FINANCE FOR ENERGY

MARKET RESEARCH CENTRE

Hedging Expected Losses on Derivatives
in Electricity Futures Markets

Adrien Nguyen Huu and Nadia Oudjane

Working Paper
RR-FIME-14-01
April 2014

: ¢
echnerche en ~ ~
UNIVERSITE PARIS CREST  sutstique POLYTECHNIQUE N e D F



Chapter 1

Hedging Expected Losses on Derivatives
in Electricity Futures Markets

Adrien Nguyen Huu and Nadia Oudjane

1.1 Introduction

We propose in this contribution a method involving numerical implementation for
partially hedging financial derivatives on electricity futures contracts. Electricity fu-
tures markets present specific features. As a non-storable commodity, electrical en-
ergy is delivered as a power over time periods. Similarly, futures contracts exchange
a present power price for delivery over a fixed future period against the future quoted
price on that period: they refer explicitly to swap contracts, see [4]. Electricity be-
ing non-storable, arbitrage arguments do not hold, preventing anyone to construct
a term structure via usual tools. As a natural result of liquidity restriction and un-
certainty in the future, a limited number of contracts are quoted and the length of
their delivery period increases with their time to maturity. This phenomenon we call
the granularity of the term structure, or cascading rule [25, 2], implies that the most
desired and flexible contracts (weekly or monthly-period contracts) are only quoted
a short time before their maturity. If one desires a fixed price for power delivered on
a given distant month in the future, she shall get a contract covering a wider period,
e.g. a quarter or a year contract. However, the risk remains if one is endowed with a
derivative upon such a short period contract, before this contract is even quoted.
This is the explored situation: we consider here an agent endowed with a deriva-
tive upon a non-yet quoted asset. In practice, the unhedgeable risk of such a po-
sition is managed by deploying a cross-hedging strategy with a correlated quoted
asset, see [15], [21] and [1]. The risk cannot be completely eliminated without pro-
hibitive cost: the market is incomplete and the methodology requires a pricing cri-
terion, as proposed in the above references. [21] use monthly forward contracts to
minimize the variance when hedging hourly forward derivatives while [15] use ad-
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ditional hedging instruments such as power plants to target a mean-risk criterion for
hedging spot prices on the futures period. This latter situation is closer to genera-
tion management than to financial hedging. In [1], another approach based on utility
indifference pricing is developped to hedge derivatives on nontradable underlyings
with correlated instruments. In what follows, we develop a partial financial hedg-
ing procedure in order to satisfy a loss constraint in expectation. One major interest
of this approach is that the loss constraint is easily understood. Unlike quadratic
hedging our criterion differentiates losses from gains. Besides, the expected loss
threshold characterizing our criterion is easier to interprete than the risk aversion co-
efficient of the utility function. Finally, we are able to provide a ready-to-implement
method to attain such objectives. This necessitates recent tools of stochastic control
[7] and numerical approximations of coupled forward backward SDEs. However,
we relate constantly the obtained results to well-known formulas and concepts, so
that the method is easy to assimilate. We also provide strong and sufficient assump-
tions in order to avoid involved proofs in difficult cases. We believe that the specific
method proposed hereafter can be understood and applied without much effort, and
be profitable to a numerous variety of hedging problems.

The approach we adopt has been originated by Follmer and Leukert [16, 17] but
we develop the problem in the framework of control theory. The minimal initial port-
folio value needed to satisfy the constraint of expectation of losses can be expressed
as a value function of a stochastic target problem. The stochastic target approach has
been introduced by Soner and Touzi [23, 24] to formulate the pricing problem in a
control fashion. It has been extended to expectation criteria by Bouchard, Elie and
Touzi [7], and applied for quantile hedging [7], loss constraints in liquidation prob-
lems [5], or loss constraints with small transaction costs [9]. However, the general
approach is rather technical and necessitates to solve a non-linear Partial Differen-
tial Equations (PDE), when one has first proved a comparison theorem to resolve
the uniqueness problem for the value function.

Here, we use the application of [7], where nice results can be provided in com-
plete market without appealing to comparison arguments. However, our initial prob-
lem cannot be tackled directly with the stochastic target formulation of [7] or [22].
The unhedgeable risk coming from the apparition of the desired asset price gen-
erates a non-trivial extension to the usual framework. Instead, we proceed in three
steps in a backward fashion:

1. We first formulate in Section 1.3 the stochastic target problem in complete mar-
ket, using an easy extension of the application in [7]. Our approach relies strongly
on the convexity of the loss function. By convex duality arguments, the expected
loss target can be expressed in order to provide a formula which is very close to a
usual risk-neutral pricing formulation. This allows to express the value function
V at the precise moment of the apparition of the missing contract.

2. To treat the random apparition of a non-yet traded asset, we use a face-lifting
procedure that provides a new (intermediary) target for the period before quota-
tion of the underlying asset. This is done in Section 1.4, in coherence with the
initial hedging criterion, and allows to retrieve a complete market setting where
results of step 1 can be partially used.
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3. When the complete market setting cannot provide analytical formulas, as it hap-
pens after step 2, we shall make use of numerical approximations. We propose
such an algorithm in Section 1.5, and illustrate the efficiency of the method in
Section 1.6.

As it will be understood, this method can be applied recursively by proceeding re-
peatedly to steps 1 and 2 along the numerical algorithm provided in step 3. The
remaining of the contribution follows the above order, preluded by the introduction
of the problem in section 1.2, where we develop the archetypal situation encountered
by a financial agent on the market.

1.2 Description of the control problem

Let 0 < T < T* < oo. We consider an agent endowed with a financial option with
expiration date 7%, payoff g on a futures covering a monthly period. However, this
asset is not yet quoted at initial time # = 0, and appears on the market at time 7.
The month is covered by a futures with delivery over a larger period, e.g. a quar-
ter futures. We denote by X := (X;)c(o,7+ the discounted price of this instrument,
avoiding the introduction of an interest rate hereafter. We assume it is available over
the whole period of interest [0, 7], whereas the monthly-period futures upon which
the agent has a position is only available on the interval [T, T*].

The heart of our approach is to assume a structural relation between the two in-
struments above, namely that the return of the two assets are perfectly correlated.
More precisely, the monthly futures price is supposed to be given as the product,
AX;, of the quarterly futures price X; and a given shaping factor A > 0, assumed
to be a bounded random variable revealed at time 7', completely independent of the
asset price X. This model is a simple generalization of the profile coefficients used
to construct a refined (for instance monthly or hourly) forward curve as described
in [19]. This profile carries many types of information such as prices seasonality.
For a given quaterly futures contract, the monthly coefficients provide monthly fu-
tures prices for every month inside the quarter by multiplying the quaterly futures
price with the associated monthly weight. In our approach, since the monthly fu-
tures prices are not yet observed, the monthly weights are naturally modelled by
stochastic weights A. This model can also be related to [25], [21] and [2] which
exhibits strong co-integration between two available contracts of different length.
Here, considering the unavailability of the month contract, this model appears as a
simple convenient assumption. The boundedness condition follows from a structural
relation between the two futures contracts, assuming implicitly that the underlying
spot price is non-negative.

We consider a probability space (£2,.#,P) supporting a Brownian motion W and
the variable A. The filtration I is given by .%; := o(W;, 0 < s <1t) fort < T, and
by % :=0c(W;, 0<s<t)Ac(A)fort>T.
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Assumption 1 We denote by L the support of A, which is supposed to be a bounded
subset of R™, and p its probability measure on L.

On the period [0, 7], the agent trades with the asset X', which is assumed to be
solution to the SDE:

dx™ = u(s,X!")ds + o (s,X"*)dW;, fors>t, and X, =x. (1.1)

We assume the following for X' to be well and uniquely defined.

Assumption 2 The functions (1,0) : [0,T*] x Ry — R x R are assumed to be
such that the following properties are verified:

1. W and © are uniformly Lipschitz and verify |1u(t,x)|+ |0 (¢,x)| < K(1 + |x]) for
any (t,x) € [0, T*] x R.

2. for any x >0, we have Xy > 0P —a.s. for all s € [0,T"]

3. o(t,x) >0 forany (t,x) € [0,T*] x R% ;

4. ifx=0then o(t,x) =0 forallt € [0,T*];

5. © is continuous in the time variable on [0,T*] x Ry,

6. W and o are such that

Ja(t,x)
o(t,x)

0(t,x) :== <o uniformlyin (t,x) € [0,T"] xR’ . (1.2)
Eq. (1.2) implies the so-called Novikov condition.The submarket composed of only
(Xt)te[O,T*] is then a complete market associated to the Brownian subfiltration. The
filtration [F relates to an incomplete market because of A, which is unknown on the
interval [0, T) and cannot be hedged by a self-financed admissible portfolio defined
as follows. In that manner, the market can be labelled as semi-complete in the sense
of Becherer [3].

XY,V

Definition 1 An admissible self-financed portfolio is a F-adapted process Y'
defined by Y,t’x’y'v =y>—Kand

N
) il ::er/t vudX*, set,TY], (1.3)

where v € Y., denotes a strategy and %, the set of admissible strategies at time
t, which is the set of R-valued F-progressively measurable, square-integrable pro-
cesses such that Yf’x’y‘v > —xP—a.s. foralls € [t,T*] and some x > 0 representing
a finite credit line for the agent.

According to the asset model (1.1), it is strictly equivalent to consider a hedg-
ing portfolio with X' on [0,7*] or a switch at any time r € [T,T*] for the newly
appeared asset AX'™:

SAF t
Ve =y [ X [ V() 2 T and 120,
t SAF

if v/ = v/A for u > r. We thus assume that the agent trades with X on [0, T*].
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Assumption 3 The final payoff of the option is given by g(AXy+), where the func-
tion g is assumed to be Lipschitz continuous.

As it is well-known in the literature, the superhedging price of such an option
can be prohibitive, even with Assumption 1 where A is bounded. To circumvent this
problem, we propose to control the expected losses on partial hedging. That means
that the agent gives herself a threshold p < 0 and a loss function ¢ to evaluate the
loss over her terminal position g(AXyY) — Yy,

Definition 2 A loss function { : R, — R is assumed to be continuous, strictly
convex and strictly increasing on R with polynomial growth. We normalize the
Junction so that £(0) = 0.

The agent’s objective at time ¢ is to find the minimal value y and a portfolio
strategy vV € %, such that

B[—((g(axj) =i ) )] = p. (1.4)

More generally, it will be useful to measure the deviation between the payoff and the
hedging portfolio through a general map ¥ : R, x R — R_. The previous example
corresponds to the specific case where

P(x,y) = —L((g(x) —»)"). (1.5)
Assumption 3 and Definition 2 imply that ¥ defined above satisfies the following
assumption:
Assumption 4 The function ¥ : Ry x R — R_ is assumed to be

e continuous with polynomial growth in (x,y).
e concave and increasing iny on cl{y € [—K,o) : ¥(x,y) <0} for any x € R..

Notice that ¥(x,y) = 0 in (1.5) for any y > g(x), which makes ¥ not invertible on
the domain R for any fixed x. Under Assumption 4, we can define the y inverse
¥-1(x,p) on R x R_ as a convex increasing function of p, where

Y 1(x,0) =inf{y > —x : ¥(x,y) =0} . (1.6)

As explained above, the valuation approach of (1.4) has been introduced in
[17, 18]. It can be written under the stochastic control form of [7] allowed by the
Markovian framework (1.1)-(1.3).

Definition 3 Ler (1,x,p) € S := [0,T*] x R} x R* be given. Then we define the
value function' V on S as

V(t,x,p) = inf{y >-x: E ['P(AX;’f,Y}’f’y’v)} >pforve %,}} . (1.7)

Advanced technicalities and details on the general setting for the stochastic target
problem with controlled loss can be found in [7] and [22]. In particular, we intro-
duce the value function V only on the open domain of (x, p), and avoid treating the
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specific case x = 0 or p = 0. Furthermore, the function V is implicitely bounded by
the superhedging price of g(AX;’f) as we will see in the next section. Notice that the
expectation in (1.7) involves an integration w.r.t. the law of A for ¢ € [0,T), before
the shaping factor A is revealed. Thus, the present problem is not standard due to the
presence of A: the filtration IF is not only due to the Brownian motion, and dynamic
programming arguments of [7] do not apply directly. The approach we undertake is
to separate the complete and incomplete market intervals in a piecewise problem.

Example 1 A particular example of loss function we will use in sections 1.5 and
1.6 is the special case of lower partial moment

0x) =m0y /k,  with k>1. (1.8)

In the case of k = 1, (which is not considered here) we obtain a criterion close to the
expected shortfall, independently studied in [14], whereas allowing k = 0 allows to
retrieve precisely the quantile hedging problem [7], although { is not a loss function
as in Definition 2 in that case. The case k = 2 gets closer to the quadratic hedging
(or mean-variance hedging) objective, but with the advantage of considering only
losses, and not gains. Notice that £ as in equation (1.8) for k > 1 follows Definition
2 and that Assumption 4 holds with (1.5) if Assumption 3 holds.

We finish this section with additional notations. In the sequel, we will denote
S : =81 US; where S; :=[0,7] x R} xR* and S, := [T, 7] x R} x R* are the
two domains of the value function. For any real valued function ¢, defined on S, we
denote by ¢; or ¢, the partial derivatives with respect to ¢ or x. Partial derivatives of
other variables, or second order partial derivatives are written in the same manner.

1.3 Solution in complete market

1.3.1 General solution and risk-neutral expectation

On the interval [T,T*], the variable A is known and the asset AX is tradable. We
assume that A takes the value A € L. On this interval, A can be seen as a coefficient
affecting the loss function ¥, and the problem (1.7) follows the standard formu-
lation of [7]: the filtration is generated by the paths of the Brownian motion. In
section 1.4, we reduce the incomplete market setting of period [0,7) to complete
market problem of the form (1.7) on [T, T*], in a similar Brownian framework, with
a function ¥ which is no more derived from a loss function as in (1.5), motivating
the introduction of the general function ¥.

Consequently and without loss of generality, we temporarily assume L = {1},
and omit A in the notation. On [0,7*] then, we can work on problem (1.7) in the
Brownian filtration and apply most results of [7]. The filtration F for r > T in that
case is given by .%; := o(W; : T <s <) on a complete probability space (,.7,P)
withP[A =1]=1.
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Proposition 1 Under Assumptions 2 and 4, the function'V is given on S by
-1 1, t, z,
V(t,x,p) =E% [~ (X327 (X7, 059))] (1.9)

where J(x,q) == argsup {pg— ¥~ '(x,p) : p<0} and
S S
Xy =x+ / o (u, X)W, and Q)1 =g+ / 0,960 (u. X, )dW,2 . (1.10)
t t

with W@ being the Brownian motion under the probability Q,, the latter being
defined by dP;/dQ, = Q"' and used for expectation (1.9). Finally q is given such
that B [J (X3X,07)] = p.

To obtain such a result, we proceed in several steps. We first use Proposition 3.1 in
[7] to express problem (1.7) in the standard form of [23], see Lemma 1 below. We
then apply the Geometric Dynamic Programming Principle (GDP) Principle of [23]
in order to obtain a PDE characterization of V in the viscosity sense. These results
are recalled in Appendix. We then use properties of the convex conjugate of V to
obtain V as the risk-neutral expectation (1.9) of Proposition 1.

Lemma 1 Let P'"7'% be a F-adapted stochastic process defined by
S
PPy / aPPOdW,, 0<t<s<T", (1.11)
t

where o is a F-progressively measurable process taking values in R. Let us denote
4, the set of such processes such that P"P"* and aP""* are square-integrable
processes. Let Assumptions 2 and 4 hold. Then on S

V(t,x,p) =inf{y > —k : Y5 > W (X, Pp0%) for (v,a) € Uy x o, p)} .
(1.12)
Moreover, for a given triplet (t,y, p), if there exists v € %y, and a F-progressively
measurable process  taking values in R such that

Y > XL PP P —as. (1.13)

N !
then there exists &' € 7, , such that Y2V > W= 1(X25 PRPY ) P —as.

Proof. Under Assumption 4, ¥~!(x, p) is well defined with (1.6). According to
the polynomial growth of ¥ combined with Assumption 2, the stochastic integral
representation theorem can be applied. The first result (1.12) is then a reformulation
of Proposition 3.1 in [7].

The second result echoes Assumption 4 and Remark 6 in [5], as the statement is
missing in [7]. According to (1.11), for p < 0, the process P"”%* is a negative local
martingale, and therefore a bounded submartingale. Thus, E [ (X7, Y2™")] > p.
According to the growth condition of ¥, the martingale representation theorem im-
plies the existence of a square-integrable martingale PP | with P o p and
according to (1.13),
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! )
E [‘P(X}’f,Y}’f’y’v) — PP } — E[P(XI, V)] = p>0.

Since ¥(x,y) € R_ for any (x,y) € Ry x R, we can choose P"*% to follow dy-
namics (1.11). This implies that o is a real-valued (.%;)-progressively measurable
process such that (o P"7%) € L2([0,T*] x Q), and o’ € o p. O

We can now turn to the proof of Proposition 1 by using the GDP recalled in
Appendix. The proof follows closely developments of section 4 in [7], and is given
for the sake of clarity, as for the introduction of important objects for section 1.4.3.

Proof (of Proposition 1). We divide the proof in three steps

1. We introduce conjugate and local test functions. Let V, be the lower semi-
continuous version of V, as defined in Appendix. According to Assumption 4, dy-
namics (1.3) and definition (1.7), V and V, are increasing functions of p on R_. The
boundedness of V implies also the finitness of V.. For (7,x,q) € [0,77] x R% xR%,
we introduce the convex conjugate of V, in p <0, i.e.,

V(t,x,q) :==sup{pq—V.(t,x,p) : p<0}.

The map g — V(.,q) is convex and upper-semi-continuous on R ..

Let ¢ be a smooth function with bounded derivatives, such that (7y,x0,q0) €
[0,7%) x R% x R* is a local maximizer of V — @ with (V — @)(to,x0,q0) = 0. The
map g — @(.,q) is convex. Without loss of generality, we can assume that @ is
strictly convex with quadratic growth in g, see the proof in Section 4 of [7].

The convex conjugate of ¢ with respect to ¢ is a strictly convex function of p
defined by ¢(z,x,p) :=sup{gp — @(¢,x,q) : g > 0}. We can then properly define
the map (¢,x,q) — (9,) "1 (t,x,q) on [0,T*] x R% x R*, where the inverse is taken
in the p variable. According to the definition of V and the quadratic growth of @,
there exists pg < 0 such that for the fixed gy,

Pogo — Vi (to,x0, po) = V (10, X0,90) = @(to,x0,q0) = sup{pgo — @ (to,x0,p)}
p<0

which, by taking the left and right sides of the above equation, implies that (9, xo, po)
is a local minimizer of V, — ¢ and (V. — ¢@)(to,x0, po) = 0. The first order condition
in the definition of ¢ implies that po = (¢,) ! (t0,x0,q0)-

2. We prove that V is subsolution to a linear PDE. In our case, the control v takes
unbounded values by definition of % ,. It implies, together with Assumption 2, that

No(t,x, p.dy,dy) :={(u,a) € R? : |o(t,x) (u—dy) —apd,| =0} #0  (1.14)

for any (t,x,p,dy,d,) € [0,T*] x Ry x R_ x R?. This holds in particular for the
set A0 (to, X0, Po, Px(10,%0, Po), @y (fo, X0, po)) which is then composed of elements
of the form ((@, +ap@,/o)(to,X0,po),a) for a € R. According to Theorem 2 in
Appendix and changing v for its new expression, @ in (#,xo, po) verifies
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1 ) 1
- — EGZ(IOaXO)(Pxx *alglg { E(GPO)Z(PW —apo(0(to,x0)Pp — G(po)} >0.
(1.15)
Since @, (to, X0, po) > 0, the infimum in the above equation is reached for

a:=— (G(””_e‘pp) (to,x0, po) € R, (1.16)
PoPpp

which can be plugged back into (1.15) to obtain a new inequality at (¢o,xo, po):

1 1
—¢r— 562(t07x0)(Pxx + E(‘Ppp)q (9(f0>x0)(l)p - G(t07x0)(PXp)2 >0. (1.17)

Recall that py = ((pp)’1 (f0,X0,40)- According to the Fenchel-Moreau theorem, @ is
its own biconjugate, ¢(¢,x,q) = sup{pg— 0(t,x,p) : p <0}, and @(r9,x0,q0) =
Poqo — (o, X0, po). By differentiating in p, we get @,(f9,x0, po) = qo. It follows by
differentiating again that at point (¢, xo, po) we have the following correspondence:

~ ~ (qu 1 (,bxq
s Wxy Pxy sCxp) = | — ¥ — @, xx ~ - = . (1~18)
(@1, Oxs O, Ppp, Prp) ( B, — P, — P Bor’ o’ (pqq>

Plugging (1.18) into (1.17), we get that @ satisfies at (¢, xo,40)

.1 - ~ -
7(p[ - 5 (GZ(P)CX+ ‘9|2q%(qu +2,L“qu) (t07x07q0) S 0 ° (119)

By arbitrariness of (1, Xo,q0) € [0,7*) x R*. x R* , this implies that V is a subsolu-
tion of (1.19) on [0,7*) x R*. x R*.. The terminal condition is given by the definition
of V and Theorem 2 in Appendix:

V(T %,4) =sup{pg—Vu(T",x,p)} —Sup{pq Yl (xp)} (1.20)
pP=

3. We compare V to a conditional expectation. Let V be the function defined by
V(t,x,q) =E@ [V(T*,Xz¥,07)] for (t,x,q) € [0,T*] x (0,e0)2, with dynamics for
s € [0,T*] given by

X’X—x+/ U, X)W and Q’q—q—i—/ 090 (u, X' ") aw |

where Q; is a P-equivalent measure such that dP/dQ, = O 1. According to the
Feynman-Kac formula, V is a supersolution to equation (1.19), and thus V > V.
According to Assumption 4, p — ¥~!(., p) is convex mcreasmg on R_. Thus, for
sufficiently large values of ¢, J(x,q) := argsup{pg— ¥~ '(x,p) : p< O} is well-
defined and can take any value in R_. By the implicit function theorem, there exists

a function ¢ of (¢,x, p) such that E% [Qt 2T (x ( }f, Qt At )] = p. Therefore,
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V(t,x,p) > Vi(t,x,p) > sup{qp — V(lw) 1 g >0}
>

PE
palt,x,p) —E |7 (77, X7, 074
> q(t,x,p) (p—E® [057 (.01 )])
+E

Q: (p- 1(X;*x,J(X*,Q7thp )i|
> g% {‘P (X%X,J( 0y ’”’))} =:y(t,x,p) .

By the martingale representation theorem, there exists v € %; ,, such that

Y;.,*y(t’x,p),v — -l (X;*fJ( o (txp ))

which implies that for p <0

el (x| 2 .05 - o3 s )
>p

and therefore, by definition of the value function y(¢,x,p) > V(¢,x, p) which pro-
vides the equality and (1.9) for (¢,x,p) € S. O

1.3.2 Application to the interval [T, T*]

We now come back to [T,T*], where the shaping factor A, is assumed to take the
known value A at time 7. To highlight the effect of A as a given state parameter for
t > T, we denote by V (¢,x, p,A) the value function defined similarly as (1.7) where
Y is given by (1.5).

Definition 4 Let (t,x,p,A) € Sy x L. We can define the value function on Sy X L as

V(t,x,p,A) :=inf{y > —x : E [( (g (AX7) — Y}’f’y’v)q < —p forve Uy},
(121)

Notice that if X is an exponential process, then we can explicitely change V (¢, x, p, 1)
for V(¢,Ax, p, 1), recalling the assumption P[A = 1] = 1 of the previous section. Let
us recall the standard pricing concepts in complete market. Under Assumption 2, we
can define QQ the P-equivalent martingale measure defined by

4Q
dP |

1 1 t
:exp{—/T G(S,Xs)dWS—E/T G(S,Xs)|2ds} a>T. (1.22)

In the present setting, Q is the unique risk-neutral measure with the drifted Brownian
motion W% = W, + 7 6(s,X,)ds, and we can provide a unique no-arbitrage price for

g(AXr+).
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Definition 5 We define for (t,x,A) € [T,T*] x RY. x L the function
C(t,x,A) :=EQ[g(AX)N)]  for t>T. (1.23)

According to Assumption 2 and Assumption 3, we can apply Proposition 6.2,
in [20], which implies that for any A € L, (#,x) — C(t,x, 1) is Lipschitz continuous
in the spatial variable with the same Lipschitz constant K as g. Moreover, C(-,-, 1)
is the unique classical solution of polynomial growth to the Black-Scholes equation

1
G = 50%(1,1)Cu =0 on [1,T7) X (0,+29) (1.24)

with terminal condition C(T*,x,A) = g(Ax). Now Proposition 1 applies to provide
the following when we use a loss function as in Definition 2.

Corollary 1 Let Assumptions 2 and 3 hold. Then 'V is given on Sy X L by
V(t,x,p, ) = E%[g(AX7Y) — ¢~ (—PpP)] (1.25)

where P}’f is a Fr«-measurable random variable defined by
, T* 1 (T"
PP =j (qexp ( (s, X!*)dW2 — 3 / 92(s,X§vX)ds)> (1.26)
t Jt

with j(q) := —((¢=1))"Y(q) and q in (1.26) such that EQ [P;f} = p . Moreover, V
is convex and increasing in p and is €% in (t,x) on [T, T*] x RY..

The solution (1.25)-(1.26) can be explicitly computed in simple cases, see section
1.5 below. Notice that V is bounded on [T,7*] x R% x R* x L by C. Since ¢ is
convex increasing on R, —¢~1 is convex. A look at (1.25)-(1.26) then convinces
that V is continuous in p on R* , but Proposition 3.3 in [7] can be used in our setting
to assert that V is also convex in p. According to what was said about the function
C,Vis €% in (t,x) on [T, T*] x R%..

Remark 1 It is noticeable that the value function (1.25) is composed of the Black-
Scholes price of the claim g(lX;’f) minus a term that corresponds to a penalty in
the dual expression of the acceptance set if { is a risk measure, see [18]. The hedg-
ing strategy is to be modified in consequence. First note that (1.25) is a conditional
expectation of a function of two Markov processes (X'*,Q"1), for q well chosen, so
that we can write Y;’V(t’x’p)’v = y(X0*,009) ==V (s, X!, PP). According to Corol-
lary 1, y is a regular function, and X', Q" are martingales under the probability
Q, as well as YV 5P)Y  Therefore Ité formula provides

Ay g (X QNN 3, (X, Q)
Now expressing dW;@ with respect to dXi, we obtain

Ay VY — (3 (X000 4 (s, X Oy (XU, Q0 X (127)
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which allows to deduce the optimal dynamic strategy V.

Corollary 1 retrieves solutions of [17]. The original problem in the latter is to
minimize the expected loss given an initial portfolio value, but the authors prove that
our version of the problem is equivalent. The stochastic target problem of Definition
3 is actually linked to an optimal control problem in a similar way, as noticed in the
introduction of [7] and developped in [6]. We can introduce the value function giving
the minimal loss that can be achieved at time 7, with at time 7, the initial capital y,
X/ = x and the shaping factor A = A.

Definition 6 For (1,x,y,A) € [T, T*] x R x R x L we define

U(t,x,y,A) := sup{E [—( ((g (lX}’f) —Y}‘f’v)+)} tve %,yy} . (1.28)

This corresponds to the problem of finding the best reachable threshold p if the
initial portfolio value is given by y at time 7. This result is of great use in the forth-
coming resolution of the problem before 7', by the following connection with V.

Lemma 2 For (t,x,y,A) € [T,T*] x R x [—k,0) x L we define V="' (t,x,y,A) :=
sup{p <0 : V(t,x,p,A) <y}. Then we have

Ult,x,y,A) =V t,x,9,1) . (1.29)

Moreover the function U is a concave increasing function of y bounded by 0 from
above.

Equality (1.29) is a direct application of Lemma 2.1 in [6], whereas the properties
of U fall from the properties of V and Definition 6.

1.4 Solution in incomplete market

We now turn to the solution of the problem before T, i.e., when A is unkown. We
first provide the face-lifting procedure that allows to reduce the new situation to the
one handled in Section 1.3. This procedure can be done according to two model
paradigms:

1. the law p of A is supposed to be known;
2. only the support L of the law of A is supposed to be known.

The first approach is a probabilistic approach with a prior distribution, whereas the
second one is a robust approach, in connection with robust finance with parameter
uncertainty, see [8] for a control theory version. Finally, the numerical complexity
of the face-lifting procedure pushes us to give up explicit formulas for a numerical
approach. We thus modify results of Section 1.3 to provide a convenient formulation
of the problem to be numerically approximated in Section 1.5.
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1.4.1 Faced-lifted intermediary condition with prior on the shaping
Jfactor

When ¢ < T, the problem (1.7) cannot be treated with the methodology developped
in [7]. To solve the problem, we are guided by the following argument. Consid-
ering (t,y) € [0,T) x [—K,o) and a strategy V € %y, we arrive at time T to the
wealth Y}’x’y "Y' > —k, at the apparition of the exogenous risk factor A. Assume that
the agent wants to control the expected level of risk p < 0, at time 7', by using
the portfolio Y}’x’y "V It is obviously not possible with certainty if A takes a value
A such that Y}’y V< V(T,X}’x, p,A) . However, the optimal strategy after 7 con-
sists in optimizing the portfolio by trying to achieve the optimal expected level of
loss U(T,X;", Y7, 1) given by Definition 6. In the complete market setting, this
achievement is possible.

Lemma 3 Under Assumptions 2 and 4, there exists a map (x,y,A) — v(x,y,A) €
Ury on RY. X [—K,00) X L such that

E ['P (lXTT;X,YTT;y'V(X’y’MH > U(T,x,y,A) . (1.30)

Proof. Fix (x,y,A) € R x [—K,00) x L. Let p:=U(T,x,y,A). According to Lemma
2,y>V(T,x,p,A). Following Corollary 1 and Remark 1, and since ¥ is increasing
in y, there exists v such that E [‘I’ ()»XTT;X,YTT;y V)] > p for (x,y,A) arbitarily fixed.
O

Then the expected loss at T resulting from this strategy is averaged among the the
realizations of A for fixed X}’x and Y}’y V. The expectation is thus done also with
regard to A just before 7.

Definition 7 We define & : Ry X [—K,0) — R_ by

E(xy) = /L U(T x,y,r)p(dr) . (131)

The above function = represents the expected optimal level of loss the agent can
reach if she attains the wealth y at time T with a state XTT T =x

Lemma 4 The function E takes non-positive values, is €* in x € R and concave
increasing in y.

This is a direct consequence of Lemma 2 and corollary 1. This property ensures that
parts of Assumption 4 hold in the new following problem, in order to apply Theorem
2 of Appendix. In particular, Lemma 4 allows to define a terminal condition with

the generalized inverse £~

Definition 8 For (1,x,p) € Sy, we define

V(t,x,p):=inf{y > —«x : E[EX YY) > pforveZ,} . (132
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We now prove that this new problem coincides with the one of Definition 3 on §.
Proposition 2 Let Assumptions 2 and 4 hold. Then V (t,x,p) =V (t,x,p) on S;.

Proof. 1.Fix (¢,x,p) € S| and take y > V (¢, x, p). Then by definition there exists v €
.y such that E [¥ (X2, Y72")] > p. Since < T, the control can be written v, =
Villyepo,ryy + Vi(A)Lyyepr,r+)y where v;(.) follows from the canonical construction
of IF: it is a measurable map from L to the set of square integrable control processes
on [T, T*] which are adapted to the Brownian filtration o(W;, T < s < .). From the
flow property of Markov processes X'~ and Y~V (see [23]) and the tower property
of expectation,

E[¥ (X, Y20 =
X 1,.x 1.x,y,V
E /LE [‘P (XTT;XT : TT*,XT Y ,V(l)) ’ (Xit:x’y;,x,y,v’l):l p(dl)} . (1.33)

By taking the supremum over all possible maps v(4) and by Definition 6, we obtain

1.x 1,X,y,V
T.Xp

p<E [lp (XT* YT ’”’”) ‘ (X;ﬁy}v’“vy*v,z)} <U(T,X Y 1)

(1.34)
By integrating in A over L, and then take the expectation, we immediately get that
y > V(t,x,p). By arbitrariness of y, V(¢,x, p) > V(t,x, p).
2. Take y > V(t,x, p). There exists a control vV € %, on [¢, T] such that

E VU(T,X’T’X,Y}'“”V,/l)p(dzl)} >p.
L

Now Lemma 3 allows to assert the existence of a control v*(1) on [T, T*] such that
forany A € L

1.x t,)C,}',V * 5
E [IP (XTT;XT T (“)] = U (T, X4 YE9Y 1)

By chosing the new admissible control v/ € %, defined by the concatenation
Vi = Vilepryy + Vi (A)Lepr,r+)y» We obtain y > V(z,x, p) for an arbitrary y >
V (t,x,p). We thus have equality of V and V on S;. O

In the present context when the law of A is known, the face-lifting procedure of
(1.31) allows to retrieve a stochastic target problem in expectation of [7] on the
interval [0, T']. However, it is improbable that the terminal condition (1.31) is explicit
for non-trivial models.
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1.4.2 Variation to a robust approach

Due to the lack of data, or some non stability of the problem, it might be interesting
to adopt an approach where the agent wants to control the expected level of loss
without assuming the law p on L. Under Assumption 1, the robust approach is easy
to undertake and is the following. Since the law of A is not known, we have to con-
sider the worst case scenario, i.e., the supremum of (1.31) over a set of probability
measures on L.

Definition 9 Let &7(L) be the set of all probability measures over L including sin-
gular measures. Then we define for any (x,y) € R x [—k,eo) the function

E(x,y):= sup E(x,y). (1.35)
peZ(L)

It is straightforward that by considering singular measures in &?(L) we shall have

&(x,y) = maxU(T,x,y,A) , (1.36)
A€EL

which is finite for all (x,y) € R¥ x [—k,o) following Lemma 2. The reasoning
of the previous section can be applied here with the new intermediary condition
E [E(X7", Y7™")] > p. We thus introduce the other stochastic target problem with
controlled loss if t < T':

VR(t,x,p) :=inf{y > —k : E[E(X;", ;") > pforveZ,} . (1.37)

The monotonicity of U with respect to A, provided by some additional assumption
on g, leads to a direct solution to Eq. (1.36). In general, the resolution of problem
(1.37) is similar to (1.32) with a terminal condition that is more tractable. In the
sequel, we thus focus on problem (1.32).

1.4.3 From the control problem to an expectation formulation

In this section, we want to emphasize formally the link between the solution of the
nonlinear PDE (1.15) (in the proof of Proposition 1) and a simple conditional expec-
tation, in sufficiently regular settings. This idea will be used to propose a numerical
scheme to approximate the solution of our partial hedging problem. Assume fo start-
ing that the nonlinear PDE (1.15) has a classical solution V on S; such that it also
verifies

2
_ o-(t — = % 1 VvV, —=
Vi (Z’X) wtap(o(t,x)Vi, — 6(t,x) P)Jri(a*p)z pp =0, forr <T
V(T,x,p) =Z ' (x,p),

(1.38)
where we recall the specific form of the control (1.16):
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a* == (pVpp) " (8(1,:2)Vp — 0 (t,1)Vsp) (1.39)

and the terminal condition is
E N x,p)i=inf{y> —x : Z(x,y) > p} . (1.40)

In particular if a* in (1.39) is well defined (by strict convexity of V in p) and corre-
sponds to the optimal value in (1.15), then fomulations (1.15) and (1.38) are equiv-
alent. Now let us assume that the function V such that

V(t,x,p) =B (X\" PiP®)), 0<1<T, (1.41)

is well defined, with dynamics under QQ given by

X”‘—x+/ u, X\™) WQ;RY””*“ —p—|—/ P’POC o (d dW2 —0(u X)) du

(1.42)
and where the feedback control o* is defined for s € [¢,T] by

* = -1 — — *
oy = (R?pﬂ Vpp) (9(57X§’)‘)Vp —G(s,Xf*")Vx,,) (SaXf’xath7p’a ) . (1.43)

Assume moreover that V is sufficiently regular to be a classical solution to the re-
lated linear Feynman-Kac PDE

o(t,x 1
o+ (2 )(pxx+a*p(6(t,x)(pxp —0(1,x)9,) + 5(“*”)2"’”” =0, fort<T
o(T.x,p)=E"'(x,p),

(1.44)
where we recall the specific form of the control (1.39) given as a function of V
and its derivatives. Now observe that V is also a classical solution to this linear
PDE. Hence, if the classical solution to (1.44) is unique then we can conclude that
V = V. In the following section, we propose a numerical scheme to solve (1.38)
which relies, in some sense on this relation between the non linear PDE (1.38) and
the conditional expectation (1.41) with dynamic (1.42)-(1.43).

1.5 Numerical approximation scheme

In the present section, we propose a numerical algorithm dedicated to the specific
problem (1.41)-(1.42)-(1.43). The problem is specific for two reasons. First, the ter-
minal condition at T is given by Z~! wich may be unexplicit and has to be numer-
ically studied. Second, the optimal control is explicitely given by (1.43) so that the
non-linear operator can be replaced by a proper expectation approximation. At this
stage, the algorithm is presented as the result of a series of standard approximations.
However, we do not provide any analysis of the approximation error induced by this
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algorithm so that it can only be considered as an heuristic. Nevertheless, some nu-
merical simulations are provided in the next section and emphasize the practical
interest of such numerical scheme.

1.5.1 Specification and hedging in complete market

In this section, we will retrieve all the regularity assumptions by specifying the
model. The question of the generalization of the presented procedure is a matter
that is not treated in this paper. We assume that X is described by a geometrical
Brownian motion:

u(t,x)=ux, and o(t,x)=ox, (1.45)

with (¢, 0) € R x R%. The loss function is given as in Example 1, with k > 1. For
the partial lower moment function £(x) = x*1 {x>0}/k for k> 1, Corollary 1 has an
explicit solution, given for ¢t > T by

V(t,x,p,A)=C(t,x,A) — (—kp)l/kIEIQ {exp { Z(kl— 0 /ZT* |6(u,X£”‘)|2duH
92

=C(t,x,A) — (—kp)l/kexp{z(kl)(T* —t)} , where 6 = % ,

(1.46)

where in this precise case, C(#,x,A) is given by the Black-Scholes price of the option
with payoff x — g(Ax), as in Definition 5. Following section 1.3, (¢,x) — C(¢,x,A) €
V2T, T*) x R*) for any A € L, so that according to (1.46) all the required partial
derivatives of V exist. Note also that V is strictly convex in p since k > 1.

Consequently, we can explicit the strategy to hedge the expected loss constraint.
If a* is given by (1.39), then

*

a‘pv,
c > (t,x,p) . (1.47)

vi(t,x,p) = (Vx +

All the required derivatives are given by

2 2
Viltx,p,2) = Gilt,6,A) + g exp { i (T =)}
Ve(t,x, p,A)= Ci(t,x,1)
VXX(taxapa)L): Cxx(tvx7)L)
1-k 02
Vp(t,x,p,A)= exp{Tlog(—kp) + m(T—f)} :

As anticipated in Remark 1, the strategy consists in hedging the claim g()LX}’f) plus

a correcting term corresponding in hedging the constraint P2 .
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1.5.2 The intermediary target

In order to initiate the numerical procedure for 0 <¢ < T, we need to compute the
intermediary condition and its partial derivatives intervening in (1.38). According
to (1.29) and (1.46),

K02
)(T _t)}]l{C(tAx,l)zy}a (1.48)

Ultesn i) = ) - e { - 10

k

which provides the value of Z(x,y) by integration according to the law p of A:

. ~1 ke* . k
=) = e 5y (T ) /L(C(T,x,l)—y) LiciranyoP(dA) .
(1.49)

A numerical computation of the integral in (1.49) can be proceeded via numerical
integration or Monte-Carlo expectation w.r.t. the law p. This in turn allows to obtain
the desired function =1, since the latter is monotonous in p-

For fixed (x, p) € R7 xR*, define

M:={AeL: C(T,x,A)—E (x,p) >0} .

Let us introduce four real-valued functions (fi_1, fi—1, fi—2, fk—2) of (x,p) € R% x
R* defined by

(flon) = he(CTan & wol'pat) (150
7ol ) = [y ACAT22) (C(T.22) = £ ()" P(dA) |

for n =k — 1,k — 2, recalling that k£ denotes the exponent parameter determining
the loss function (1.8). Then by a straightforward calculus we derive the partial
derivative of Z~! as follows

w1 _ 0%k * 1
=p (X,p) = exXp 2(](71)(T 7T)}E

Ept(vp) = (k=12 (2,1)7] (x.)

E);pl (x’p) _ (k— 1)371 (fklfkl_kafk]>] (X7p) )

(fk—l)z

The functions (f;_1, fk,l s fre—2, fk,z) can be computed numerically with the same
methods as Z~!. Having these derivatives, it is thus possible to obtain the values of
controls at time 7, (V*(T,x, p),a*(T,x, p)), given by (1.47) and (1.39).

(x,p)
(1.51)
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1.5.3 Discrete time approximation and regression scheme

The approximation scheme that is proposed here is first based on a time discretiza-
tion of the forward-backward dynamic determined by the system (1.41)-(1.42)-
(1.43).

1.5.3.1 Time discretization

Let us define a deterministic time grid 7 := {0 =1y < ... < ty := T} with regular
mesh |ty —#;| = T /N =: At. We consider in this paragraph a dicrete time approxi-
mation of the process (X0, PO'PO’O‘*) solution of (1.42) with initial condition at time
0, (Xg ’XO,P(? P O’a*) = (x0, po). The process X~ possesses an exact discretization at
times (#;);—o..y Which is denoted (X;);—o_y, with increments of the Q-Brownian mo-
tion given by

W, —W, = VArg, (1.52)
(&)i=0,-- N—1 being a sequence of i.i.d. centered and standard Gaussian random vari-
ables. We introduce the sequence of random variables (Pi“* )i=o..N Obtained by tak-
ing the exponential of the Euler approximation of log(P%”%:%") on the mesh 7. Then,

we can approximate the solution of (1.42), at the mesh instants & by the Markov
chain (X;, P% )i—o.... v satisfying the following dynamic for i = 0,...,N — 1:

Xis1 = Xiexp {o\/Ats,- —(c241) /2}

* * * * (153)
Py = P exp{ ~ai (%, B) (04 3ai (%, P) At VA7) |

with the initial condition, X¢ = x¢ and Pg* = po and where at each time step i, a; is
actually the function given by (1.39) at time ¢;

Gp‘_/p(tirxap) B pr‘_/xp(tivxvp)
PPVpp(ti,x, p)

a; (x,p) :==a"(t;,x,p) = (1.54)

In the sequel, we will denote X;7'; and P}/

tion (1.53) with X; = x, P* = p and the function a} = a;.

the random variables satisfying equa-

1.5.3.2 Piecewise constant approximation of a; and tangent process formula
Assume that at the dicrete time #;, for i € {0,--- ;N — 1}, a piecewise constant ap-

proximation of a} is available, such that for any positive reals x and p, we have the
approximation d; defined as follows

R
ai(x,p) = Zamlc,v_,(%p) , (1.55)
r=1
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where (C; ;) —1,..r is a partition of R x R* and (a;,),—1,...r is a sequence of reals.

By the expectation formula (1.41), we obtain that the solution of problem (1.32) and

equivalently (1.7) satisfies the following backward dynamic for i € {0,--- ,N —1}

V(Iirxa p) = EQ [V(ti+] aXt?_ﬁ aPttL’_J_I:a )] for ()C, p) S Ri xRL.

Then, one can approximate V at the discrete instants of the mesh 7, by injecting in

the above formula two approximations consisting in:

1. replacing (X,t"+ 8 ,P,t’_"fl' *%°) by the Markov chain approximation (Xiifl,l’;fl’x’a"*),
obtained by the Euler scheme (1.53);

2. replacing the function a} by the piecewise constant approximation d; (1.55);

Fori € {0,--- ,N — 1}, we define V' the resulting approximation of V (¢;, -, -) satisfy-
ing the following backward approximation scheme

Vix, p) = B[V (X[, P (1.56)
Let us assume, at this stage, that V/*! is a given approximation of V(t;.1,,-),
which is two times continuously differentiable w.r.t. both variables. Now recall
that d; is supposed to be constant on C;,, for any r € {1,---,R}. Then, for any

(x,p) € Int(C;,), (Xiifl,ﬂ'fip 41 follows a log-normal distribution (1.53) and we
can apply tangent process approach [12] on (1.56) to obtain that V' is two times

continuously differentiable and a backward formula for the derivatives

\A/]’,'(x,p) :%E Pilfipﬁivliﬁ—l(x_hx Pi,xapﬁi)}

i+14ir1
(7i _ 1 ix piX,paivyi+l (yiXx  piXDdi
;p(xap)—ﬁ]E Xin b Vx’; (Xit1 Pt )] (1.57)
(i _ 1 X,D.8i\27yi+]1 (y X piX,p.di
Viep) = LB | (P75 P

1.5.3.3 Piecewise constant regression and fixed point algorithm

Besides, recall that o is defined as a function of V), (#;,, ), Vpx(ti, -, +) and Vpp (87, -, )
according to equation (1.54). Similarly, we want to impose the same relation be-
tween @; and \7,5, \A/p"x and \A/,i »- For this purpose, let us define the map f + T;(f) such
that for any real valued function f defined on R* x R*,

OE[P 0 (X P - GBI O O P

E(PL 205 (P

)

T(f)(x, p) :=

(1.58)
for all (x,p) € R x R*. Notice that the map 7;, defined above, depends implicitly
on the previous approximations V!, Vit and V1. Then 4; could be obtained as
a piecewise constant approximation of a fixed point of 7;.
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One way to do this, is to approximate 7; by 7j, obtained in replacing the con-
ditional expectation, in (1.58), by a regression operator, [;, on a set of regression
functions which are piecewise constant. Consider for instance the following set of
regression functions (1c;,),=1,... g. We introduce

B, p) o PBPE TV G, B — o PPV (Y P )
! ’ T n i >
B[P le’f)ZV i+1 (lel’Plljlp f)]
(1.59)

so that T; (f) is automatically piecewise constant on the partition (C;,),—1.... r.
Adding up all these approximations, we finally obtain, at each point, #;, of the

mesh grid, 7, an approximation (V’,V’f,Vl’,x,VI;p, a;) of

(V(tiv Yy ')7Vp(ti7 Yy ')7Vpx(ti7 ‘y ')7‘7p[)(ti7 Yy ')7a*(tiv Yy ))
by the following algorithm applied with a fixed tolerance parameter € > 0:

Initialization

I
~=[x‘] w:,[l‘] (x]
=

(1.60)

< [
=
<;§ L

i) e

pp

From step A(N — 1) to A(0) :

A(): SET a:=a;+1; GOTO B(i,a);
B(i,a):

1. SET o :=Tj(a) (recall that 7; depends on ‘71’;*1, Vlijl and Vlﬁ;fl);
2. IF |d fa| <e

— THEN SET
& _
Viep) =BV X P
Vi) = B [BP 05 0 Rl )|
inp (x.p) = 1PE lelpzrlp a'Vxl; 1(Xll:1’Pllji(1p al)}
Vpx.p) = 5l (leflpa’)zle(X,'prpzlflp’a')} .

IF i =0 THEN STOP;
ELSE GOTO A(i— 1);
— ELSE GOTO B(i,d);

Notice that limiting the previous algorithm to one fixed point iteration (in B(i,a))
reduces to an explicit scheme for which @; is given as a function of the derivatives

at the next time step 7,41, (V! Vl“ ,Vlﬁjl ,V;,;l) and the control d; 1. However, in
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practice at most three iterations are sufficient to obtain reasonable convergence to the
fixed point. In theory, the contraction of 7; should be proved for a sufficiently small
time step A¢. But this is left for future works. If we don’t proceed to a convergence
analysis of the scheme with N, for a general diffusion and general loss function, we
can still provide a numerical confirmation of the relevance of the method. To vali-
date the algorithm we proceed in Section 1.6 to a comparison between the explicit
formula of Corollary 1 and the value provided by the algorithm.

1.6 Numerical tests

The present section is devoted to tests on real and simulated data meant to illustrate
the interest of the partial hedging strategy developped in this article and to vali-
date the numerical scheme introduced in the previous section. We proceed into four
steps. First, we fit the parameters of the exponential model (1.1) on real data. Then,
we point out the importance of the risk induced by the random shaping factor, by
evaluating the hedging error implied, on real data, by the naive Black-Scholes hedg-
ing strategy based on a prediction of the shaping factor (without taking into account
its randomness). This naive hedging approach will constitute our benchmark. To
validate the numerical approximation scheme introduced in Section 1.5, we analyse
its performance on the explicit case of Section 1.3. We finally compare the partial
hedging procedure, on simulations, to the benchmark that shall be introduced right
away.

1.6.1 Black-Scholes benchmark

We consider the following Black-Scholes strategy for a naive agent. The naive agent
assumes that the set L reduces to a singleton {2 }. This belief is accepted for exam-
ple as a raw approximation of the expected value of A. In this situation, the previous
setting reduces to the case of Section 1.3. However, since the market is complete,
the naive agent desires to put in place a complete hedging strategy allowed by the
Black-Scholes framework. The naive benchmark is thus given by

1. an initial value provided by the Black-Scholes price of the contingent claim
g(AoX}), given by equation (1.23): C(t,x, Ag).

2. A hedging strategy, associated to that belief, and given by the delta-hedging pro-
cedure vy = Cy(s,Xi™, A9) on [0, T]. After the apparition at T of the asset AX,
the option price is impacted immediately by the real value taken by A, different
from Ay, but the portfolio stays self-financed, and continuous. We assume here
that the naive agent continues with the delta-hedging strategy until 7.

3. A terminal hedging error that spreads from time 7 with value &y := C(T,x,Ay) —
C(T,x,A). In the Black-Scholes setting, by a simple no-arbitrage argument and
zero interest rate, this error remains constant until 7*.
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The motivation of such a strategy is to average the losses by averaging the possi-
ble values taken by A. This is however wrong as the price of the derivative is mostly
a non-linear function of the underlying price. In the studied example of the Call
option below, if A is fixed, we obtain a non-linear function of the strike:

Cs(t, 20x,K) := EQ[(AoX7¥ — K) ] = AEQ[(X7X — K /A0) ]
= )L()CBS(tax’K/)LO)'

1.6.2 Analysis on real data

To provide a realistic framework, we refer to historical data. This allows to pro-
pose a model for L and A, and values for parameters (it,o) of the exponential
dynamics (1.1). The available data designates daily quotations of futures prices on
the French Power Market, provided by EEX. We consider a delivery period cover-
ing the period from October 2004 to March 2011, i.e., 78 Month delivery Futures
during their whole quotation period and the respective Quarter delivery futures con-
tracts covering them. Two estimations are made out of it.

1. This provides 78 observations for a supposedly repeated realisation of the ran-
dom variable A. The average is A = 1.0012 and its variance V(A) = 0.081.
We then assume that A follows a scaled beta law with these characteristics:
A ~3B(114,227). This is justified by the fact that A shall have a bounded sup-
port, which is assumed here to be the interval [0, 3].

2. The parameters 1 and ¢ in the exponential dynamics (1.1) are computed on the
aggregated returns of month futures and quarter futures. Here, (t contains the
discount rate (since we assumed that the interest rate is null by omitting it). The
obtained drift 1 is null, and the obtained (yearly) volatility 6 = 28%.

To quantify the impact of neglecting the uncertainty on the shaping factor A =
A*, on the performance of the hedging strategy, we have implemented, on real data,
the naive Black-Scholes hedging strategy supposing different given parameters A
varying around the real observed value A* with an amplitude of error of 50%. In our
tests, we have considered call options on our 78 Month delivery futures with various
maturities ans strikes as indicated on Figure 1.1. The resulting hedging error can be
decomposed into four sources:

1. hedging at discrete times (the Delta hedging strategy is indeed implemented
daily);

2. errors on the dynamical model or on the parameters (the hedging instrument

may not have i.i.d. log-returns with log-normal distributions, {1 and & are only

estimations);

the limited number of hedging scenario inducing a statistical error;

4. error on the shaping factor value.

(O8]
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The scope of this paper focuses specifically on the latter source of error. Hence, to
distinguish the contribution of each error and to separate the fourth one, we have
represented in Figure 1.1 four quantities:

1. Real error We evaluate the hedging error using the naive strategy on real data.

2. Simulated Error (78 data) We then do the same on simulated data on the same
time grid, and with the same number of trajectories (78). This allows to quantify
the error due to the model and the parameters estimation, by comparing it to the
previous error.

3. Simulated Error (78x100 data) We repeat this procedure with a greater number of
simulations (78 x 100) in order to confirm that the previous error is not erroneous
because of the low number of studied trajectories.

4. Theoretical error We represent the error induced by hedging in the Black-Scholes
framework (in continuous time) with the wrong shaping factor. This represents
exclusively the hedging error due to the error on the shaping factor. Notice that
for t > T, A* is known, hence on [T,T*] the naive Black-Scholes strategy is
equal to the complete market replication strategy that would have been implented
from time 0 if A* was known. Hence the theoritical hedging error reduces to the
difference between the values at time 7 of the naive hedging portfolio (with
the wrong value of 1) and the perfect hedging portfolio (with the right value of
A =A%): Cps(t,Ax,K) — Cps(t,A*x,K).

Altogether, the results presented in Figure 1.1 push to the following temporary con-
clusions. An error on the value of A can significantly impact the error. After that, the
main error is due to the discretization of the hedging strategy. Hence, it is worth de-
velopping a specific methodology to take into account the uncertainty of the shaping
factor in the hedging strategy.

1.6.3 Convergence of the approximation scheme to explicit solution

We shall test the efficiency of the algorithm presented in Section 1.5. To do so, we
compute the hedging strategy and the value function in the specific case of Section
1.3.2. Assume without loss of generality that A = 1. Recall that we obtain the fol-
lowing explicit expression for the P-martingale P*”'¢ initialized at time ¢t > T and
the function v for any s € [t, T*],

s, XU PP 1) = C5, X0, 1) = (—kBEP) eexp {
tx\ o 2092 _
() i)

Observe that Pi”"% can be expressed as a function of X, i.e. Py'P"% = p(t,s,X¢™).
Hence we analyse the performance of our algorithm by observing its ability to ap-
proximate the one dimensional real valued function u; such that

92 *
— (T* =)
2¢-1) } (1.61)
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us(x) = V(s,x, p(t,s,x)) - (1.62)

In our simulations, we consider the following parameters.

1. The model parameters are slightly modified with values ({1, &) = (0.1,0.28). The
initial asset price value is fixed at x = 50.89.

2. The convexity parameter of the loss function is k = 2 and the level p takes the
value 0.1 Euro?.

3. The option is a call option with a strike K and a maturity of 20 trading days, i.e.,
T =20/250.

4. We have performed our algorithm with M = 10° particles to estimate at each
step of time the conditional expectations and a time discretization mesh #y =
0,-«t;,-- -ty = T with a time step At = 1/250.

In our tests, the fixed point algorithm was limited to three iterations. We have rep-
resented on Figure 1.2 the value of u,(x) with respect to x computed by the explicit
formula and the numerical algorithm. We also provide the value of the control v at
the initial date to illustrate the convergence of derivatives too.

1.6.4 Performance with a call option

We now compare the loss approach (hereafter denoted shortfall risk, or SR) and the
benchmark strategy (hereafter Black-Scholes, or BS) upon a call option. For each
approach, we implement the associated hedging strategy on i.i.d. Mjeqee = 10000
simulated price paths. For each path we compute both hedging errors. Then we com-
pute by Monte Carlo approximation (on these i.i.d. Mj,eqe. = 10000 simulations) the
expected loss associated to the Black-Scholes approach and the shortfall risk hedge.
Recalling Section 1.6.2, the trading strategies are not implemented continuously and
the resulting hedging errors may differ from the theoretical time continuous setting.

1. The naive Black-Scholes strategy is settled with the value 49 = E[A] = 1.0012.
The variable A is given by a law (114,227), and the price model as in Section
1.6.3.

2. For the option, we compare several strike possibilities for the Call option: K =
YAox with 7y taking values in the set {0.85;0.9;0.95;1;1.05,1.1;1.15;1.2}.

3. The loss function is the partial moment loss function of Section 1.5 with k = 2,
and the threshold p varies enough to evaluate its impact. In the following com-
parison, we consider the square root of the obtained error in order to express it in
euros. This justifies the terminology shortfall, which is a monetary homogeneous
quantity.

4. Strategies are rebalanced daily, T = 128 days and 7" = 184 days, one year cor-
responds to 250 days and Xy = 50.89.

Figure 1.3 sums up the simulations and compares, for the different values of K,
the value function as a function of p. Figure 1.4 provides a comparison between
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the two approaches for another criterion: the conditional Value-at-Risk, or expected
shortfall. These two figures lead us to the two following conclusions. The first one
is that the partial hedging procedure SR allows to hedge the quadratic loss function
more efficiently and with less initial amount of money than the BS strategy. The
second figure illustrates the fact that this new strategy stays more interesting for
another risk criteria than the one used in the specified control problem, providing
also possible robustness of the consideration of the shaping factor A in our model.

Appendix: Geometric Dynamic Principle and HJB equation

In what follows, we put ourselves in the Brownian filtration setting of [24] and
[71, which encompasses our framework. We omit the presence of A by assuming
P[A = 1] = 1 and place ourselves on the interval [0, 7*]. We provide one side of the
GDP used to derive the supersolution property.

Theorem 1 (Th 3.1, [24]) Fix (¢,x,p,y) € S X [—K,o0) such that y >V (t,x, p) and
a family of stopping times {6¥"* : (v,&) € Uy % 4, }. Then there exists (v, 0t) €
Uy x <4, such that

t,x,y,vV s 1, /,p,0
Yovo > V(0V% Xgva, Pyl ) P—a.s.

and YS"AX(;’QL > —kforalls€[t,T*| P—a.s.

Let V. be defined by V. (¢,x, p) :=liminf {V (', x',p') : B> (¢,x',p’) — (t,x,p)}
where B denotes an open subset of [0, 7] x R x R* with (¢,x, p) € cl(B). We as-
sume that V is locally bounded on S, so that V; is finite. In what follows, we intro-
duce only the supersolution property for V,, deriving from Theorem 1, in the special
case given by dynamics (1.1),(1.3) and (1.11).

For £ > 0, we introduce the relaxed operator ® — FE(G) for the variable ® =
(t,x,p,d,dy,dp,dyy,dpp,dyp) €S x RS given by

Fe(@):= sup {(udx) u(t,x)— 1 (Gz(t,x)dxerazpzdpp+2apc7(t,x)dxp)}
()€ 15(O) 2
(1.63)
with
Ne(©) := {(u,a) € R? : |o(t,x) (u—dx) —apd,| <€} . (1.64)
to finally introduce F*(®) := limsup{F;(®’) : € \,0,0' — ®}. We adopt the
convention sup® = —eo and

F*@=F*(t,x,p,0(x,p), 0x(t,X), 0p(t,X), Prc(t,X), Ppp(t,%), Pup (2, %))
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Fig. 1.1 Standard deviation of the hedging error as a function of the ratio between the shaping fac-
tor used in the hedging strategy A and the real shaping factor A* impacting the historical scenarios.
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Fig. 1.2 Comparison between the numerical solution and the explicit formula.
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Fig. 1.3 Initial capital w.r.t. the associated Shortfall Risk of the Black-Scholes strategy (blue) and
the Shortfall strategy (red) with 95 % confidence interval (in dotted lines).
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for a smooth function ¢. We hence formulate the supersolution property of V.. For
definitions and use of viscosity solutions, we refer to [13]. The supersolution prop-
erty inside the domain is given by Theorem 2.1 and Corollary 3.1 in [7]. The bound-
ary condition at r = T* is given by Theorem 2.2 in [7]. In our case, by assuming the
concavity of ¥ in y, we have the convexity of ¥ ! in the p variable. We also have
A0(0) # 0 for any . According to these two properties, the terminal condition
takes a much more simple form. Altogether, we obtain the following.

Theorem 2 (Th. 2.1-2.2, [7]) The function V, is a viscosity supersolution of

{ —@(t,x,p) +F*o(t,x,p) =0 on[0,T) x R} xR (1.65)

Vi(T,x,p) > ¥ ' (x,p) on R, x R®

There is a special Cauchy boundary problem for p = 0 we elude here. In our case,
since ¥(0) = 0, the stochastic target problem reduces to the superhedging problem.
The target must be reached P-almost surely and we obtain directly the HIB equation
of [24]. In our complete market framework, it straightly provides the Black-Scholes
equation (1.24) to which V,(.,0) is also a viscosity solution.
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