(w) < oo .
t<T cd 0<t<T
(C1, || llso,1) is a Banach space. For any M > 0, a well-known equivalent norm to || - || .1 is given by || - [[3f |,
where || Z||}! | = E™ [sup,<p e~ M| Zy|]. Let us define the operator T : C; — C([0, 7] x R?,R) such that for
any Z € Cy,

T"(2Z)(t,y) :== /cd K(y — Xt(w))Vt(X(w), Z(w))dm(w) . (3.2)

Then we introduce the operator 7 : f € C([0,T] x R%,R) — 7(f) € C1, where 7(f)i(w) = f(t,w;). We
observe that 7 o 7™ isa map C; — Cs.
Notice that equation (8.) is equivalent to

u=(T" o7)(u). (3.3)

We first admit the existence and uniqueness of a fixed point Z € C; for the map 7o 7"™. In particular we
have Z = (1 o T™)(Z). We can now deduce the existence/uniqueness for the function u for problem (3.3).
Concerning existence, we choose v™ := T"™(Z). Since Z is a fixed-point of the map 7o T™, by the definition
of v™ we have

Z =1(T™(2)), (3.4)
so that v™ is a solution of (3:3).
Concerning uniqueness of (3.3), we consider two solutions of B.I) v, 9, i.e. such that v = (7™ o 7)(v),0 =
(T™ o 7)(). We set Z := 7(7),Z := 7(v). Since © = T"(Z) we have Z = 7(v) = 7(T"(Z)). Similarly
Z = 7(d) = 7(T™(Z)). Since Z and Z are fixed points of 7 o T, it follows that Z = Z dm a.e. Finally
o=T"(2)=T"(Z) = .

It remains finally to prove that 7 o 7" admits a unique fixed point, Z.

The upper bound (2.8) implies that for any pair (Z, Z') € C; x Cy, for any (¢,y) € [0,T] x R¢,

T™(Z") = T™(Z)|(ty) =

” K(y — Xi(w)) V(X (w), Z'(w)) = Vi(X (w), Z(w))] dm(w)‘

t
< MKetMALA/ / |Z!(w) — Zy(w)|ds dm(w)
cd Jo
t
< Mge™rL,\E [ / eMSe_MsZg—ZS|dS}
0

t
< Mye™r,\E {/ eMssupe M| 7! — Zr|ds]
0

r<t

™ eMt —1 —Mr|
< Mpge' ALy 7 E |supe |Z). — Z,|
r<t
Mt -1

e
< Mge™ap,

12" = Z11%s -
Then considering (7 o T™)(Z"), = T™((Z')(t, X;) and (1 0 T™)(Z), = T(Z)(t, X:), we obtain

supe M |(r o TN (Z )y — (1o T™)(Z)] = supe MT™(Z')(t, X¢) — T™(Z)(t, Xy)|
t<T t<T

1

< MKeTMALAMHZ’ -Z|¥,.



Taking the expectation yields |(7 0 T™)(Z"); — (1 o T™)(Z)¢||M | < Mge™La5;112" — Z||3L ,. Hence, as

co,l =
soon as M is sufficiently large, M > Mge? 2Ly, (1 o T™) is a contraction on (Cy, || - |2 }) and the proof
ends by a simple application of the Banach fixed point theorem. O

Remark 3.3. For (y,m) € R? x P(C%), t — u™(t,y) is continuous. This follows by an application of Lebesgue
dominated convergence theorem in (3.1)).

In the sequel, we will need a stability result on «™ solution of (3.I), w.r.t. the probability measure m.
The fundamental lemma treats this issue, again only supposing the validity of items 2., 3.(b) and 4. of
Assumption[I]

Lemma 3.4. We assume the validity of items 2., 3.(b) and 4. of Assumption[I]
Let u be a solution of BJ). The following assertions hold.

1. For any measures (m,m’) € Po(C%) x Po(CY), for all (t,y,y’) € [0,T] x C¢ x C?, we have
w™ (t,y) —u™ (69) P < Crea®) [ly — o/ > + [Wi(m,m")*] (3.5)
where Ce a(t) := 2Ch 5 (8)(t + 2)(1 + X Cxa®) with Cl \ (t) = 2e*Ma (L3 + 2M% L3¢t). In particular
the functions C'g p only depend on My, L, My, L and t and is increasing with t.
2. For any measures (m,m’) € P(C?%) x P(CY), forall (t,y,y') € [0,T] x C x C?, we have
[ (1) =™ (6,3) P < €real®) [ly = '+ [Walm, )] (3.6)
where € a(t) := 22 Ma (max(Ly,2M )? + 2M % max(Ly, 2My)>%t).

3. The function (m,t,x) — u™(t,y) is continuous on P(C?) x [0,T] x R? where P(C?) is endowed with the

topology of weak convergence.
4. Suppose that K € W12(R®). Then for any (m,m') € Po(C?) x Po(C?), t € [0,T]
™ (2,) = u™ (£, )3 < Cra(t)(L+ 2 Cren(8)[We(m, ), 37)

where Cpe a(t) 1= 20 o (£)(t+2)(1 + €2 Cxn ) with Che () = 2e2Mr (L3, + 2M% L3 t) and Cre A (t) =
2e2Ma QMg L3t(t + 1) + |[VK||3), || - ||2 being the standard L?(R?) or L?(R?, RY)-norms.
In particular the functions C'x x only depend on My, Lic, Ma, L and t and is increasing with t.

5. Suppose that F(K) € L'(R?). Then there exists a constant C'rc 5 (t) > 0 (depending only ont, Ma, Ly, || F(K)|1)
such that for any random measure n : (Q, F) — (P2(C%), B(P(C?))), for all (t,m) € [0,T] x P2(C?)

Effu”(t,) —u™(t,)|5] < Cra(t) sup E[[(n—m, )], (3.8)
s

where we recall that P(C?) is endowed with the topology of weak convergence. We remark that the expectation
in both sides of B.8) is taken w.r.t. the randomness of the random measure 7).

Remark 3.5. a) By Corollary 6.13, Chapter 6 in [32]], W is a metric compatible with the weak convergence on
P(CY).

peCy(C?)
lelloo <1

b) The map d3 : (v, 1) — \/ sup  E[|[(v — u,)|?] defines a (homogeneous) distance on P5}(C?).
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c) Previous distance satisfies

d5 (v, 1) < \JE[[W} (v, p)[?] (3.9)

Indeed, for fixed & € Q, taking into account that (C%,vy) and (C?, ug) are Polish probability spaces, the first
equality of (i) in the Kantorovitch duality theorem, see Theorem 5.10 p.70 in [32], which in particular implies the

where W is the 1-Wasserstein distance.

following. For any ¢ € Cy(C?) we have

|<V - /14,4,0>| < Wil“(ynu)7
which implies 3.9).
d) The map (v, ) — VE[|[W}(v, u)|?] defines a distance on P (C%).

e) Item 1. of Lemma[3.4]is a consequence of item 2. For expository reasons, we have decided to start with the less
general case.

Proof of LemmaB.4 We will prove successively the inequalities (3.5), 3.6), (3.7) and (3.8).
Let us consider (¢,y,7') € [0,T] x R? x R%.

o Proof of B5) . Let (m,m’) € P2(C?) x Pa(CY).
We have

Ju™ (8, y) =™ (Y )P < 2 (b y) — w20y - a™ (Y] (3.10)

The first term on the rh.s. of the above equality is bounded using the Lipschitz property of u™
that derives straightforwardly from the Lipschitz property of the mollifier K and the boundedness

property of V; @.6):
[ (ty") —u™ ()| = /Cd [K(y = Xi(w)) = K(y' = Xe(w))] Vi(X (w), u™ (X (w)))dm(w)

< LMy —y]. (3.11)

Now let us consider the second term on the r.h.s of (3.10). By Jensen’s inequality we get

» K(y — X¢(w)) Vi (X (w), u™(X (w)))dm(w)

‘um (tv y,) - uml (ta y/)|2

2

= LKW = XV (X (W), w™ (X (@) dm' (o)

/Cdxcd
’

- Ky — X (w"))Ve (X (W), u™ (X(w’)))‘zd,u(w,w') , (3.12)

IA

K(y' = Xo(w))Ve (X (w), u™ (X (w)))

for any p € II(m,m’). Let us consider four continuous functions z, 2’ € C([0,7],R¢) and 2,2’ €
C([0,T],R). We have

Ky —z)Vi(z,2) — K(y —ap)Vi(@', 2)° < 2|K(yY —x) — Ky — a)” [Vi(a, 2)|?
12|V, 2) — Vi@, 2P K (y — ). (3.13)

11



Then, using the Lipschitz property of K and the upper bound @Z.8) gives

2
IK(y —x)Valz,2) = K(y' —a)Va(a’, o))" < 2L Mr |z, —

t
bAMZIZ My / llos — 2% + |2 — 21[2] ds (3.14)
0
t
< Chn() [<1+t>sup|xsx;2+ / |zsz;|2ds]7
s<t 0

where Cj ) (t) = 2e*Ma (L3 4+ 2M} L t). Injecting the latter inequality in (3.12) yields

W (b y) — ™ (L) < Clenlt) /

{(1 + 1) sup | X (w) — X (w))?
CdxCd

+/0 [u™ (8, Xo(w)) —u™ (5, Xs(w))? ds] dp(w,w’)

Injecting the above inequality in (3.10) and using (.11) yields

™ (t,y) —u™ (4P < 205 A (8) {Iy —yP+ 1+ t)/ sup | X (w) — X, (W) [dp(w, o)
Cdxcd s<t

t
+ / / ™ (5, X (@) — ™ (5, Xo ()2 ds du(o, w’)} . (3.15)
cdxcd Jo
Replacing y (resp. y') with X;(w) (resp. X;(w')) in BI5), we get for all w € C? (resp. w’ € C%),
™ (8, Xy (@) — u™ (5 X (@))[P < 20K A () [lXt(w) — Xo(w)?

T(1+1) /C Sup| X () — X,(") Pdpu(w, ')

dxCd s<t

- /Cdxcd /Ot U™ (5, X () = u"™ (3, X)) 2 ds dp(w, ) .
(3.16)

Let us introduce the following notation
~(s) = / ™ (5, Xo (@) = u™ (s, Xy ()2 da(w,o’) , forany s € [0, ).
cdxcd

Integrating each side of inequality (3.16) w.r.t. the variables (w,w’) according to y, implies

Y(t) < QCk,A(t)/O V(s)ds +2(t + Q)C}m(t)/c sup | Xs(w) — X (W) Pdp(w,w') |

dxcd s<t

forallt € [0, 7). In particular, observing that C'j , (a) is increasing in a, we have for fixed ¢ €]0, 7' and
all a € [0, 1]

v(a) < 20k (1) /Oa Y(s)ds + 2(t + 2)C A (2) / sup [ X, (w) — X, (') Pdp(w, o) -

CdxCd s<t

Using Gronwall’s lemma yields
O = [ X)) — (6 X )P dule, )
cixcd

<2t 4 2)Ch 5 (£)eHCRAD / Sup [ X, (w) — X, () Pdp(w, ') .
’ cdxcd s<t

12



Injecting the above inequality in (3.15) implies
[ (8, ) =™ (8,9/)* < 2C7 o () (t42) (¥ Tra®) {Iy —y'PP+ /Cd SR IX (@) = X ()P, )
X S>

The above inequality holds for any p € II(m,m’), hence taking the infimum over p € II(m,m’) con-
cludes the proof of (3.5).

Proof of (B.6). Let (m,m’) € P(C%) x P(C?). The proof of 3.6) follows at the beginning the same lines
as the one of (8.5), but the inequality (3.14) is replaced by

K(y —a)Vilz,2) = K@ — 2D V(@' 2)° < 20K —2) — K(y — 2})] [Vi(a, 2)[?
12|V, 2) — Vi, 2) P |K (y — )2

< 2eMa max(Ly, 2Mg)2(|ve — 2> A 1)
t
+AME M max(Ly, 2MA)2t/ (|x'S AL
0
+ |zs — z;|2)d8
t
< Cralt) [(1 +t)(sup |zs — zL|> A 1) —|—/ |zs — 25| ds] ,
s<t 0
(3.17)
which implies
W (ty) = ()P S 2R AW)(E+2)(1+ A [y — g
b sl - X ALdiew)] . 619)
CixCd s<t

where € 4 (1) := 2e2MA (max (L, 2M g )? + 2M7 max(La, 2M4)?t). This gives the analogue of (3.15)
and we conclude in the same way as for the previous item.

Proof of the continuity of (m,t,z) — u™(t, ).

P(C%) x [0, T] x R being a separable metric space, we characterize the continuity through converging
sequences. We also recall that Wi is a metric compatible with the weak convergence on P(C?), see
Remark[35]a).

By (3.5), the application is continuous with respect to (m, z) uniformly with respect to time. Conse-
quently it remains to show that the map ¢ — u™(t, z) is continuous for fixed (m,z) € P(C?) x R%
Let us fix (m, tg,z) € P(C?) x [0, T] x R% Let (t,)nen be a sequence in [0, 7] converging to to.

We define F,, as the real-valued sequence of measurable functions on C ¢ such that for all w € C%,

F,(w) := K(x — X;, (w)) exp </0 ' Alr, X (w), u™ (r, X,(w))dr) . (3.19)

Each w € C? being continuous, F,, converges pointwise to ' : C? — R defined by

F(w) = K(x — X, (w)) exp (/0 i Alr, Xy (w), u™ (r, X,(w))dr) . (3.20)

TMa

Since K and A are uniformly bounded, Mge is a uniform upper bound of the functions F,,. By

Lebesgue dominated convergence theorem, we conclude that

7 (tn2) =" (t0) = | [ i) [ Fyime)

— 0.
n—4oo
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This ends the proof.

Proof of B7). Let (m,m’) € P(C4) x Pa(CY).
Since K € L?(R%), by Jensen’s inequality, it follows easily that the functions x + u™(r,z) and x +
u™ (r, ) belong to L2(R?), for every r € [0, T]. Then, for any x € II(m,m’),

[u™(t,-) —u™ (¢, )3 = - [u™ (t,y) —u™ (t,y)Pdy

.
!

K (y = Xu(w)) V(X (@), 0™ (X (@) | dia(e,')

’

Ky~ X ) VX @), ™ (X@)| dp(e, ') dy

Lo L Ew = ey vicee)em ) -
cdxcd JR?
K(y = X)) V(X (w )um'<X<w'>>>] dydp(w,w’),  (321)

/ Ky = Xu(w)) (X (@), u™ (X () -
cdxcd

2
dy

IA

where the third inequality follows by Jensen’s and the latter inequality is justified by Fubini theorem.
We integrate now both sides of (8.13), with respect to the state variable y over R¢, for all (z,2') €
Cix (i (z,2)eCxC,
K = 2)Vila,2) = Ky = s)Vile', )Py <2 [ 1Ky =0 = Ky = )P Vi, ) dy
R R

Vilw, 2) = Va(a', )P | K (y — 2)* dy. (3.22)
R4

We remark now that by classical properties of Fourier transform, since K € L?(R?), we have
¥ (2,€) €RT X RY, F(K,)(€) = eI F(K)(),

where in this case, the Fourier transform operator F acts from L?(R%) to L?(R?) and K, : j € R? —
K(y — z). Since K € L?(R%), Plancherel’s theorem gives, for all (7, z,2') € R% x C? x C¢,

K — ) — K(5 - 2})dg / Ko (5) — Koy (8)]2dg
Rd Rd

= | e T FE)( - e~ T (K)(€)Pde

_ /‘f |2 |efz§rt767i£-m;|2d§
< / N € - (w0 — o) 2de
< a2 / F)E)[? ¢

ST / F(R) ()¢ 2de

E—— / F(VE)(©)[2de
Rd
2 — 2P| VE]S. (3.23)
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Injecting this bound into (8.22), taking into account (Z.8) yields

/Rd [K(y = xe)Ve(w,2) = K(y —ap)Vi(a', 2)Pdy < 2||VE|3 |z — 2]* exp(2tMy)

+ 2M g |Vi(z, 2) — Vi(2', 2')|?

< 202N VK32, — ))?
t
+4MKLie2tMAt/ [lzs — 2l * + |2 — L] ds
0
< 2eMAQMy L3t + |VK|3) sup |z, — 2l |?
0<r<t
t
+4MKL?\62tMAt/ |zs — 2L|* ds
0
) t
< Cga(t) [ sup |z, —x)|? +/ |z — z;|2ds} ,
0<r<t 0

(3.24)

forall (z,2') € C% x C%and (z,2') € C x C, with C o (t) := 2e* M (2M g L3t(t + 1) + |[VK]3).
Inserting (3.24) into (3.2), after substituting X (w) with 2, X (w’) with 2/, z with v (X (w)) and 2’ with
u™ (X (w')), for any p € TI(m,m’), we obtain the inequality

™) — ™ (1,3 < émt){ Lo s 106) = X @) dufe )

dxCd 0<r<t
t
+ / / [ (s, X (w)) — u™ (s, Xo(w)]? ds du(w,w')} . (3.25)
cixcJo
Since inequality (33) is verified for all y € R?, s € [0, T, we obtain for all w,w’ € C?

™ (5, Xo(w)) = u™ (5, Xo()[* < Crals) [Xalw) = Xo(@)* + [Wa(m,m')]

IN

Cr.a(s) [ sup | X, (w) — X (W)* + |We(m, m’)|2} .

0<r<s

Integrating each side of the above inequality with respect to the time variable s and the measure
p € II(m, m’) and observing that C'k 4 (s) is increasing in s yields

t
I = / /|um(s,Xs(w))—um’(s,Xs(w'))\Qdsdu(w,w’)
cdxcd Jo
< Ckat)t U sup | X, (w) — X, (w)]? dp(w, w') + [We(m,m/)?| . (3.26)
CdxCd 0<r<t

By injecting inequality (3.26) in the right-hand side of inequality (3.25), we obtain
lu(t,) =™ ()5 < Crald)(L +tCra()) / sup [ X, (w) = X (w')Pdp(w, o)
CidxCd 0<r<t
+tCr A (E)Cren (8)| Wi (m,m/)|? . (3.27)
By taking the infimum over y € II(m, m’) on the right-hand side, we obtain

(8 ) =™ ()3 < Crea (D)1 + 26 a (£) Wi (m,m)|* (3.28)

e Proof of (B.8).
By the hypothesis 4. in Assumption[l] K € L'(R?). Given a function g : [0,7] x RY — C, (s,z)
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g(s, x) , we will often denote its Fourier transform in the space variable z by (s, §) — F(g)(s, §) instead
of Fg(s,-)(&). Then for (@,s,£&) € Q x [0,T] x R?, the Fourier transform of the functions u”* and u™
are given by

ﬁ
<
=
€
~—
—
»
o
~
|

Fue) [

cd

, e X (@) oxp </OS Ar, X (w), u™(r, Xr(w)))dr> dm(w) . (3.30)

e~ Xs (@) oxp (/03 A(r, X (w), ™ (r, X'r(w)))dT> dng(w) (3.29)
Fum)(s.6) = FE)E) /C

To simplify notations in the sequel, we will often use the convention

V) = Vo ) = o ([ MG 0.0 a0 )
0
where u” is defined in (B1)), with m = v.
In this way, relations (3.29) and (3.30) can be re-written as

Flum)(s,) = FEK)(E) /3 eIV (X (0))dis ()

(3.31)

Fu™)(s,6) = FK)(E) /Cde_ig'X"(“)Vsm(X(w))dm(w),

for (@,s,£) € Q x [0,T] x R
For a function f € L'(R?) such that 7(f) € L'(R), the inversion formula of the Fourier transform is

valid and implies

1
N V21w JRra

f is obviously bounded and continuous taking into account Lebesgue dominated convergence theo-

f(z) F(f)(€)esede, x e RY. (3.32)

rem. Moreover )

2m
where we remind that || |; denotes the L' (R?)-norm. As F(K) belongs to L' (R%), from (38.33) applied
to the function f = u"* (s,-) — u™(s,-) with fixed @ € Q, s € [0, T], we get

[flloe < I (3.33)

Va2

where we recall that E is taken w.r.t. to dP(®).

Elflu(s, ) — u™ (s, )||%] < J%Emf(u")(s,-)—f(umxs,-)n%}
< EK IF(U"“)(S,f)—f(um)(s,f)d&)], (3.34)
Rd

The terms intervening in the expression above are measurable. This can be justified by Fubini-Tonelli
theorem and the fact that (@, s,x) + u"*(s, ) is measurable from (2 x [0,7] x R4, F @ B([0,T]) ®
B(R%)) to (R, B(R)). We prove the latter point. By item 3. of this Lemma, we recall that the function
(m,t,z) = u™(t,x) is continuous on P(C%) x [0,T] x R? and so measurable from (P(C%) x [0,T] x
RY, B(P(CY) ® B([0,T]) ® B(RY)) to (R, B(R)). The application (@,t,z) + (7, t, ) being measurable
from (2 x [0,7] x R4, F @ B([0,T] @ B(R?))) to (P(C%) ® B([0,T]) @ B(R?)), by composition the map
(0, s,x) — u"(s,z) is measurable. By Fubini-Tonelli theorem (@, s,§) — F(u"*)(s, §)) is measurable
from (Q x [0,7] x R4, F @ B([0,T]) @ B(R?) to (C,B(C)) and (s,&) + u™(s,€) is measurable from
([0,T] x R, B([0,T] ® RY) to (R, B(R).
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We are now ready to bound the right-hand side of (3.34). For all (@, s) € Q x [0, 7], by (3.31)

[F(u)(s,6) = F(u™)(s,6)] < |F(K)©)

+F )]

which implies

([, 7169 - Fameome) - < (/ PO Aol + [ 1FUEIBo )
2(1;, +12) (3.36)

IN

where )

{ Lo = (o )N A0 2(6)1dE)” 637
12 = (o \F ) 11Boo(€)1d8)”
and forallw € ©, s € [0, 7]

{ Aol€) = Jou e XV (X (@))digo () — fou e XV (X () dm(0) (339

Boo(€) 1= o e XV (X (@))Am(w) — [ou e €OV (X () dm(w)

We observe that (w0, 5,&) — A5 5(£) and (@, s,&) — Bs 5(§) are measurable. Indeed, the map

(w,@,€) = e XY (X (w)) is Borel. By Remark 22l we can easily show that (@, 5,&) + n(w)
is (still) a random measure when (? is replaced by [0,7] x R? x Q. Proposition 3.3, Chapter 3. of
[14] tell us that (@, 5,€) — [pu e XV 2 (X (w))dn, (w) is measurable. By use of Fubini’s theorem
mentioned, measurability of A, B follows.

Regarding A; 5, let 5 ¢  denote the function defined by y € C? — =% Y= V= (y). Then, one can write
As o = (Mo — M, Ys¢,o), where (-, -) denotes the pairing between measures and bounded, continuous
functionals. ¢ ¢ 5 is clearly bounded by e*4; inequalities 2.8) and (B5) imply the continuity of
Ys.e.00n (CL | - ||oo), for fixed (@, 5, &) € Q x [0,T] x R By Cauchy-Schwarz inequality we obtain for

allw e Q,s€[0,7]
Tats ||1(/ F(K ||Aw|2ds)

17 ([ 1700~ mo el ) (6:39)

1
Is,iz

IN

IN

Since the right-hand side of (8:39) is measurable, taking expectation w.r.t. dP(w) in both sides yields

Bl < WFE) ([ RO Bl - mne) P de)
< M AR | [ 1FEE s Bl m )Pl
“ gy
< EMFE)E s Bl —m o). (3.40
sy

17

/ e X (@ yma (X (w))dm(w) — / e XY (X (w))dm(w)|,
cd cd

/e_ié'XS(“)VS"“”(X(w))dna,(w)—/ e—z’&.XS(u)VSm(X(w))dm(w)‘
cd cd

(3.35)



Concerning the second term B o, for all (s, &) € [0,T] x RY,

2

L, 07 (0 w) = VX @) )

IN

[ ViR (X)) = VI (X (@) P d(e)

2
e2s]VIA L?\

Cd

C

dm(w) ,by @.3)

IN

/S u (r, X (w)) — u™(r, Xy (w))dr

S SGQSJ\/IAL?\
d

0
( u" (7, X, (w)) — u™ (r, X, (w))|* dr dm(w)
0
< i [t ) G dr @41
0

where we remind that functions (r, 7, @) € [0, T]xRIxQ — u" (r, x) and (r,z) € [0, T]xR¢ — u™(r, x)
are uniformly bounded.

Taking into account (3.41), the measurability of the function (@, r) € Qx [0, T] — [Ju" (r, ) —u™(r,-)||%
and the Fubini theorem imply

B[] < E {( L IFe0@! s |Bs,<s>|d§> ]
< E[sup |B,.(&) |F(K)|1]
£eRY
< s ML | F(K) / Ellju(r, ) — wm(r, || Jdr (3.42)

Taking the expectation of both sides in (3.36), we inject (3:40) and (3:42) in the expectation of the
right-hand side of (3.36) so that (3.34) gives for all s € [0, T

Elu"(s,-) —u™(s,)lI3] < Cz(S)/(JS]E[U”(rw)—um(rw)llio]dT

+Ci(s) sup E[(n—m, o), (3.43)
P€Cy(C?)
lelloo <1

where Cy(s) = \/%eSMA | F(K)||2 and Ca(s) := \/%seQSMAL%H}'(K)H% On the one hand, since the
functions «” and u™ are uniformly bounded, E[||u"(s,-) — u™ (s, )ls’] is finite. On the other hand,
observing that a — C4(a) and a — C3(a) are increasing, we have for all s €]0,77,a € [0, 5]

IE[Hun(a, D) —u"(a, )||§O] < Cs(s) /OaE[||u’7(r, ) —u™(r, )||io]d7“ +Ci(s) sup E[|{n-— m,@‘?] .

P€EC,(CY)
llelloo <1
By Gronwall’s lemma, we finally obtain
Vs e[0,T], Eflu"(s,) —u™(s, )] < Ci(s)e"™® sup E[l{n—m.)l’].  (344)
peCy(Cd)
llelloo <1

O

To conclude this part, we want to highlight some properties of the function «", which will be used in
Section[Zl In fact, the map (m,t,z) € P2(C?) x [0,T] x R? — u™(t,x) has an important non-anticipating
property. We begin by defining the notion of induced measure. For the rest of this section, we fix t € [0, T,
my € P(Cg )
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Definition 3.6. Given a non-negative Borel measure m on (C%, B(C%)). From now on, m, will denote the (unigue)
induced measure on (C{, B(C{)) (with C¢ := C([0,t],R%)) by

[, Fomeas = [ Py, miao)

where F : C¢ —s R is bounded and continuous.
Remark 3.7. Lett € [0,T),m = & ,& € C. The induced measure, my, on C is 8¢ jo<r<t)-
The same construction as the one carried on in Lemma[3.2lallows us to define the unique solution to

u™ (s, y) = fC? K(y — Xs(w)) exp (fos A(r, X (w), u™ (r, Xp(w)))dr) my(dw) Vs € [0,]. (3.45)

Proposition 3.8. Under the assumption of Lemmal3.2} we have
V(s,y) € [0,] x RY, u™(s,y) = u™ (s,7).

Proof. By definition of mn;, it follows that u™ (s, )0, xr is a solution of (3.45). Invoking the uniqueness of
(345) ends the proof. O

Corollary 3.9. Let N € N, &4, &0 - &N be (Gy)-adapted continuous processes, where G is a filtration (defined
on some probability space) fulfilling the usual conditions. Let m(dw) = + Zivzl d¢i(dw). Then, (u™(t,y)) is a
(Gi)-adapted random field, i.e. for any (t,y) € [0, T] x R%, the process is (G;)-adapted.

3.2 Existence and uniqueness of the solution to the stochastic differential equations

For a given m € P2(C d), u™ is well-defined according to Lemma[3.2l Let Y; ~ (o. Then we can consider the
SDE
Y, =Y, + fot D(s, Yy, u™(s,Ys))dWs + fotg(s,Ys, u™(s,Ys))ds, foranyt € (0,77, (3.46)

which constitutes the first equation of (L4). Thanks to Assumption[Iland Lemma[B.4limplying the Lipschitz
property of u™ w.r.t. the space variable (uniformly in time), (3:46) admits a unique strong solution Y. We
define the application © : Py (C%) — P2(C?) such that ©(m) := L(Y™). The aim of the present section is to
prove, following Sznitman [31]], by a fixed point argument on © the following result.

Theorem 3.10. Under Assumption [T} the McKean type SDE ([L4) admits the following properties.
1. Strong existence and pathwise uniqueness;
2. existence and uniqueness in law.

The proof of the theorem needs the lemma below. Given two reals a,b we will denote in the sequel
aAb:=min(a,b).

Lemma 3.11. Let r : [0,T] — [0,T] be a non-decreasing function such that r(s) < s for any s € [0,T]. Let
U: (ty) €[0,T] x C* — R (respectively U’ : (t,y) € [0,T] x C* — R), be a given Borel function such that for all
t € [0,T), there is a Borel map U; : C([0,t],R%) — R (resp. U, : C([0,], RY) — R) such that U(t,-) = Us(-) (resp.
Uut,-) =u()).

Then the following two assertions hold.
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1. Consider Y (resp. Y’) a solution of the following SDE for v =U (resp. v =U"):

Y, =Y+ fot (I)(T(S)a Yr(s)av(r(s)’y/\r(s)))dWs + fot g(r(s), YT(S),U(T(S),Y,/\T(S)))LZS ) fOT’ any (&S [OaT] )
(3.47)
where, we emphasize that for all 0 € [0,T), Z.ng := {Z4,0 < u < 0} € C([0,0],R?) for any continuous
process Z. For any a € [0, T, we have

Efsup Y/ — Yi[’] < Co 4(T)E UO U (), Yorry) = U (r(t), Y, )1 Pdt | (3.48)

t<a
where Co o(T) = 12(4L3% + TL2)e 2T 4L+ TLY),

2. Suppose moreover that ® and g are globally Lipschitz w.r.t. the time and space variables i.e. there exist some
positive constants Le and Ly such that for any (t,t',y, y', z,2') € [0, T)? x R?? x R?

P(2 -0ty ,2")| < Lo(Jt =t/ -y -7
{| (t,y,2) 'y, 2")| < Lo| [ +ly =9+ =2 (3.49)

lg(t,y,2) — g,y 2)| < Ly(Jt = | + |y — /| + [z — 2']) .

Let 71,72 : [0,T] — [0,T] being two non-decreasing functions verifying r1(s) < s and ro(s) < s for any
s €[0,T). Let Y (resp. Y') be a solution of A7) for v =U and r = ry (resp. v =U' and r = r3). Then for
any a € [0, T, the following inequality holds:

Elsup [V} = Vi’ < Ca4(T) <||7"1 — a3 +/ E{Y,, ) = Y, ldt
0

t<a
1E [ [ 10 Yonn ) = U 2t .’AT2<t>>|2dtD, (3.50)

where || - ||2 is the L?([0, T)-norm.

Proof. 1. Let us consider the first assertion of Lemma[B.T1l Let Y (resp. Y’) is solution of (3.47) with

associated function U/ (resp. U’). Let us fix a €]0, T]. We have

Yg—YéZO{e-{-ﬂe, 0 c [O,a}7 (3.51)
where
0
Qg = /O ((I)(T(S)’ YT(S),U(T(S),Y/\T(S))) - (I)(T(S)a T/(S),U/(T(S),Y/AT(S)))) dWs
0
fo = / (907 (), Yoo U (), Yorri)) = 9(0(), Yy U (1(5), Y))) ds

By Burkholder-Davis-Gundy (BDG) inequality, we obtain

4E[/Oa

— 4/0‘115; Ufﬁ(r(s)aK(s%u(r(s),YA,.(s))) —B(r(s), /<s>’u/(r<5)vY’Ar(s)))]2] "

IN

2
]Ezlipla9|2 (I)(T(S),Y;(S),U(T(s),Y,/\T(S)))—(I)(T(S), 7'/(5)72/{/(74(5)’ ~l/\r(s)))‘ ds:|

a

a 2
8L§>/0 E UZ/{(T(S),Y./\T(S))—Z/{’(r(s),Y,'N.(s))‘ }ds+8L§,/0 E[m(s) —Y7_’(s)|2} ds .
(3.52)

IN
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Concerning $ in (351), by Cauchy-Schwarz inequality, we get

Boup < a2 | [ a9, Yo Ul (61 V) = 060,V U (60, V)|

IN

2aL2E [ / U (), Yopri)) — U (7(5), _’,\T(S))st] +2aL2 /O E [|YT(S) - Y;(S)F] ds
(3.53)
Gathering (38:53) together with (3.52) and using the fact that r(s) < s, implies

Blup ¥y - Vo) < 40123+ T22) (B[ U06) Vo) = W (60, V)]

6<a
A%U/ Hy;s - r@ )
0

1(4L3 + TLD) ( / U(r(5), Yonr(ey) —U'(r(s), Vo) Pds]

+ [ Blsupva - i as)
0 0<s

IN

for any a € [0, t].
We conclude the proof by applying Gronwall’s lemma.

2. Consider now the second assertion of Lemma (3.11). Following the same lines as the proof of assertion
1. and using the Lipschitz property of ® and g w.r.t. to both the time and space variables (3.49), we

obtain the inequality
By = Vi) < 1208+ 722) ([T s [EIV ) - VPt
B[ U0, Yoy 0) = U r2(0): V) Pi] + / B - Vi)
< 120123 +72) (I = rald + [ BI¥ )~ Yo Pl

HE[/ UL (E), Yopr, (1)) = U (r2(£), Yinpy )P lt] +/ E[sup |Ys — Y![%] dt> .
0 0

s<t
Applying again Gronwall’s lemma concludes the proof.
O

Proof of Theorem[BI0 Let us consider two probability measures m and m’ in P»(C%). We are interested in
proving that © is a contraction for the Wasserstein metric. Let u := u™, v’ := u" be solutions of (I} related
tom and m’. Let Y be the solution of (3.:46) and Y” be the solution of (3.46) with m/ replacing m.

By definition of the Wasserstein metric 2.1)

(W (8(m), 0(m))? < Efsup Y Vi) (3.54)

Hence, we control |Y/ — Y;|. To this end, we will use Lemma[B.11]
By usual BDG and Cauchy-Schwarz inequalities, as for example Theorem 2.9, Section 5.2, Chapter 5 in
[21]] there exists a positive real Cy depending on (T, Mg, M) such that E[sup, < |Y;|*] < Co (1 +E[|Yo]?]) .
Using LemmaB.JTland Lemma[B.4by applying successively inequality (3.48) and inequality (3.5) yields
Bl v} - Vi < C | [ Elsup V2 = v.Plat+ [ (Wi 59
0 0

t<a s<t
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for any a € [0, T, where C = Cg 4(T)Ck a(T).
Applying Gronwall’s lemma to (3.55) yields

E[sup |Y; — Y/|!] < CeCT/ W (m,m")|*ds . (3.56)
0

t<a

Then recalling (3.54), this finally gives
W, (©(m),0(m))|> < CeCT/ \W,(m,m)|?ds, a € [0,T]. (3.57)
0

We end the proof of item 1. by classical fixed point argument, similarly to the one of Chapter 1, section 1 of
Sznitman [31].

Concerning item 2. it remains to show uniqueness in law for [L4). Let (Y',m!), (Y, m?) be two solutions
of (L4) on possibly different probability spaces and different Brownian motions, and different initial con-
ditions distributed according to (y. Given m € Py(C?), we denote by ©(m) the law of Y, where Y is the
(strong) solution of

t ¢
Y, =Y, —|—/ (s, Y, u"(s,Ys))dW, —|—/ g(s, Yo, u™(s,Yy))ds , (3.58)
0 0

on the same probability space and same Brownian motion on which Y lives. Since u™ is fixed, Y2 is
solution of a classical SDE with Lipschitz coefficients for which pathwise uniqueness holds. By Yamada-
Watanabe theorem, Y2 and Y2 have the same distribution. Consequently, ©(m?) = £(Y?2) = L(Y?) = m>.
It remains to show that Y! = Y2 in law, i.e. m' = m?2. By the same arguments as for the proof of 1., we get
B5D), i.e. foralla € [0,T],

Wa(L(Y), LV?)? = [Wa(O(m'), 8(m?))|* < CeT /Oa [We(m?,m?)[*ds.

Since ©(m!) = m! and ©(m?) = m?, by Gronwall’s lemma m! = m? and finally Y! = Y2 (in law). This
concludes the proof of Proposition B.10l O

4 Strong Existence under weaker assumptions

Let us fix a filtered probability space (€2, F, (F¢)¢>0, P) equipped with a p dimensional (F;):>o-Brownian
motion (W;)¢>o.
In this section Assumption2will be in force. In particular, we suppose that ¢, is a Borel probability measure
having a second order moment.

Before proving the main result of this part, we remark that in this case, uniqueness fails for (TL4). To
illustrate this, we consider the following counterexample, which is even valid for d = 1.

Example 4.1. Consider the case ® = g = 0, X = 0 so that (o = &o. This implies that X; = 0 is a strong solution
of the first line of [L4). Since u(0,.) = (K x (o)(+), we have u(0,-) = K.
A solution u of the second line equation of (L4), will be of the form

u(t,y) = K(y) exp ( /0 CA( 0. u(r, o))m«) , @1)

for some suitable A fulfilling Assumption 2l 2. We will in fact consider A independent of the time and ((u) :=
A(0,0,w). Without restriction of generality we can suppose K (0) = 1. We will show that the second line equation
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of (T.4) is not well-posed for some particular choice of j3.
Now @I becomes

u(t,y) = K(y) exp ( /O ' Blu(r 0))dr> . 42)

By setting y = 0, we get ¢(t) := u(t,0) and in particular, necessarily we have

o) =exo ([ t Bo(r)ir). @3)

A solution u given in @&2) is determined by setting u(t,y) = K (y)¢(t). Now, we choose the function j3 such that for
given constants o € (0,1) and C > 1,

[r—11* ,ifre]0,C]
B(r) = |IC—1|* ,ifr>C (4.4)
1 ifr <0.

B is clearly a bounded, uniformly continuous function verifying (1) = 0 and 5(r) # 0, for all r # 1.

We define ' : R — R, by F(u) = [* %(T)dr. F is strictly positive on (1,+00), and it is a homeomorphism
from [1,+00) to Ry, since [ Ay dr = oo

On the one hand, by setting ¢(t) := F~1(t), for t > 0, we observe that ¢ verifies ¢'(t) = ¢(t)B(¢(t)),t > 0 and
so ¢ is a solution of @3).

On the other hand, the function ¢ = 1 also satisfies @3), with the same choice of A, related to 3. This shows the

non-uniqueness for the second equation of (L4).

The main theorem of this section states however the existence (even though non-uniqueness) for (I.4),
when the coefficients ® and ¢ of the SDE are Lipschitz in (z, u).

Theorem 4.2. We suppose the validity of Assumption 2} (L4) admits strong existence.

The proof goes through several steps. We begin by recalling a lemma, stated in Problem 4.12 and Remark
4.13 page 64 in [21]].

Lemma 4.3. Let (P,,),>0 be a sequence of probability measures on C% converging in law to some probability P. Let
(fn)n>0 be a uniformly bounded sequence of real-valued, continuous functions defined on C%, converging uniformly

on every compact subset to some continuous f. Then / fon(W)dPy (w) ——— / fw)dP(w) .
cd n — 400 cd

Remark 4.4. We will apply several times Lemmad.3] We will verify its assumptions showing that the sequence ( f,,)
converges uniformly on each bounded ball of C*. This will be enough since every compact of C% is bounded.

We emphasize that the hypothesis of uniform convergence in Lemma [4.3]is crucial, see Remark[0.1]
We formulate below an useful Remark, which follows by a simple application of Lebesgue dominated
convergence theorem. It will be often used in the sequel.

Remark 4.5. Let A : [0,7] x RY x R — R be a Borel bounded function such that for almost all t € [0,T]

A(t,-,-) is continuous. The function F : [0,T] x C¢ x C — R, 29 € R, defined by F(t,y,2) = K(xg —
t . .

Yt) €xp (fo A(r, Yy, zr)dr) is continuous.

Lemma 4.6. Let (A,),en be a sequence of Borel uniformly bounded functions defined on [0, T] x R? x R, such that
for every n, A, (t,-,-) is continuous. Assume the existence of a Borel function A : [0,T] x R? x R — R such that,
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foralmost all t € [0,T7], [Ay(¢,.,.) — A(t,.,.)] — 0 uniformly on each compact of R x R. Let z¢ € R?, we
denote by F,,, F : [0,T] x C? x C — R, the maps

t

&@wﬂk=Kﬁm—y0wp([Aanwﬁ) and F%y&%Zﬁlm—yﬂwp(AAﬁwm%O-

Then for every M > 0, F,, converges to F' when n goes to infinity uniformly with respect to (t,y,z) € [0,T] x
Ba(O, M) x B1(0O, M), with By (0O, M) := {y € C*, ||yl = sup,e(o,7) lyu| < M} for k € N*.
Proof. We want to evaluate ||F,, — F'||oo,as 1= sup |F(t,y, 2) — F(t,y,2)|.

(t,9,2)€[0,T]xBa(O,M)xB1(O,M)
Since (A, ), >0 are uniformly bounded, there is a constant M, such that

vr € 10,7, sup [An(r,yl, zl) — A(r,yl., z1)| < 2Ma.
(y',2")€Ba(O,M)x By (O, M)
By use of 2.7), we obtain for all (¢,y, z) € [0,7] x B4(O, M) x B1(O, M),
t
|Fn(t7 Y, Z) - F(ta Y, Z)| < MK eXp(MA> / sup |An(Ta yvlw zal") - A(Tv y;a Z;)Id?", (45)
0 (y',2")EB4(O,M)xB1(0,M)

which implies

T
[|Fr — Flloo,m < Mg eXp(MA)/ sup A (7,955 21) — A7, 9,0, 2,) | (4.6)
0 (y,2')EB4(O,M)x B1(O,M)

By Lebesgue’s dominated convergence theorem, we have

T
/' sup A (ot 20) — A(ry gl 20)] dr — 0
0 (y',2/)€EB4(O,M)xB1(O,M)

which concludes the proof. O

Lemma 4.7. Let Ay, A be as stated in Lemma Let (Y™)nen be a sequence of continuous processes. We set
Z" = u, (., Y™) where for any (t,z) € [0,T] x R4

{ Un(t,2) := [o0 K(2 — Xy (w)) exp {fot As (7, X (), wn (7, Xr(w)))dr} dm™(w)

4.7
m" = L(Y™). *7)

Suppose moreover that v™ = L((Y™, Z™)) converges in law to some probability measure v on C% x C. Then u,
pointwisely converges as n goes to infinity to some limiting function u : [0,T] x R? — R such that for all (t,z) €
[0,T] x R4,

u(t,x) = - K(z — X;(w)) exp {/0 A(r, X (w), X;(w’))dr} dv(w,w’) . (4.8)

Remark 4.8. (uy,)n>0 is uniformly bounded by M exp(MAT).

Proof. Observe that u,(t,z) = [, . K(z — X;(w)) exp {fot Ay (7, X (w), X;(w’))dr} dv™(w,w’). Let us fix
t € [0,T],r € R% Let us introduce the sequence of real valued functions ( f,,),en and f defined on cixC
such that

faly,2) = K(z — yt) exp{/otf\n(r’yrazr)dr} and  f(y,z) = K(z — ) eXp{/O

By Remark 5 f,, and f are continuous.
By Lemma it follows that f, P f uniformly on each closed ball (and therefore also for each
n — oo

t

A(r,yr,z,.)dr} .

compact subset) of C? x C. Then applying Lemma .3 and Remark .4} with C? x C, P = v, P" = v" allows
to conclude. ]
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In fact, the pointwise convergence of (u,),>o can be reinforced.

Proposition 4.9. Suppose that the same assumptions as in Lemmad.Z hold.
Then the sequence (uy,) introduced in Lemma @7 also converges uniformly to u : [0,T] x R? — R defined in
(&38), on each compact of [0, T] x R% In particular u is continuous.

Proof. We fix a compact C of R?. The restrictions of u,, to [0,7] x C are uniformly bounded. Provided we
prove that the sequence uy|j0,7)x¢ is equicontinuous, Ascoli-Arzela theorem would imply that the set of
restrictions of u,, to [0, 7] x C is relatively compact with respect to uniform convergence norm topology.
To conclude, given a subsequence (u,, ) it is enough to extract a subsubsequence converging to u. Since
the set of restrictions of u,, to C is relatively compact, there is a function v : [0,7] x C' — R to which u,,
converges uniformly on [0, T'| x C. Since, by Lemmal.7] u,, converges pointwise to u, obviously v coincides
withuwon [0,T] x C.

It remains to show the equicontinuity of the sequence (u,,) on [0, 7] x C. We do this below.

Let e’ > 0. We need to prove that 39,7 > 0,V(¢,z), (t',2") € [0,T] x C,

[t—t'| <6, [z —2'| <n=VneN, |u,(t,x) —u,(t',2")| <& 4.9)
We start decomposing as follows:
[un(t,2) — un (', 2")] < [(un(t, ) — un(t, @) + [(un(t, 2') — ua(t',2))]. (4.10)
As far as the first term in the right-hand side of (£.10) is concerned, we have

|un(t, 2) — un(t, 2)] Jea K (2 = Xi(w)) — K(2 — X¢(w))] exp(MAT)dm" (w),

<
= (4.11)
< exp(MpT)Lil|x — 'l
where the constant M} is an uniform upper bound of (|A,,|,n > 0).
We choose n = m to obtain that
6/
|(un(t, @) = un(t,2))l < 3, (4.12)
for z,x’ € C such that |z — 2’| <npand ¢ € [0,T].
Regarding the second one we have
‘un(t’ JJ/) - Un(t/, x/)‘ < Bl + B27 (413)
where
B = Lw[KXf4<XAwD—fKXMA<Xy@Qﬂ(mp{ngnO;XAw%unﬁwXﬂwDyh}dmﬂ«w»‘
By = |[fea K(2/ — Xy (w)) [exp {fot A (r, X (W), un (7, Xr(w)))dr} -
exp {fg A, (7", X (w), un(r, XT(w)))dr} ]dm"(w)‘
(4.14)

We first estimate B;. We fix e > 0. Let us introduce the continuous functional C* — C([0,7] x C,R)
given by
Foges ((6a') €[0,T] xR o K(&' =) ,
where we denote by C([0,T] x C,R) the linear space of real valued continuous functions on [0,7] x C,

equipped with the usual sup-norm topology. Since (Y"),en converges in law, the sequence of r.v.
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(R, = F(Y")(t,2'),(t,2") € [0,T] x C)nen indexed on [0, T] x C, also converges in law. In particular, the
sequence of their corresponding laws are tight.

An easy adaptation of Theorem 7.3 page 82 in (and the first part of its proof) to the case of random
fields shows the existence of 6. > 0 such that

VneN, P(QZs) <e, (4.15)

where Qgée =<we ‘ sup ‘K(J) _ Ytn(a))) _ K(I/ _ YZ}((D))‘ > ¢
7 (t,t")€[0,T2,|t—t"| <6
(z,2)€C? |z—a’|<5e

In the sequel of the proof, for simplicity we will simply write Q' := Q ; . Suppose that [t —¢'| < ..
Then, forall 2’ € C

B = [E[(K@ - ¥ - K@ - ¥2))exn { /Ot A YY) ] |
< exp(MAT)]EDK(x’ Y - K2 — ;ﬁ)@
= exp(MAT) (I1(2,n) + In(2,n)) (4.16)
where
Li(e,n) = E[\K(x’ Y - K2 — V)] 194 (4.17)
L(e,n) = E[\K(x’ Y - K(2 = Y] 1(@)6} . (4.18)
We have
Ii(e,n) < 2MgP(Q) < 2Mge (4.19)
and
Ly(e,n) < eP((Q)) <. (4.20)

At this point, we have shown that for |t — ¢/| < §., 2’ € C,
By <e(2Mg + 1) exp(MAT) . (4.21)

We can now choose ¢ : exp(—MaT) so that B; < %

/
3(2M EN))

Concerning the term By, using (2.7), we have

Br € Jou K@ = X ()| L 4 om@uaneen)ar} _ {87 (X))} gny
< Micexp(Ma) fou dm" (@) | [} A, X0 (), i, X, ) |
< Mg exp(Mp) Myt —t'| .
(4.22)

’
€

We choose § = min(d., m) For |t — t'| < 6, we have By < %, By additivity By + By < %El and
finally, taking into account @.12) and (@.13), .9) is verified. This concludes the proof of Proposition 4.9
O

Regarding the limit in Lemma 7] we can be more precise by using once again Lemma[.3/and Remark

!
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Proposition 4.10. Let A,,, A be as in LemmalL6] Let (Y™) be a sequence of R?—valued continuous processes, whose
law is denoted by m". Let u,, : [0,T] x R — Ras in @I7). Let Z' := u,(t,Y;"),t € [0,T).

We suppose that (Y™, Z™) converges in law.

Then (u,,) converges uniformly on each compact to some continuous u : [0, T] x R? — R which fulfills

u(t,n) = K(n— Xi(w)) exp (/ Alr, X (w), u(r, X,.(w)))dr) dm(w), (4.23)
cd 0

where m is the limit of (m™),>0.

Proof. Without loss of generality, the proof below is written with d = 1. By Lemma[4.7] the left-hand side

of @7) converges pointwise to u, where u is defined in @8). By Proposition [£9] the convergence holds

uniformly on each compact and w is continuous. It remains to show that u fulfills @.23). For this we will

take the limit of the right-hand side (r.h.s) of @.7) and we will show that it gives the r.h.s of @23). For
neN, (r,z)€[0,T] xR, we set

Ao(ryz) = Ap(r,zun(r,x)) (4.24)

A(ryz) == A(r,z,u(r,z)). (4.25)

We fix (t,n) € [0,T] x R. In view of applying Lemma 3] we define f,, f : C — R such that
t
faly) = K(n—ye)exp (/ An(r, yr)dr)
0

f()

K(n —yt) exp (/0 A(r,y.)dr) .

We also set P := m™. Since (Y™, Z"™) converges in law to v, m" converges weakly to m. Moreover, since
|A,,| are uniformly bounded with upper bound My, (f,,) are also uniformly bounded.

The maps (f,,) are continuous by Remark[.5] and also the function f since, u is continuous on [0, T'] x R.
Taking into account Remark B.4] we will show that f,, — f uniformly on each ball of C.

Let us fix M > 0 and denote B1(0, M) := {y € C,|[|yllc = supsejorlys| < M}. For any locally
bounded function ¢ : [0,7] x R — R, we set ||}||oo, a1 := SuDse(0.77,¢c(—nr,01) [6(8,§)]. Lete > 0.
Since u,, — w uniformly on [0, T x [—M, M], there exists ng € N such that,

n>nyg = ||, — ul|eo,m < €. (4.26)

The sequence u,|(o,7]x [, 1S uniformly bounded. Let I) be a compact interval including the subset
{un(s,z) | (s,2) € [0,T] x [-M, M]}.
Forall (s,z) € [0,T] x [-M, M],

An(s,z) — A(s, )] = |An(s, 2, un(s,2)) — A(s, 2, u(s, )|
< JAL(s,zyun(s,2)) — A(s, 2, un (s, 2)| + |A(s, z,un (s, 2)) — A(s, z, u(s, x))|
= Ii(n,s,x) + Iz2(n,s,x) .
(4.27)
Concerning I, since for almost all s € [0,T], A,,(s,,-) — A(s,-,-) uniformly on [-M, M] x I, we
have for z € [-M, M],

0 S Il(n’ S,l’) S sup |A’ﬂ(8ax7§) - A(S,l’,f” —— 0 ds-a.e. ,
z€[—M,M],E€1n n — oo
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from which we deduce

sup  Ii(n,s,x) — 0 ds-a.e. (4.28)
z€[—M,M] n oo

Now, we treat the term I. Taking into account #.26), we get for n > ng (no depending on ¢),

0< sup Iy(n,s,x) < sup [A(s, 2, &) — A(s, 2, &) (4.29)

s€[0,T),z€[—M,M] s€[0,T],xe[—M,M],|&1—&2|<e

We take the lim sup on both sides of @29), which gives,

lim sup sup Ir(n,s,x) < S(e), (4.30)
n—so0 se€[0,T],x€[—M,M]

where S(€) 1= SUDsc(0,7],0e[— M M), 61— <e [A(S, 7, €1) — A(s, x,&)|. Summing up @28), @.30) and taking
into account #27), we get,

0 <limsup sup |A,(s,z) —A(s,z)| < S(¢) ds-a.e. (4.31)
n—oo ze[—-M,M]

Since A satisfies Assumption[2] the uniform continuity of (z,§) € RxR — A(s, z, ) (uniformly with respect
to s) holds and lim.__,¢ S(¢) = 0.

Finally,
sup  |An(s,z) — A(s, z)] — 0 ds-a.e. (4.32)
z€[—M,M)] n = o
Now, for n > ng we obtain
SUPye g, (o,00) [ (1) = FW)| < Micexp(MAT) [y sup,eagar) [An(r, @) — Alr, 2)|dr. (4.33)

Since (A,), A are uniformly bounded, (.32) and Lebesgue’s dominated convergence theorem, the right-
hand side of @33) goes to 0 when n — 0. This shows that f,, — f uniformly on B; (O, M).

We can now apply Lemma .3 (with P,, and f,, defined above) to obtain, for n — oo,

t
/ K(n— X (w)) exp ( / A, X (), un (1, X,(w)))dr) dm" ()
c 0
converges to
t
/K(n — Xi(w))exp (/ A(r, X (w), u(r, Xr(w)))dr) dm(w),
c 0
which finally proves #23) and concludes the proof of Proposition £.10l O

At this point we state simple technical lemma concerning strong convergence of solutions of stochastic
differential equations.

Lemma 4.11. Let Ry be a square integrable random variable on some filtered probability space, equipped with a p
dimensional Brownian motion W. Let a,, : [0,T] x R* — R¥? and b,, : [0,T] x R? — R? Borel functions

verifying the following.
e JL > O,fOT’ all (Iay) € Rd X Rd/ SuanO |an(t,a:) - an(ta y)| + SuanO |bn(t,1') - bn(tay” < L|$ - y|/

e 3¢ >0, forall x € RY, sup,,~(|an(t, )| + |ba(t, 2)]) < (14 |2]);
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o (ay), (b,) converge pointwise respectively to Borel functions a : [0, T] x R — R¥>P and b : [0, T] x R — R,

Then there exists a unique strong solution of

{ dY; = a(t,Y;)dW,; + b(t, Y;)dt (4.34)

Yb:R07'

Moreover, let for each n, let the strong solution X™ (which of course exists) of

{ AY;" = an(t, Y, )dW, + by (t, Yy dt (4.35)

Y = Ro.
Then,
2
sup V" — V;| — X 0.
t<T n — 400
Proof. The existence and uniqueness of Y follows because «a, b are Lipschitz with linear growth.
The proof of the convergence is classical: it relies on BDG and Jensen inequalities together with Gronwall’s

lemma. O
Now, we are able to prove the main result of this section.

Proof of Theoremd.2l Let Y, be a r.v. distributed according to ¢y. We set

Ay : (t,2,8) €10,T) x RE X R — Ay, (t,z,€) := / ¢Z(a: —x1)Pn (€ — &1)A(t, 21, &1)dxdEy, (4.36)

R4 xR

where (¢,,),>0 is a usual mollifier sequence converging (weakly) to the Dirac measure. Thanks to the
classical properties of the convolution, we know that A being bounded implies

Vi € N, [|An]loo < 16211160l L1[|A]lso = ||Al|oo- For fixed n € N, ¢,, is Lipschitz so that ({.36) says that A,,
is also Lipschitz. Then, for fixed n € N, according to Assumption2] ®, g, A,, are Lipschitz and uniformly
bounded, we can apply the results of Section Bl (see Theorem B.10) to obtain the existence of a pair (Y™, u,,)

such that
dY;r = O, Y," un (8, Y)") AWy + g(t, V)" un(t, Y)"))dt
Y = Y, (4.37)
un(t,x) = E[K (x — Y7 exp ([ A (1, Y2 (r, V7)) dr)].

Since A,, is uniformly bounded and {Yj'} are obviously tight, Lemma in the Appendix gives the
existence of a subsequence (ny) such that (Y™, u,, (-, Y."*)) converges in law to some probability measure
vonC? x C. By Assumption[2] forall ¢ € [0,7], A,(t,-, ) converges to A(t, -, -), uniformly on every compact
subset of R? x R.

In view of applying Proposition 10, we set Z;"* := u,, (t,Y;"*) and m™ := L(Y™). We know that
(Ay,, ), A satisfy the hypotheses of Lemma On the other hand (Y™, Z"*) converges in law to v. So we
can apply Proposition which says that (u,, ) converges uniformly on each compact to some u which
verifies @23), where m is the first marginal of v. In particular we emphasize that the sequence (Y"*)
converges in law to m.

We continue the proof of Theorem 2] concentrating on the first line of (T.4).

We set, for all (t,x) € [0,T] x R%, k €N,
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ap(t,x) = O(t,x,upy, (t,))

bp(t,x) = g(t,z,un, (t,z)) (4.38)
a(t,z) = Ot x,u(t,x))
b(t,x) = g(t,z,u(t,xz)).

Here, the functions u,, being fixed, the first equation of (4.37) is a classical SDE, whose coefficients depend
on the (deterministic) continuous function u,,. By Remark B.1] the functions u,, appearing in .37) are
Lipschitz with respect to the second argument and bounded. This implies that the coefficients ay, by, are
Lipschitz (with constant not depending on k) and uniformly bounded.

Since (uy, ) converges pointwise to u, then (ax), (by) converges pointwise respectively to a,b where
a(t,z) = ®(t,z,u(t,z)),b(t,x) = g(t, z,u(t, x)).

Consequently, we can apply Lemma [ ITwith the sequence of classical SDEs

Ay = ag(t,Y;"*)dW; + by (¢, Y;"* )dt
nt ak( t ) t+ k( t ) (439)
Y() P = Y07
to obtain .
sup | Y™ — Yy e, 0,
k — 400
where Y is the (strong) solution to the classical SDE
dZt = a(t, Zt)th + b(t, Zt)dt
Zy =Y,
070 (4.40)

a(t,z) = O(t, z,u(t,x))
b(t,x) = g(t,z,u(t,z)) .

We remark that Y verifies the first equation of (I4) and the corresponding v fulfills @23). To conclude the
proof of Theorem [.2]it remains to identify the law of ¥ with m. Since Y™* converges strongly, then the
laws m™* of Y™* converge to the law of Y, which by Proposition 410} coincides necessarily to m.

O

5 Weak Existence when the coefficients are continuous

In this section we consider again (T.4) i.e. problem

Y, = Yo+ [o @, Y, u(r, Y,)dW, + [7 g(r, Yo, u(r, Y,))dr . with Yo ~ G,
ut,z) = [o, dm(w) [K(I ~ X,(w)) exp { JEA(r, X (), ulr, Xr(w)))drH . for (t,x)€[0,T] x RY
LY)=m,

(5.41)
but under weaker conditions on the coefficients ®, g, A and initial condition (y. In that case the existence or
the well-posedness will only be possible in the weak sense, i.e., not on a fixed (a priori) probability space.
The aim of this section is to show weak existence for problem (5.41)), in the sense of Definition ZZlunder As-
sumption[Bl The idea consists here in regularizing the functions ® and g and truncating the initial condition
(o to use existence result stated in Sectiond] i.e. Theorem 4.2

Theorem 5.1. Under Assumption[3] the problem (L4) admits existence in law, i.e. there is a solution (Y, u) of (5.41)
on a suitable probability space equipped with a Brownian motion.
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Proof. We consider the following mollifications (resp. truncations) of the coefficients (resp. the initial con-
dition).

Dy, (8,2,8) €[0,T] x R X R [oup 0 (x — 1) (& — 1)@, 7/, r)dr'dr

gn : (t,z,§) €10,T] x Rd X R [pap @z — 1) dn(E —r)g(t, v, r)dr'dr (5.42)

Vo € Cy(RY) )y Jpa C§ (dz)@(x) = [pa Co(dz)(—nV @(x)) An .
We fix a filtered probability space (2, F, IP) equ1pped with an (F})¢>0-Brownian motion W. First of all, we
point out the fact that the function A satisfies the same assumptions as in Section@ On the one hand, by
(5.42), since ¢,, belongs to S(R?), ®,, and g,, are uniformly bounded and Lipschitz with respect to (x, &)
uniformly w.r.t. ¢ for each n € N. Also ({ admits a second moment and (£;) weakly converges to £. On
the other hand For each n, let YJ" be a (square integrable) r.v. distributed according to ({'. By Theorem 4.2}
there is a pair (Y™, v") fulfilling (L.4) with ®, g, {, replaced by ®,,, g,,, ({. In particular we have

Y=Y+ fo (r, Y un (r, Y,) AW, + fo In(r Y un (r, Y, ))dr, with Y ~ (),
Un(t,2) = [ dm™ () [K(x ~ X, (w)) exp{jo (7, X (), thn (7, X (w0 )))drH , for (t,z)€[0,T] x R?,
L(Y™) =m".
(5.43)
Remark 5.2. Similarly to Remark B8] (|, |)n>0 is uniformly bounded by My exp(MaT).

Setting Z" := u, (-, Y™))), in the sequel, we will denote by v" the Borel probability defined by £(Y™, Z").
The same notation will be kept after possible extraction of subsequences.

Since (¢{')nen weakly converges to (o, it is tight. By Remark[5.2land Lemma[@.3] there is a subsequence
{v™} which weakly converges to some Borel probability » on C? x C. For simplicity we replace in the
sequel the subsequence (n) by (n). Let (Y™) be the sequence of processes solving (5.43). We remind that
m" denote their law. The final result will be established once we will have proved the following statements,

a) u" converges to some (continuous) function u : [0, 7] xR¢ — R, uniformly on each compact of [0, 7] x R¢,
which verifies

V(t,z) €[0,T] x R, u(t,z) = K(x — X¢(w)) exp {/0 A(r, X, (w), u(r, XT(w))))dr} dm(w)

cad

where m is the limit of the laws of Y.

b) The processes Y™ converge in law to Y, where Y is a solution, in law, of

{ Y, =Y, + fot O(r, Yy, u(r,Y,))dW, + fot g(r, Y, u(r,Y,))dr (5.44)

Yo~ Go -

Step a) is a consequence of Proposition . I0with for all n € N, A,, = A.

To prove the second step b), we will pass to the limit in the first equation of (5£.43). To this end, let us denote
by C2(R%), the space of C?(R?) functions with compact support. Without loss of generality, we suppose
d = 1. We will prove that m is a solution to the martingale problem (in the sense of Stroock and Varadhan,
see chapter 6 in [30]) associated with the first equation of (5.41). In fact we will show that

{ Vo € C3(R),t €[0,T], M; := p(Xy) — fo )dr, is a F{*-martingale, where (5.45)

(FX,t €[0,T)) is the canonical f11trat10n generated by X ,
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where we denote A,¢)(z) = $®%(r, 2, u(r,z)))¢" (z) + g(r, z,u(r,z))¢' (), r € [0,T],z € R%
Let0 < s <t < T fixed, F : C([0, s], R) — R continuous and bounded. Indeed, we will show

Vo € C2(R), E™ K@(Xt) — o(Xo) — fg(Arw)(Xr)dr) F(X,,r < s)} ~0 (5.46)

We remind that, for n € N, by definition, m" is the law of the strong solution Y™ of
t t
R A S MR EO Ty PR R DI
0 0

on a fixed underlying probability space (€2, 7, P) with related expectation E.
Then, by Itd’s formula, we easily deduce that Vn € N,

!
| (e0) = o02) = [ (GO unlr XN 0) + X Y (X)) ) PO < 5)] =0,
’ (5.47)
Transferring this to the canonical space C and to the probability m™ gives

E™" {(@(Xt) —(X,) — /t <;<I)i(r, Xyt (ry X0)) " (X)) + gn (7, Xy 1 (7, XT.))gp’(XT.)) dr | F((X,,0<u < s))} =0.
’ (5.48)

From now on, we are going to pass to the limit when n — +oco in (548) to obtain (545). Thanks to the

weak convergence of the sequence m", for ¢ € C2(R%), we have immediately

E™ [(0(Xe) = ¢(Xs)) F(Xu,0 < u < 8)] = E™[(p(Xe) — (X)) F(Xu,0 Su < s)] ——— 0. (5.49)

n — o0

It remains to show,

limy o0 B [H(X)F(X,,0 < 0 < 8)] = E™[H(X)F(X,,0 < u < )],
with H" () := f;(%@%(r, Qs Un (7 00) )" () + g (7 Qs (1, 1) )@ (v ), (5.50)
H(a) = f;(%@?(r, ar,u(ry o))’ (o) + g(r, ap, u(r, o)) (. )dr
In order to show that E™»[H"(X)F]| — E™[H(X)F] goes to zero, we will apply again Lemma 4.3
As we have mentioned above, F is continuous and bounded. Similarly as for Remark .5 the proof of the
continuity of H (resp. H,) makes use of the continuity of ®, g, ¢”, ¢’ (resp. ®,,, gn,¢", ¢’) and Lebesgue
dominated convergence theorem.
Taking into account Remark (4.4} it is enough to prove the uniform convergence of H" : C — R to
H : C — R on each ball of C. This relies on the uniform convergence of ®,(¢,-,-) (resp. gn(t,-,-) ) to
O(t,-,-) (resp. g(t,-,-) ) on every compact subset R x R, for fixed ¢t € [0,7]. Since the sequence (m™")
converges weakly, finally Lemma[&3]allows to conclude (5.50).
O

6 Link with nonlinear Partial Differential Equation
From now on, in all the sequel, to simplify notations, we will often use the notation f,(-) = f(¢,-) for
functions f : [0,T] x E — R, E being some metric space.

In the following, we suppose again the validity of Assumption[3
Here F(-) : f € S(RY) — F(f) € S(R?) denotes the Fourier transform on the classical Schwartz space
S(R4). We will indicate in the same manner the Fourier transform on &’(R9). In this section, we want to
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link the nonlinear SDE (T.4) to a partial integro-differential equation (PIDE) that we have to determine. We
start by considering problem (L.4) written under the following form:

Yy = Yo+ [y ®(s, Ve, ul"(Ys))dWs + [ g(s, Ve, ul (Ys))ds, Yo ~ Co

= Joa K(z — Xy(w)) exp {fot A(r, T(w),u;”(Xr(w))))dr} dm(w) (6.1)
LY)=m,

recalling that V; (Y, u™(Y)) = exp (fo (Y, u(Yy))ds).
Suppose that K is formally the Dirac measure at zero. In this case, the solution of (6.J) is also a solution
of L3). Let p € S(R?). Applying Itd formula to ¢(Y;) we can easily show that the function v, density
of the measure v defined in (L3), is a solution in the distributional sense of the PDE ([I). For K being
a mollifier of the Dirac measure, applying the same strategy, we cannot easily identify the deterministic
problem solved by v, e.g. PDE or PIDE.

For that reason we begin by establishing a correspondence between (6.I) and another McKean type
stochastic differential equation, i.e.

Y= Yo+ fy (s, Ye, (K x7™)(s, Yo)) AW, + 5 g(s, Yo, (K +9™)(s,Ya))ds, Yo~ Go
4™ is the measure defined by, for all ¢ € C,(R?)

W P) = 0 ) = Jea p(Xi(@)Vi(X, (K 5™ (X)) dm(w)

LY)=m,

(6.2)

where we recall the notations (K *)(s, ") := (K % 7)(-) and [, p(2)7{"(dx) :=~7{"(p) -

Theorem 6.1. We suppose the validity of Assumption 3l The existence of the McKean type stochastic differential
equation (6.1)) is equivalent to the one of (€.2). More precisely, given a solution (Y,~™) of (€2), (Y,u™), with
u™ = K x~™, is a solution of (&) and if (Y,u™) is a solution (6.), there exists a Borel measure v™ such that

(Y, ™) is solution of (©.2).
In addition, if the measurable set {¢ € RYF(K) (&) = 0} is Lebesgue negligible, (6.1) and (6.2) are equivalent, i.e.,
the measure ~™ is uniquely determined by u"™ and conversely.

Proof. Let ((Yz,t > 0),u™) be a solution of (&.1)). Let us fix ¢ € [0, 7.
Since K € L'(R?), the Fourier transform applied to the function u™(t, -) gives

t
Fum 0.6 = FE) [ e oxp ([ A @) (6 0) ) ) 63)
cd 0
By Lebesgue dominated convergence theorem, the function
t
freeRY s f(8) = / e X @ exp (/ A(r, Xr(w),uT(Xr(w)))> dm(w) ,
cd 0

is clearly continuous on R9. Since A is bounded, f™ is also bounded. Let (ak)k=1,.. 4 be a sequence of
complex numbers and (x)k—1... 4 € (R?)%. Remarking that for all ¢ € R?

—
ZZaka e (@) — (Zake i z’“) (Zape—iﬁ'wp> =
p=1

k=1p=1

9

J 2
g ape €Tk
k=1

it is clear that f™ is non-negative definite. Then, by Bochner’s theorem (see Theorem 24.9 Chapter 1.24 in

[27]), there exists a finite non-negative Borel measure j; on R such that for all ¢ € R¢

m 7250 m
e = 7= /R d (d6) . (6.4)

33



We want to show that ;™ := p7" fulfills the third line equation of (6.2).

Since p}"* is a finite (non-negative) Borel measure, it is a Schwartz (tempered) distribution such that

FR = and W e S®Y, | [ wle)(da)| < [l (BRY < o0

On the one hand, equalities (6.3) and (6.4) give
Fm)(t,) = FIR)F() = w™(t,) = K * " (65)
On the other hand, for all v € S(R),
<M2na¢> = <‘F_1(fm)7¢>
= F W)
- fl@@(/ewm%@dAmmwmmmwmmwﬂa
R4 cd 0

/Cd ( 5 fl(w)(f)eis-xtw)dg) exp (/OtA(r, XT-(w),uf.“(Xr(w)))) dm(w)

/cd ( » f‘l(zp)(g)e—if'xt(w)da exp (/OtA(r, X (w), (K * MT)(XT(W)))) dm(w)

[ o) e ([ A6 X0, (6 5w (X 0) ) dme) 66)

where the third equality is justified by Fubini theorem and the fourth equality follows by (6.5). This allows
to conclude the necessary part of the first statement of the lemma.

Regarding the converse, let (Y,7™) be a solution of (6.2). We set directly u}"(z) := (K * 4")(z). Ob-
viously the first equation in (6.I) is satisfied for (Y, u™). Since )" is finite, the second equation follows
directly by (€.2) to ¢ = K(z — ).

To establish the second statement of the theorem, it is enough to observe that from the r.h.s of (6.5) we have
F(u™)(t,-)

Leb({¢ € RYF(K)(€) = 0}) = 0 = F(uf") = F(K)

ae. ,t€]0,7T],
where Leb denotes the Lebesgue measure on R?. This shows effectively that 4 (resp. u™) is uniquely

determined by v (resp. ™) and ends the proof. O

Now, by applying Itd’s formula , we can show that the associated measure v (second equation in (6.2))
satisfies a PIDE.

Theorem 6.2. The measure ], defined in the second equation of (6.2), satisfies the PIDE

d
o = 305 (@Rt m, (K ")) — div (g(t, 2, K ")) + " Alt, 2, (K 7))
ij=1
10 (dz) = (o(dx),
6.7)

in the sense of distributions.

Proof. It is enough to use the definition of 7} and, as mentioned above, apply Itd’s formula to the process
o(Y)Vi(Y, (K * y™)(Y)), for ¢ € C°(RY) and Y (defined in the first equation of (&.2)). Indeed, for ¢ €
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C°(RY), 1to’s formula gives,

Elp(Y)Vi(Y, (K «7™)(Y))] = E[p(Yo)]

+ / E [p(Y)A(s, Ya, (K % 7™ (s, Yo)Va(Y, (K +4™)(Y )] ds
+ / ZE p(Ya)gi(s. Yoo (K %7™) (s, YO)Va(Y, (K % 4™) (V)] ds

/ S BB V) (B0), (5, Ya, (K 7)o YOVl (K £ 7))

i,j=1
(6.8)
By the definition of the measure ™ in (6.2), we have
| etanin = [ plat)
[ e, G 57 )
R4
¥ / [ V(@) gl (0 ™) ) () s
0 d
Sy [ ot @t (s pitanrds . 69)
1] 1
This concludes the proof of Theorem [6.2] O

7 Particle systems approximation and propagation of chaos

In this section, we focus on the propagation of chaos for an interacting particle system & = (£9V),_; .. x
associated with the McKean type equation (I4) when the coefficients @, g, A are bounded and Lipschitz.
We remind that the propagation of chaos consists in the property of asymptotic independence of the com-
ponents of £ when the size N of the particle system goes to co. That property was introduced in [22] and
further developed and popularized by [31]. Moreover, we propose a particle approximation of u, solution
of (L.

We suppose here the validity of Assumption[Il For the simplicity of formulation we suppose that ®
and g only depend on the last variable z. Let (€2, F,P) be a fixed probability space, and (W*);_; ... y be a
sequence of independent RP-valued Brownian motions. Let (Y{);—1 ... n be i.i.d. r.v. according to ¢p. We

consider Y := (Y%),_; ... y the sequence of processes such that (Y, u™") are solutions to

Y= YE o fy Rl (V))AW] + [ g(ud (V))ds o
u' (y) = E [K(y — YOV um (Yﬁ))} L withmt = £(Y7), '
recalling that V; (Y, u™ (V7)) = exp ([ A, ;, u (YV2))ds). The existence and uniqueness of the solution

of each equation is ensured by Proposition 3 We remind that the map (m,t,y) — u™(t,y) fulfills the
regularity properties given at the second and third item of Lemma[3.4].
Obviously the processes (Y*);—; ... y are independent. They are also identically distributed since Propo-

sition[3.10lalso states uniqueness in law.
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So we can define m° := m’ the common distribution of the processes (Y Yiz1.. N-
From now on, C*Y will denote (C%)Y, which is obviously isomorphic to c([o, T] R4NY). We start observing
that, for every £ € C the function (¢,z) uf (E)( ) is obtained by composition of m +— u}"(z) with
m = SN(E).

Now let us introduce the system of equations

‘ A N ) ) N .
&V =& + fr (s O@E@N)awi + fi g™ O (€ N))ds
&t =Y;

) | | (7.2)
- Ol) = 5 3Ky —gMEN T O@))
j=1
with SV (¢) standing for the empirical measure associated to & := (£€V),_; ... y i.e.
X
=% > Gein . (7.3)
i=1
| X
As for (Z3), we set SN(Y) = — Z Sy is the empirical measure for Y := (Y*);_; ... v, where we remind
i=1

that for each i € {1,--- , N}, Y is solution of (ZI). We observe that by Remark 23] SV (¢) and SV (Y) are
measurable maps from (2, F) to (P(C%), B(P(C%))), and they are such that SV (¢), SV (Y) € P2(C?) P-as. A
solution ¢ := (¢4),_ ... n of (Z2) is called weakly interacting particle system.
The first line equation of (Z2) is in fact a path-dependent stochastic differential equation. We claim that
its coefficients are measurable. Indeed, the map (¢,&) — (SN (£),t,&!,) being continuous from ([0, 7] x
CN B([0,T)) @ B(C)) to (P(C?) x [0,T] x RY, B(P(C?)) ® B([0,T)) @ B(RY)) for alli € {1,--- ,N}, by
composition with the continuous map (m, t,y) — u"(t,y) (see Lemma[3.4](3.)) we deduce the continuity of
(t, &) — (qu(@(ég))i:L,.. _~, and so the measurability from ([0, 7] x C*V, B([0,T]) ® B(C?V)) to (R, B(R)).
In the sequel, for simplicity we denote &< := (€', )1<i<n. We remark that, by Proposition[3.8land Remark
B7 we have -
N(E) (g SN (Er<s) (7

(" O@) =W =@) (7.4
for any s € [0,7], £ € C and so stochastic integrands of (Z2) are adapted (so progressively measurable
being continuous in time) and so the corresponding It6 integral makes sense. We discuss below its well-
posedness.
The fact that (Z.2) has a unique strong solution (£%V),—; ...y holds true because of the following arguments.

1. ® and g are Lipschitz. Moreover the map &<, — ( s (E““)({Z)) v is Lipschitz.
= =1,

Indeed, for given (£,<,nr<s) € CN x CIV, s € [0, T, by using successively inequality (3.5) of Lemma
B4land Remark[2]] foralli € {1,--- , N} we have

SN (&< i SN (< i i

ug =gl —ul =) <\ /OrA(T) (|£ AR Z sup sﬂ—m)
< J_ . .
< 24/Cra(T) qlaXNoiup & —nl| (7.5)
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Finally the functions
N GG )
oo (9 Er=(@)
are uniformly Lipschitz and bounded.

2. A classical argument of well-posedness for systems of path-dependent stochastic differential equa-
tions with Lipschitz dependence on the sup-norm of the path (see Chapter V, Section 2.11, Theo-
rem 11.2 page 128 in [28]).

Theorem 7.1. Let us suppose the validity of Assumption[ll Let N be a fixed positive integer. Let (Y?);—1.... n (resp.
((€5N)i21.... n) be the solution of (ZT) (resp. T2)), mP is defined after (Z). The following assertions hold.

1. If F(K) is in L*(R?), there is a constant C = C(®, g, A, K, T) such that, forall i = 1,--- N and t € [0,T),

N m C

Elfu; @ —ulZ] < % (7.6)
. . C

B[ sup &Y -YIP] < (7.7)
0<s<t N

where C' is a finite positive constant only depending on My, M, Ly, La,T.
2. If K belongs to W12(RY), there is a constant C = C(®, g, A, K, T) such that, for all t € [0,T],

N C

Bl @ —ul3) < 7.8)

where C'is a finite positive constant only depending on My, Ma, Lk, L, T and |VK]|s.
The validity of (Z6) and (Z.7) will be the consequence of the significant more general proposition below.

Proposition 7.2. Let us suppose the validity of Assumption[ll Let N be a fixed positive integer. Let (W N),_; .. n
be a family of p-dimensional standard Brownian motions (not necessarily independent). We consider the processes
(Y&NY, 1. N, such that for each i € {1,--- N}, Y is the unique strong solution of

{ VPN =Yg+ [ e (YIN)dWwiN 4 fo M(YINYYds,  forallt € [0,T] 79

" (y )—E[K(y—YZN)Vt(Y’N,um (Y”V))} . withm?N = L(VEN) |

recalling that V, (YN "™ (YN)) = exp (fo (YN am™™ (YiN))ds), (Yd)ier,... n being the family of i.i.d.
r.v. initializing the system (Z1). Below, we consider the system of equations (Z2), where the processes W* are replaced
by Wil ie.
V=g fy @ QMW + [ gl (€M) ds
& ="

N (7.10)
qu(f Z 53 N (gj,N’ USN(g)(gj,N)) .

Then the following assertions hold.

1. Foranyi=1,---N, (Yf’N )telo, 1) have the same law m®N =m0, where m° is the common law of processes

(Y%);=1.... N defined by the system (Z.J).
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. Equation (ZIQ) admits a unique strong solution.

. Suppose moreover that F(K) is in L*(R®). Then, there is a constant C = C(K,®, g, A, T) such that, for all
te 0,77,

i i SN m° S
sup B[ sup €2V — VIV 4 EJuy @ — 2] < € sup E[SN(Y) —m® @),
i=1,....N 0<s<t pEC,(CD)

lelloo <1

(7.11)

with SN Z Oy iN-

Remark 7.3. 1. The r.h.s. of (ZI1) can be easily bounded if the processes (YN );_1 ... n are i.id. Indeed, as in

the proof of the Strong Law of Large Numbers,

N
sup E[(SN(Y)-m’¢)?] = sup E Z (YIN) = E[p(Y )]
peCy(C) p€ECH(CT) =1
l[elloo <1 lelloo <1
1
= sup Var(— (pYJN
LpHE(ﬁ’b(C:') N;
Plloc<1

1
= sup Var(—go(Yl’N))
peCy(C?) N

lelloo <1

1
< —. .
S W (7.12)

2. In fact Proposition does not require the independence of (Y™ ),—1..n. Indeed, the convergence of the

numerical approximation qu(g) to uj™ only requires the convergence of d$}(S™(Y), m°) to 0, where we
remind that the distance d5} has been defined at Remark b). This gives the opportunity to define new
numerical schemes for which the convergence of the empirical measure S™ (Y) is verified without i.i.d. particles.

. Let us come back to the case of independent driving Brownian motions W',i > 1. Observe that Theorem [Z.]]
implies the propagation of chaos. Indeed, for all k € N*, (ZZ) implies

2
(51,1\7 _ Y1’§2,N _ Y2, o ’gk,N B Yk) L*(Q, F,P) 0,
N — 400
which gives the convergence in law of the vector (¢4, ¢2N ... ¢FN)to (Y1 Y2 ... [ YF). Consequently,
since (Y");=1,...  are i.i.d. according to m°
(e 2N RNy converges in law to (m®)®% when N — +oo . (7.13)

. Proposition [7.21can be used to provide propagation of chaos results for non exchangeable particle systems. Let
us consider (YN )1 .. (resp. (£9NV);=1....n) solutions of (Z9) (resp. (ZIQ)) where

VNZ -1 1
Wt = Twl—i—NW? and  fori>1, Wi .= Ww",

where we recall that (W?);—; ... n is a sequence of independent p dimensional Brownian motions. In that sit-
uation, the particle system (¢4V) is clearly not exchangeable. However, a simple application of Proposition
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allows us to prove the propagation of chaos. Indeed, let us introduce the sequence of i.i.d processes (Y*) solutions
of (Z1), Proposition 72 yields
Efsup €0V =Y "] < 2BE[sup|et™ — YOV + 2B [sup [V — Y]]
s<t s<t s<t
< C sup E[(SY(Y) —m® ¢)"] + Elsup [V — Y]]
s<t

peC,(CT)
lelloo <1

To bound the second term on the r.h.s. of the above inequality, observe that YN =Y fori > 1 and fori =1,
notice that simple computations, involving BDG inequality, imply E[sup,, YN — Y] 2] < 5.
Concerning the first term on the r.h.s. of the above inequality, we first observe that the decomposition holds

1SN
v 2 eV ) = (m°, )
=1

= (P B Y)) + NN‘I(Nl_lésomN) %)),

<SN(Y> - m07 90>

for all p € Cy(CY). We remind that YLV .. [ YNN have the same law mP taking into account item 1. of
Proposition[Z2) It follows that

6 3(N—1)2 al
sup E[|(SV(Y) - m®¢)2] < 25+ 2o s B[ D0y Q)F]. 714
reelcy AR 2

Since the r.v. (Y2N ... [ YNNYareiid. according to m°®, CI4) and item 1. of Remark[Z.3 give us

— C
sup EH(SN( ) — ,S0>\ ] N’
peCy(C)

lelloc <1
which leads to a similar inequality as (ZZ) in Theorem[Z1l The same reasoning as in item 3. above implies
propagation of chaos.

Proof of Proposition[Z.2] Let us fix t € [0, T]. In this proof, C'is a real positive constant (C' = C(®, g, A, K, T))
which may change from line to line.

Equation (Z.9) has N blocks, numbered by 1 < i < N. Item 2. of Proposition B.I0 gives uniqueness in law
for each block equation, which implies that for any i = 1,--- N, m*" = m® and proves the first item.
Concerning the strong existence and pathwise uniqueness of (Z10), the same argument as for the well-
statement of (Z2) operates. The only difference consists in the fact that the Brownian motions may be
correlated. A very close proof as the one of Theorem 11.2 page 128 in works: the main argument is the
multidimensional BDG inequality, see e.g. Problem 3.29 of [2I]. From now on let us focus on the proof of
inequality (ZII). On the one hand, since the map (¢, &) € [0, 7] x C?V (qu(g‘) (€8))i=1.... v is measurable
and satisfies the non-anticipative property (Z.4), the first assertion of LemmaB.IT|gives foralli € {1,--- , N}

t
Bl sup 6%~ VNP) < CE[[ ud"Oe) —ur () as

0<s<t

t
< c / uS T OE) — (V) Pds + [ BJur’ (€Y) - (7 P)ds
0
< 0 [ (B0 — ) 4B sup (6 V) ds, by @B,
0 0<r<s

(7.15)
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which implies
sup E[ sup 6N — VAN < ¢ / ( eS¥© — 2|20+ sup E[ sup |si7N—Y:7N|2])ds (7.16)
i=1,-,N 0<s<t i=1,-,N 0<r<s

On the other hand, using inequalities (35) (applied pathwise with m = SV (¢)(w) and m’ = SY (Y)(w)) and
(3:8) (with the random measure = SV (Y) and m = m") in Lemma B4 yields

SN mﬂ s SN (Y SN (Y) mo
Ellu;” @ — w2 < 2B [l © = L] + 2B Y -2,
< 2CE[Wi(SN(€), SM(Y)IP] +2C  sup  E[[(SV(Y) —m®, ¢)[]
P€ECy(C?)
llelloo <1
2C
< ZE sup (€LY = YN+ C sup E[[(SV(Y) —m®, )]
= 0<s<t pEC,(CY)
lelloo <1
< 20 _sup E[ sup [ —VIVPI+C sup E[(SV(Y) —m®, 0)[*,(7.17)
= N 0<s<t p€eCL(C?)
lplloo <1

where the third inequality follows from Remark[2.1]
Let us introduce the non-negative function G defined on [0, 7] by

SN i i
G(t) =Elu; @ —u|%]+ sup E[sup €8N — VIV,
i 0<s<t

1=1,

From inequalities (Z16) and (Z.I7) that are valid for all ¢ € [0, 7], we obtain

G(t) < (20+1) sup E[sup &V —VINVPI+C sup E[(SV(Y) —m’, ¢)f]

i=1,--,N 0<s<t peCy(C)
[elloo <1
e / ( S © —ur |2+ sup Ef sup |£¢N—Y:’N|21) s
i=1,. N 0<r<s
+C sup E[(SY(Y)—m’, o)]
P€Cy(C?)
lelloo <1
t
< c/ Gls)ds +C  sup  E[(SN(¥) = m®, )2 . (7.18)
0 LPE(‘fb(Cd)
lelloo <1

By Gronwall’s lemma, for all ¢ € [0, 7], we obtain

N 0 . —
Eflu; ) —up|2)+ sup E[sup [¢8N — VIV < Ce® sup E[(SV(Y)—m® ). (7.19)
i=1,--,N 0<s<t peCp(C)
llelloo <1

O

Proof of Theorem[Z1l To prove inequalities (Z.6) and (Z.Z), we can deduce them from Proposition[Z.2] Indeed,
we have to bound the quantity sup E[[(SV(Y) — m?, ¢)|?] . To this end, it is enough to apply Proposition

w€ECH(C?)
lelloo <1

in particular (ZI), by setting for all i € { 1,---, N}, WtN .= W' Pathwise uniqueness of systems (ZI)
and ([Z9) implies Y*V = Y foralli € {1,---,N}. Since (Y?);—1.... v areii.d. according to m°, inequalities
(Z.6) and (Z2) follow from item 1. of Remark-

It remains now to prove (Z8). First, the inequality

SN m SN SNy SNy m
Elllu; © —u|3) < 2E[|lu) © —wf 3]+ 2B luy ) — w02, (7.20)
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holds for all ¢ € [0, T]. Using inequality (3.7) of Lemma[B.4] for all ¢ € [0, T], we get

B[l © — "2 < CEWL(SN(€), SV (Y))?]

IN

N
1 ) )
C—=> E[sup [N —Y]]?
N 2 [og%'g "]

< (7.21)

¢
N )
where the latter inequality is obtained through (Z7). The second term of the rh.s. in (Z20) needs more
computations. Let us fix i € {1,--- , N'}. First,

SN m
Ellu; ) — ™3] < 2 (E[| A2 +E[|B.J3]) (7.22)

where, for all ¢ € [0, 7]

Ay(z) = K(z — Ytj) [Vt (Yj7 uSN(Y)(Yj)) _ Vt(Yj, um’ (Yj))}

<
Il
—

2|~

(7.23)

K(z = Y)WV, (Y7, 0™’ (V7)) — E[K(x —YHV (YL (Yl))] :

2=

Bt((ﬂ) =

j=1

where we remind that m? is the common law of all the processes Y¥,1 <i < N.

To simplify notations, we set P;(t,x) := K (z — Y7 )V, (Y7,u™ (Y7)) —E {K(x —YHVi(Y (Yl))} for all
je{l,---, N}, zeR¥and t € [0,T)].

We observe that for all x € R4, € [0,7], (Pj(t,x))j=1,.. ~ areii.d. centered r.v. . Hence,

o 2t Mz
BB, (x)?] = B[P (t0)] < LEK (e~ ¥V um (7)) < P TRk (e - v
and by integrating each side of the inequality above w.r.t. € R?, we obtain
AM 2t M 5
E { / |Bt<:c>|2dx] — [ BBl < T (7.24)
R4 Rd N

where we have used that | K||; = 1.
Concerning A,(z),

A
2|~

|Au(a)? K (e = Y7 RV (Y7, o 00 (7)) - vt(w',um“(w))}2

~
Il
-

2

I
2| =

Il
_

Kz - YKz —Y)) |:V;5 (YJ"uSN(Y)(Yj)) _ W(yj’umo (Yj)):|

J

MoT N ) t N . 0 i
< @MY K@ - Y) / V) = (V) Par
=1 0
My T al N 0
< ML S K- 1)) [0 -

j=1

(7.25)

where the third inequality comes from (2.8). Integrating w.r.t. + € R? and taking expectation on each side
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of the above inequality gives us, for all ¢ € [0, 7]

E[/ A(@)Pda] < MiTeMr L3 / E[uS™ ) —um’ |2 ]dr
R4 0
< MgT?HMAL30 sup E[(SN(Y) —m°, ¢) %]
peCy(Cd)
lelloo <1
M T?e2MA[2C

< ~ : (7.26)

where we have used (3.8) of Lemma B4 for the second inequality above and (ZI2) for the last one. To

conclude, it is enough to replace (Z.24), (Z.26) in (Z22), and inject (Z21)), (Z22) in (Z.20).
]

8 Particle algorithm

8.1 Time discretization of the particle system

In this Section Assumption[Il will be in force again. Let (Y{);—1,... nx beii.d. r.v. distributed according to ¢o.
In this section we are interested in discretizing the interacting particle system ([Z.2) solved by the processes
¢4N 1 <i < N. Let us consider a regular time grid 0 =ty < --- <t = két < --- < t,, = T, with 6t = T//n.

We introduce the continuous R*V-valued process (gt)tE[O,T] and the family of nonnegative functions
(04)tefo, 7] defined on R such that

& =& + g 20n (LW + fy 9(0r) (€70))ds
&Y =Yg - B 8.1)
f)t(y) = %Zjvzl K(y*é.g’ exp{fo r(s)’ r(s)(fi(zsv)))ds} ) for anyt € [OvT]v

where r : s € [0,7] — r(s) € {to,---tn} is the piecewise constant function such that r(s) = ¢, when
s € [tg,tr+1][- We can observe that (Ei’N )i=1,...,.n is an adapted and continuous process. The interacting
particle system (£7V);_; . x can be simulated perfectly at the discrete instants (3 )r—o.... ., from indepen-
dent standard and centered Gaussian random variables. We will prove that this interacting particle system
provides an approximation to (¢V);_; ...y, solution of the system (Z.2) which converges at a rate of order

V6t

Proposition 8.1. Suppose that Assumption [I holds excepted 2. which is replaced by the following: there exists a
positive real L such that for any (t,t',y,y, 2,2") € [0,T]? x (R?)? x (R*)?,

Ay, 2) = Ay, ) S La (=t + ly =y + 12 = 2]) .

Then, the time discretized particle system (B.1) converges to the original particle system (Z2). More precisely, we have
the estimates

N
E[l|7, —uy %] + swp Els supw ¢ 2| < ost (8.2)

where C'is a finite positive constant only depending on My, Ma, Lx, Lo, T
If we assume moreover that K € W12(R?), then the following Mean Integrated Squared Error (MISE) estimate
holds:

B[ —u; 3] < Cot 83)

where C'is a finite positive constant only depending on My, Ma, Lx, L, T and [|[VK]||2.
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Remark 8.2. We keep in mind the probability measure my defined at Section [} which is the law of processes Y,
solutions of (). We claim that v can be used as a numerical approximation to the function u™°; we remind that, by
Theorem[6.]u™ is associated with a solution v of the PIDE (6.7) via the relation u™ = K * ™.

The committed expected squared error E[||uy™® — 0, |%] is lower than C(T) (5t + 1/N), for a given finite constant
C(T). Indeed, it is bounded as follows:

m ~ m SN SN ~
Elllu™ — 5)|%] < 2E[[lui™ — ;) Q2]+ 2E[lup © —5)|%).

The first term in the rh.s. of the above inequality comes from the (strong) convergence of the particle system
(€N )iz, v t0 (Y7)i1,... v whose convergence is of order +, see Theorem 71} inequality (Z€). The second term
comes from the time discretization whose expected squared error is of order &t, see Proposition B} inequality (B2).

The proof of Proposition B]is close to the one of Theorem [Z1] The idea is first to estimate through
Lemma [B3] the perturbation error due to the time discretization scheme of the SDE in system (8.), and
in the integral appearing in the linking equation of (8.I). Later the propagation of this error through the
dynamical system (Z.2) will be controlled via Gronwall’s lemma. Lemma [83below will be proved in the
Appendix.

Lemma 8.3. Under the same assumptions of Proposition[8.1) there exists a finite constant C > 0 only depending on
T,Mg,Lg,Ms, Lo, Mg, Lyand M, Ly such that for any t € [0,T],

E[l&0) — &P < Cat (8.4)
E[| 0y — b))%, < C6t (8.5)
Elll,0 —up %] < Ot . (8.6)

Proof of Proposition[8.3l All along this proof, we denote by C' a positive constant that only depends on
T,Mg,Lg,Ms,Ls, My, Ly and My,L, and that can change from line to line. Let us fix ¢ € [0, 7.

e We begin by considering inequality (8.2). We first fix 1 < i < N. By (83) and (8.6) in Lemma[8.3]and
Lemma [3.4] we obtain

Elllo,—uy Q%] < 2[5 —uf ©)2)+ 2B[uf © — " ©)2)
< AE[B — B l2] + Elldn —up Q2] + 2B [y © —uf T ©)2 ]
< Cot+ CE[W, (SN (§), SN (€)1
< Cét+C sup Efsup|E0N — ¢V, (8.7)

i=1,-N  s<t

where the function u5" (©) makes sense since ¢ has almost surely continuous trajectories and so S (¢)
is a random measure which is a.s. in P(C%).
Besides, by the second assertion of Lemma B.11] we get

t ) N . t . -
E@g&”—&ﬂﬂf;CEUWm@@gwwf@@wm%4+0/Ek$yfwﬂw+0W.
s< 0 0

(8.8)
Concerning the first term in the r.h.s. of (8.8), we have for all s € [0, 7]
- s, N 3 - s, N(g) &, N(g) &, N 3
() (E03) = us OEM? < 20 (EY) — uf” OET + 20 OEL) - uf” O €M)
~ N e i
< 2y —uf Q)% +20180) - &N (8.9)
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where the second inequality above follows by Lemma[3.4] see (3.5) (Lipschitz property of the function
uS" (). Consequently, by (88)

t + ) '
C&{/HM$—QMW&M]+/E[&§—&Mﬂm+&ﬂ
0 0
t t ~
< ofe [ - olas] +B] [ o - O as

+E U |§ g““ds]HEU |EvN — §ZN|2ds]+5t2} (8.10)

Using inequalities (84) and (8.5) in Lemma[83] for all ¢ € [0, 7] we obtain

IN

Efsup [€0Y — €N
s<t

A

sup Elsup &6 — 6V 007+ [ [Bllo, — S O]+ sup Bloup 65" - 657 o
i=1,--N i=1,-N  0<s

8.11)
Gathering the latter inequality together with (8.7) yields

N .
POz 4+ sup E[sup\s — BN Cot+2C sup E[supw BN 2]

i=1,---N i=1,--N

IN

E[||o; — u

IN

+C/ [ll5s — uS" O]

+ slupNIE[sup|§ 52’N|2]}ds. (8.12)

Applying Gronwall’s lemma to the function

t slupNE[supW ENPR R[5 —ul O]

ends the proof (8.2).
e We focus now on (8.3). First we observe that
SN (€ SN
Bl — w13 < 2B[15 — ;" 3] + 2B ] © - O (813)

Using successively item 4. of Lemma B.4] Remark 2.J]and inequality (8.2), we can bound the second
term on the r.h.s. of (8:13) as follows:

N )
Eflud”© — o5 ©)2) < CEWL (S (), SN (€)]]
< C sup E[sup|N — &N
i=1,-N  s<t
< (C6t. (8.14)

To simplify the notations, we introduce the real valued random variables
Vim i A8 T O@M)as g i o oo A& e € ds (8.15)

defined forany i = 1,--- N and ¢t € [0, 7.
Concerning the first term on the r.h.s. of (813), inequality (9.2I) of Lemma @4l gives for all y € R?

5e(y) — w5 € <>|2<M—ZK CENY T VR (8.16)
=1
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Integrating the inequality (8.16) with respect to y, yields

N2 _ . SNE) () (2 M -
oo™ = [t P an < S

which, in turn, implies

E [lo - uf" O3] < X SE Vi -vire] (8.17)

i=1

Using successively item 1. of Lemma 0.4] and inequality (84) of Lemma [8.3 we obtain, for all i €
1, ,N}

DIARAY

IA

t B t B o
Clorp + O | [ 188 - &P ] + 08 | [ oo (€0 — 0™ 0@ Pas
0

IN

Cot+ CE U B (€)= UEN<5>(£§’N)|2d5}

IN

C6t + CE [ / 16,05y (€50) — uS™ O (&, g>)l2d8}
0
! SNE)FiN Yy _ SN (E) Fi,N V|2
+ CE |US (Sr(é)) Ug (é.s )| ds
0
t
~ N o
< C(St—i—C/O []E[||vr(s) S (6)”2 ]+E[|§T(s) _gs,leﬂ ds
t
< cot+C [ Bl - O s, (8.18)

where the fourth inequality above follows from Lemma[3.4] see (3.5). Consequently using (8.18) and
inequality (8.6) of Lemma[8.3] (817) becomes

~ (5) i i 2
E[||5, — E[V; — Vi]] < Cét+C ) — < Cot, (819
oo =™ @ Z 17 = Vil < Cot+C [ Bl - S O] < .19
BI3)
Finally, injecting (8.19) and (8.14) in (8.13) yields
E[o: —uy ©I3) < Cot,
which ends the proof of Proposition 8] O

8.2 Numerical results
8.2.1 Preliminary considerations

One motivating issue of the section is how the interacting particle system ¢ := ¢V defined in (Z.2) with
K = K¢, K*(z) := % ¢%(2) for some mollifier ¢, can be used to approach the solution v of the PDE (L).
Two significant parameters, i.e. £ — 0, N — +o0 intervene. We expect to approximate v by u*"¥, which
is the solution of the linking equation (3.), associated with the empirical measure m = SV (¢). For this
purpose, we want to control empirically the so-called Mean Integrated Squared Error (MISE) between the
solution v of (II) and the particle approximation u*%, i.e. for t € [0, 7],

Elflui™ — vill3) < 2E[[lus™ — uflI3] + 2E([|luf — s3], (8.20)
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where u® = u™ with K = K¢, m being the common law of processes Y*, 1 < i < N in (Z]). Even though
the second expectation in the rh.s. of (820) does not explicitely involve the number of particles N, the
first expectation crucially depends on both parameters ¢, N. The behavior of the first expectation relies on
the propagation of chaos. This phenomenon has been investigated under Assumption[Il for a fixed ¢ > 0,
when N — 400, see Theorem [7.11 According to Theorem [7.]] the first error term on the r.h.s. of the above
inequality can be bounded by %

Concerning the second error term, no result is available but we expect that it converges to zero when ¢ — 0.
To control the MISE, it remains to determine a relation N — £(N) such that

g(N) —— 0 and Cle(V))

0.
N—+o00 N N—+4o0

When the coefficients ®, g and the initial condition are smooth with ® non-degenerate and A = 0 (i.e. in
conservative case), Theorem 2.7 of gives a description of such a relation.

In our empirical analysis, we have concentrated on a test case, for which we have an explicit solution.

We first illustrate the chaos propagation for fixed ¢ > 0, i.e. the result of Theorem [Tl On the other hand,
we give an empirical insight concerning the following:

e the asymptotic behavior of the second error term in inequality (820) for ¢ — 0;
e the tradeoff N — (V).

Moreover, the simulations reveal two behaviors regarding the chaos propagation intensity.

8.2.2 The target PDE

We describe now the test case. For a given triple (m, u, A) €]1,00[xR% x R4 we consider the following
nonlinear PDE of the form (LT):

d
1 .
O = 3 Z 8ij (v((I)(I)t)ivj(Lx,v)) — dw(vg(t,z,v)) + vA(t, z,v) 8.21)
ij=1 :
v(0,2) = Bp(2,2)fua(x) forallz e R,
where the functions ®, g, A defined on [0, 7] x R? x R are such that
1—m e
O(t,z,2) = f, 4 (v)z 2 1Id, (8.22)
I, denoting the identity matrix in R%*¢,
A+ At A+ At
g(t,x, z) = ;;lm(m)zm_l%(x —pn), and A(t,z,z) = ;;{"(x)zm_lTT ( —; ) . (8.23)
Here f, 4 : R? — R s given by
-1
fua(z) = Cemz=mAC—) = normalized by C = { / Bm(Z,x)ezl’(””“)'A(m”)] (8.24)
z€R4
and B,, is the d-dimensional Barenblatt-Pattle density associated to m > 1, i.e.
1 1
B, (t,x) = §(D — kt2P|z|) e, (8.25)
. d m—1 a mET () 20
with a = (m—1)d+2 76 = % y = T/B and D = [25_5 p(%+:E1 PM(WHD .
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In the specific case where A is the zero matrix of R*4 then fua=1,g=0and A = 0. Hence, we
recover the conservative porous media equation, whose explicit solution is

v(t,x) = By (t+2,2), forall (t,z) € [0,T] x RY,
see [3]. For general values of A € R4*¢, extended calculations produce the following explicit solution
v(t,x) = By (t +2,2) f a(z), forall (t,2) €[0,T] x R?, (8.26)

of (8:21), which is non conservative.

8.2.3 Details of the implementation

Once fixed the number N of particles, we have run M = 100 i.i.d. particle systems producing M i.i.d.

5,N,i>_

estimates (u i=1,-..m- The MISE is then approximated by the Monte Carlo approximation

Ef|us™ — v)2] Q 2;' SNA(XTY — u (X)) 20710, X7),  forallt e [0,T], (8.27)
where (X7) j=1,---,Q=1000 are ii.d R-valued random variables with common density v(0, -). In our simula-
tion, we have chosen T =1, m = 3/2, p = 0Oand A = 21;. K¢ = % ¢%(2) with ¢? being the standard and
centered Gaussian density. We have run a discretized version of the interacting particle system with Euler
scheme mesh k7'/n with n = 10. Notice that this discretization error is neglected in the present analysis.
The initial condition v(0, -) is perfectly simulated using a rejection algorithm with a Gaussian instrumental
distribution.

8.2.4 Simulations analysis

Our simulations show that the approximation error presents two types of behavior depending on the num-
ber N of particles with respect to the regularization parameter .

1. For large values of N, we visualize a chaos propagation behavior for which the error estimates are similar
to the ones provided by the density estimation theory [29] corresponding to the classical framework
of independent samples.

2. For small values of N appears a transient behavior for which the bias and variance errors cannot be
easily described.

Observe that the Mean Integrated Squared Error MISE, (¢, N) := E[||u{"™ — v;|3] can be decomposed as
the sum of the variance V;(e, N) and squared bias B? (e, N) as follows:
MISE;(e, N) = Vi(e,N)+ BZ(e,N)
E [lluf™ = Efus V13| +E [IB[™] - 3] - (8.28)

For N large enough, according to Remark [7.3] one expects that the propagation of chaos holds. Then the
particle system ("");—; ... y (solution of 1)) is close to an i.i.d. system with common law m°. We observe

that, in the specific case where the weighting function A does not depend on the density u, for t € [0, 7], we
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have

= . (8.29)

We remind that the relation u® = K¢ * v® comes from Theorem[6.T] Therefore, under the chaos propagation
behavior, the approximations below hold for the variance and the squared bias:

Vi(e, N) ~E [ — 3] and  B}(e,N) ~EJlus - will3] - (8.30)

On Figure[I] we have reported the estimated variance error V;(g, N) as a function of the particle number N,
(on the left graph) and as a function of the regularization parameter ¢, (on the right graph), fort =7 =1
and d = 5.

That figure shows that, when the number of particles is large enough, the variance error behaves precisely

1
Ned”’

(4.10), Chapter 4., Section 4.3.1. This is in particular illustrated by the log-log graphs, showing almost linear

as in the classical case of density estimation encountered in [29], i.e., vanishing at a rate see relation

curve, when N is sufficiently large. In particular we observe the following.
o On the left graph, log(Vi(e, N)) = a — aclog N with slope o = 1;
e On the right graph, log V;(e, N) ~ b — loge with slope § = 5 = d.

It seems that the threshold NN after which appears the linear behavior (compatible with the propagation of
chaos situation corresponding to asymptotic-i.i.d. particles) decreases when € grows. In other words, when
¢ is large, less particles IV are needed to give evidence to the chaotic behavior. This phenomenon could be
explained by analyzing the particle system dynamics. Indeed, at each time step, the interaction between
the particles is due to the empirical estimation of K x v* based on the particle system. Intuitively, the more
accurate the estimation is, the less strong the interaction between particles will be. Now observe that at time
step 0, the particle system (£;") is i.i.d. according to v(0, -), so that the estimation of (K< %v°)(0, -) provided
by (B.I) reduces to the classical density estimation approach. In that classical framework, it is well-known
that for larger values of ¢ the number of particles, needed to achieve a given density estimation accuracy, is
smaller. Hence, one can imagine that for larger values ¢ less particles will be needed to obtain a quasi-i.i.d
particle system at time step 1, (€/"V). Then one can think that this initial error propagates along the time
steps.

On Figure[2] we have reported the estimated squared bias error, Bf (¢, N), as a function of the regularization
parameter, ¢, for different values of the particle number N, fort =7 =1and d = 5.

One can observe that, similarly to the classical i.i.d. case, (see relation (4.9) in Chapter 4., Section 4.3.1
in [29]), for N large enough, the bias error does not depend on N and can be approximated by as*, for
some constant @ > 0. This is in fact coherent with the bias approximation (8.30), developed in the specific
case where the weighting function A does not depend on the density. Assuming the validity of approxi-
mation (8:30) and of the previous empirical observation implies that one can bound the error between the
solution, v*, of the regularized PDE of the form (6.7) (with K = K¢) associated to (8.21)), and the solution,
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v, of the limit (non regularized) PDE (8.2]) as follows

E(llv —vl3] < 2E[of - uil3] + 2B ljus - v.l3]
< 2E[|lvf — K* x of 3] + 2B s — will}]
< 2(d +a)t. (8.31)

Indeed, at least, the first term in the second line can be easily bounded, supposing that v{ has a bounded
second derivative. This constitutes an empirical proof of the fact that v* converges to v.

As observed in the variance error graphs, the threshold N, above which the propagation of chaos behavior
is observed decreases with €. Indeed, for € > 0.6 we observe a chaotic behavior of the bias error, starting
from N > 500, whereas for € € [0.4, 0.6], this chaotic behavior appears only for N' > 5000. Finally, for small
values of £ < 0.6, the bias highly depends on N for any N < 10%; moreover that dependence becomes less
relevant when [V increases.

Taking into account both the bias and the variance error in the MISE (828), the choice of ¢ has to be
carefully optimized w.r.t. the number of particles: ¢ going to zero together with N going to infinity at a
judicious relative rate seem to ensure the convergence of the estimated MISE to zero. This kind of tradeoff
is standard in density estimation theory and was already investigated theoretically in the context of forward
interacting particle systems related to conservative regularized nonlinear PDE in [20]. Extending this type
of theoretical analysis to our non conservative framework is beyond the scope of the present paper.

Log 10—Var|ance
Log 1O—Var|ance

[ | ==t N=500
=—— N=1000

—5.5 | === N=5000
b N=10000 Slope -5
6

=——#— N=50000

e=1

65k ; ; ; i 65k ; ; : : .
2 25 3 35 4 45 ~0.6 -05 0.4 -03 0.2 -01 0
Log, ,(N) Log, ,(¢)
(a) Variance as a function of N (b) Variance as a function of e

Figure 1: Variance error as a function of the number of particles, N, and the mollifier window width, ¢, for dimension

d =5 at the final time step 7" = 1.
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Figure 2: Bias error as a function of the mollifier window width, ¢, for dimension d = 5 at the final time step 7' = 1.

9 Appendix

In this appendix, we present the proof of some technical results.

Remark 9.1. We start with an observation which concerns a possible relaxation of the hypotheses of LemmalZ.3} the
uniform convergence assumption for the integrands is crucial and it cannot be replaced by a pointwise convergence.

Let define Q = [0, 1] equipped with the Borel o-field, (Z,,)n>0 a sequence of continuous, real-valued functions

s.th.
0 )

nw ,

—nr+2

S 3

.y 9.1)

1 2
[ﬁ?ﬁ]'

We consider a sequence of probability measures (my,)n>o S.th. my(dz) = 61 (dz) and mo(dz) = do(dz).

8 8 8
m m v

On the one hand, we can observe the following.
o 7, —— 0, pointwise.

n — +oo
e foralln >0, |Z,| <1, surely.

® m, ——— m, weakly.
n — +oo

On the other hand,fol Zpdm, = Z,(1)=1-»0.

n

Before stating a tightness criterion for our family of approximating sequences we need to express the
classical Theorem of Kolmogorov-Centsov, stated in Theorem 4.10, Chapter 2 in [21]], taking into account
Remark 4.13.

Proposition 9.2. Let r € N*. A sequence (IP,),,>0 of Borel probability measures on C" is tight if and only if
L]

lim sup P, {weC" | |wo| >A}) =0, (9.2)

A—+00 peN
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o V(e,s,t) e RY x [0,7] x [0,T],

1 P,{weC" — ws| > =0. 9.3
B0 S g b .

Lemma 9.3. Let K : RY — R be bounded and Lipschitz. For each n € N, we consider Borel functions ®,,
[0, 7] x REx R — R¥P, g, : [0,T] x RE x R — R4, and A,, : [0,T] x R? x R — R uniformly bounded in n.
We also consider a tight sequence (C}}) of probability measures on R?. Let (Y™, u,,) be solutions of

AY = @, (t, Y un (8, Y"))dWe + gn (8, Y un (8, Y]))dt
U (t, ) == [o0 K(x — X (w)) exp {fot Ay (r, X (w), wn (1, Xr(w)))dr} dm™(w) (9.4)
My = E( n)v

where for all n € N, Y is a r.v. distributed according to (.

Then, the family (v = LY., un(-,Y™)), n > 0) is tight.
Proof. If we denote by P, the law of (Y,,,u™(-,Y™)) we bound the Lh.s of (9.2) as follows:

Pu(f € 07 ool > A}) = BUIYE, w0, ¥§)] > A)
< PUIYE T+ (0,58)] > A))
< PG> 21+ B({" (0.8 > 5))
< Gz R lal > 21+ P{W"(0,¥5)] > 2D ©95)

Let us fix ¢ > 0. On the one hand, (¢}}) being tight there exists a compact set & of R? such that sup ¢}/ (&%) < e.
neN

Then, there exists A. > 0 such that {z € R?| |z| > 2=} C & which implies
A
sup (g ({z € R |2] > T7}) < sup (g (K) <e
neN neN

On the other hand, since u™ is uniformly bounded, for all A > 0, Chebyshev’s inequality implies

n " A E[|u™(0, Yg)|? MyceTMn)2
P({un(0, Y| > 2} < 42O Y (Mrce ) ©.6)
2 A A
Consequently for A > A, we get
M TMA 2
sup P, ({w € CY Jwo| > A}) < 4% +e. 9.7)
neN

Taking the limit when A goes to infinity, we finally get inequality (9.2) since ¢ > 0 is arbitrary.

It remains to prove (@.3).
We will make use of Garsia-Rodemich-Rumsey Theorem, see e.g. Theorem 2.1.3, Chapter 2 in [30] or [4].
We will show that, for all 0 < s < t < T, there exists a positive real constant C' > 0

IE[D/tn - )/sn|4 + |un(t7thn) - un(s, an)|4] < Clt - 5|2 ) (98)

where C' does not depend on n. Suppose for a moment that (9.8) holds true.
Let ¢ > 0 fixed. Let § > 0. If P,, denotes again the law of (Y, v"(-,Y™)), the quantity

P,({weC¥ | sup |wi —ws|>e}) 9.9)
(s,t)€[0,T]?
lE—s1<5
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intervening in @.3) is bounded, up to a constant, by

P Y-y "t Y) —ut(s, Y . 9.10
(i sy (P = Y 00 =, Y > .
[t—s|<$

Let us fix v €]0, ;[. By Garsia-Rodemich-Rumsey theorem, there is a sequence of non-negative r.v. I'"" such
that, a.s.
sup E[(T™)*] < oo

neN
V(s,t) € [0, 7%, [Vy" = Y| 4 [u (£, Y]") — " (s, Y S Tt — 8| (9-11)
If |t — s| < & @TI) gives
max [V~ Y7 (V) — (s, Y} < T 912

(s,t)€[0,T]?
[t—s[<8

By (@.12) and Chebyshev’s inequality, for any n € N, the quantity (9.9) is bounded by
Py >¢e) = P >ed7)

5
<

)

=
for any n € N. Since § > 0 is arbitrary, (@.3) follows. To conclude the proof of the lemma, it remains to show

©.8).
We recall that Mg, My, My, My denote the uniform upper bound of the sequences (|2,|), (|gn|), (|A,|) and
of the function K. Let 0 < s < t < T'. To show ([@.8), we have to evaluate

B[Y;" = Y2 + Ellun (8, Y") = un(s, YOI - (9.13)
By classical computations (e.g. It6’s isometry, Cauchy-Schwarz inequality), we easily obtain
Vk € N*, VT > 0, 3C" := C{j 1 arg aa, 0y > 00 B[V = Y] < Ot — 8|, (9.14)

where the constant C” does not depend on n because ®,,, g,, are uniformly bounded, in particular w.r.t. n.

Regarding the second expectation in (9.13), we get

Bl (07 = (s, YN = [ (0 X0(0) = (0, X, ) i ()
(9.15)

IN

81 + 1) ,

where
4

I ::/ (1t (£, X2 (0)) — (5, X))

¢ . (9.16)
I ::jc (un(s,Xt(w)) — un(s,Xs(w))) dm"™(w) .

d

dm" (w)

On the one hand, for all = € R¢,

|un(t, .23) _ un(s, x)l _ ’E {K(JZ _ }/tn)ef(;‘ A,l(r,Y:‘7un(r,)’7T1))dr] i o) {K(.ﬁ _ Kn)ef; An(r,YWTl’un(r,YTﬂr))dr]
t
< |K(x — Xi(w)) — K(z — Xs(w))|exp (/ Ay (1, Xy w (1, XT))dr) dm"™ (w)
cd 0
t
+ [ Kl X)) |exp (/ A (r, X (@), un (1, Xr(w))> dr
0

cd

= o ([ Al X ) X)) ) | i)
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By @.7) and (with & = 1) together with Cauchy-Schwarz inequality, this is lower than
Ly exp(MsT) / Xu(w) — Xy (@)ldm" (@)
c

+ MKeXP(MA)/cd /An(r,Xr(w),un(r,XT(w)))dr

(Lg exp(MAT)VC" + My exp(Mp)MAVT)\/|t — s,

dm™(w)

IN

which implies

I = foa lun(t, Xp(w)) = un(s, X¢(w)[*dm™(w) < (Lg exp(MAT)VC' + My exp(Mp)MAVT) |t — s|? .

9.17)
On the other hand, for all (z,7) € R? x R¢
n2) = ()] < B (= Y2) = K(y=¥2) e (ff Auln ¥ w0 o
S LK eXP(MAT)‘l‘ - y|7 ’
which implies
I = [oa lun(s, Xe(w)) = un(s, Xs(w))[*dm™(w) < Li exp(MAT) fou | Xi(w) = Xs(w)|*dm™ (w) 9.19)
< L exp(MAT)C'|t — 5|2, '

where the second inequality comes from @.14) with k = 2.
Coming back to @.I5), we have |I; + I| < C”|t — s|*> with C” a constant value depending only on
T, Mg, Mg, Ma, Mg, Ly, T. This enable us to conclude the proof of (3.8) and finally the one of Lemma
9.3

O

We proceed now with the proof of Lemma[8.3] that will make use of the following intermediary result.

Lemma 9.4. Let N € N*. Let (ﬁi’N)i:lf.. .~ be a solution of the interacting particle system (Z2); let (gZN)lzl N
and v as defined as in the discretized interacting particle system (B.1).

Under the same assumptions as in Proposition the random variables V' := elo A(s, €N g™ O @) as and
T i o AOED 00 €0 forally € 0,7, i € {1,--- , N} fulfill the following.

1. Forallt € [0,T),i€{1,--- ,N}
t t R
E[|V} — Vi|!] < C(6t)? + CE U 60 — &N ds} +CE U |or(s) (605)) — uS™ O(E:N) 25| (9.20)
0 0
where C is a real positive constant depending only on My, Ly and T.

2. Forall (t,y) € [0,T] x R%, i€ {1,--- N}
My &
3 SN i i
ouly) " O W) < N L KGN -V (9.21)

Proof of Lemma[94) Let us fix t € [0,7], i € {1,---,N}. To prove (@.20), it is enough to recall that A being
uniformly Lipschitz w.r.t. the time and space variables, the inequality (2.7) yields

t ) . .
Vi = Vi|? < 3e*Mr L] / {IT(S)*SIZHG’@ — ENP2 4 [, (€ T(Z%uf”(@(g;”)\?] ds, (922
0
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and taking the expectation in both sides of implies @20) with C := 3¢*TMA[3.

Let us fix y € R% Concerning (9.21), by recalling the third line equation of 8.I) and the linking equation
GI) (with m = SN (£)), we have

2

L
5e(y) —up O (y)[?

=i

s
Il
-

o1 X _
K(y—&MV/ = &) Ky -&MY,
=1

2

=i

K(y - &) (V7 = v/)

1

-
I

Ky = &MV = Vi

IA
=]~
,MZ

i=1
Mg . .
< ZK y—&N) IV -V, (9.23)
which concludes the proof of (9.21) and therefore of Lemma[0.4] O

Proof of Lemma[8.3l All along this proof, C' will denote a positive constant that only depends
T,Mg,Lx,Mg,Ly, My, L, and My, Ly and that can change from line to line. Let us fix ¢ € [0,T].

e Inequality (84) of Lemma [8.3]is simply a consequence of the fact that the coefficients ® and g are
uniformly bounded. Indeed,

t

E

9(0rs (§5)) ds‘ ]

t
/ |g(ﬂr(s)( r(s)))|2 CL;|
(1)

/Tt B(Br () (§12)) AW + /

Ellé) — & Pl
) o

(®)

IN

t
2R /( 10 G ds| +200 )R
r(t

< 2Mgét + 2M; (5t)°

< (C6t, assoonas dtel0,1].

e Now), let us focus on the second inequality (8.5) of Lemma[8.3] Note that for any y € R¢, the following
inequality holds:

N
~ ~ 1 5, R O A(r(s U (s
01y (y) — e(y)| < NZUK@— rftV))_K(y_gtN)’ 7O A(r (). €0 By (B ds
i=1

+K(y— gz,N) g A( ET’(ISV)ﬁr(s)(éi’(j:)))dS _ efot A(T(S)’gi’g)i}r(s)(E_i’(lsv)))ds

(9.24)

Using the Lipschitz property of A and the fact that K and A are bounded, one can apply 2.7) to bound
the second term of the sum on the r.h.s. of the above inequality as follows:

Ky — &) [0 A0@ES o0 @) ds _ JiATOED oo @) | < ppet=rM 4 1)) My
< Cét. (9.25)
The first term of the sum on the r.h.s. of (9.24) is bounded using the Lipschitz property of K and the
fact that A is bounded.
Ky — gi,(zlt\;) CK(y— éz',N)‘ efg‘m A(r(). 605 5,0y (E5))) ds < LKetMA‘gi,(It\g e (9.26)
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Injecting (@.25) and in (@24) we obtain for all y € R?

|0rt) () = Te(y)| < C6t £ 2

N
Z r(t €ZN7

which finally implies that

Hvr(t - UtH2 S O5t2 + = Z |£r(t) E?N|2

We conclude by using inequality (84) of Lemma [8.3 after taking the expectation of the r.h.s. of the

above inequality.

e Finally, we deal with inequality (8.6) of Lemma Observe that the error on the left-hand side can
be decomposed as
SN (&) ”2 ]

IN

. . - SN (g
2E[|[5,(1y — 0el|%) + 2[5 —uy D)%)
O5t + 2E[||5, — u® @2, (9.27)

[Hvr(t) — Uy

A

where we have used inequality (85) of Lemma[8.3]
Let us consider the second term on the r.h.s. of the above inequality. To simplify the notations, we

introduce the real valued random variables

Vi i A5GV SN O@EN )as g Vii=elo? (COFSNERSIGEM)ER , (9.28)

defined forany ¢ =1,--- N and ¢ € [0, T].
Using successively inequalities (@.20) of Lemma B4) of Lemma B3 and B5) of Lemma 34 we
have foralli e {1,--- ,N},

B[V; —ViP] < Cdt+CE [/ oo €05) — ™ O € Pas|

< C6t+CE U [0 (€175)) — qu(é)(fi’g))Fds}
+ CE| / uS OEN ) §N<5><52’N>|2ds]
< 040 [ Bl - oS O]+ EIES - NP as
< ost+cC /0 Efl6 s — uS" @2 ds . 9.29)

On the other hand, inequality (0.21) of Lemma[@.4limplies
I3 - w9 < ‘“ﬁiwv (9.30)
Taking the expectation in both sides of (©.30) and usir:g ©.29) give
Eflo, —uf ©f2,] < N?( ZNjE [lVJ - V;’F} < Cot+C /0 tEnlm) —uf O ] ds . (9.31)
i=1

We end the proof by injecting this last inequality in (2.27) and by applying Gronwall’s lemma.
O
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