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Abstract: This paper considers GARCH(1,1) models in which the time-varying coefficients
are functions of the realizations of an exogenous stochastic process. Time series generated
by this model are in general nonstationary. Necessary and sufficient conditions are given for
the existence of non-explosive solutions, and for the existence of moments of these solutions.
The asymptotic properties of the quasi-maximum likelihood estimator are derived under

mild assumptions.
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1 Introduction

The autoregressive conditionally heteroskedastic model (ARCH) introduced by Engle (1982),
and the so-called generalized ARCH of Bollerslev (1986) were the first time series models
in which the dynamics were driven by volatility, that is the conditional variance. Volatility
being considered a measure of risk, these classes of models have gained an enormous pop-
ularity in the financial econometrics literature. Fitted GARCH models often lead to the
conclusion that the underlying process is (close to be) non covariance stationary. In fact,
as put forward e.g. by Lamoureux and Lastrapes (1990), Gray (1996), and more recently
Mikosch and Starica (2004), the apparent high persistence might be spuriously caused by
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parameters varying through the sample, corresponding to different volatility regimes. To
cope with this problem, numerous Markov-switching (MS) GARCH models have been pro-
posed, in the spirit of the class developed by Hamilton (1989) for autoregressive moving
average (ARMA) models.

Contrary to other classes of time series models (in particular the ARMA), MS - as well
as standard - GARCH models, are only designed for strictly stationary time series. The
strict stationarity conditions have been established by Nelson (1990) for the GARCH(1,1),
and by Bougerol and Picard (1992) for the GARCH(p, ¢). They have been extended to the
MS-GARCH(p, q) by Francq, Roussignol and Zakoian (2001). When the strict stationarity
conditions do not hold, the standard GARCH model only admits a degenerate solution
(the square of the process converges in probability to infinity for any initial value). The
same remark holds for the various extensions of the standard GARCH, in particular those
allowing for asymmetric responses to shocks (see Terésvirta (2009) and the references
therein) or long memory GARCH models (see Giraitis, Leipus and Surgailis (2009)).

The model of this paper combines changes in regimes and nonstationarity. The changes
of regimes occur at known dates and are driven by an observed process. More precisely,
we consider GARCH(1,1) models in which the coefficients are functions of the realizations
s¢ of an exogenous stochastic process (S¢) taking its values in a finite set, {1,...,d} say.
The model will then be conditional on (S;). Contrary to Markov-switching models, the
switching-regime process is observed. The model is capable of generating solutions which
are not stationary without being explosive.

Models with time-varying coefficients have been considered by many authors in the
time series literature; see e.g. Dalhaus (1997), Azrak and Mélard (2006). Models in
which the coefficients are periodic functions have been proposed by Basawa and Lund
(2001), among others, and in the GARCH framework by Bollerslev and Ghysels (1996).
However, periodic models are not suitable when the change of dynamics occur at irregular
dates. GARCH models with time varying coefficients have been considered by Polzehl
and Spokoiny (2006). Time series models in which the coefficients are subordinated to
an exogenous process have been recently proposed and analyzed for the conditional mean
by Bibi and Francq (2003), Francq and Gautier (2004a, 2004b). They consider ARMA
models with time-varying coefficients driven by an observed process and prove asymptotic

properties for least-squares and generalized least-squares estimators. This paper follows



the same approach for the modeling of conditional variances and studies the properties of
the quasi-maximum likelihood estimator (QMLE).

The paper is organized as follows. In Section 2 we introduce the time-varying GARCH
model and give the main interpretations. The existence of non explosive solutions is dis-
cussed in Section 3. We also derive conditions for the existence of moments. Section 4
is devoted to the statistical inference. The properties of the QMLE, namely the strong
consistency and asymptotic normality, are established. Section 5 provides the proofs of

the theorems and some technical lemmas.

2 Model specification
We consider the time-varying coefficients GARCH(1,1) model

€ = \/h>t77t, hy = w(st) + Ck(St)E%_l + ﬁ(st)ht_l, te?Z = {0, +1,.. } (21)

where (1) is a sequence of independent and identically distributed (iid), centered variables
with unit variance; (s;) is a sequence of numbers with values in a finite set E = {ey,...,eq};
the functions w(-), a(-), 3(-) are defined on E with values in R with w(-) > 0.

In each "regime" (i.e. for each value of s;) the volatility is that of a standard GARCH(1,1)
model. Of course, the existence of non trivial solutions to this model require conditions on
the coefficients and the sequence (s;). In the standard GARCH framework, the conditions
derived by Bougerol and Picard (1992) ensure the existence of a strictly stationary solution.
For Model (2.1), we will derive conditions ensuring the existence of a solution that is not
stationary, in any sense.

When the sequence (s;) is purely periodic (with s;44 = s; for any t), we retrieve the
periodic-GARCH model introduced by Bollerslev and Ghysels (1996). However, it is often
too restrictive to assume that the coefficients change in a purely periodic way. The model
of this paper can accommodate situations where the volatility coefficients fluctuate in time
but with a certain regularity in the fluctuations.

A potential application of Model (2.1) is the modeling of electricity prices. Appropri-
ate modeling of electricity prices is crucial for the management and trading in electricity
markets. Several different approaches have been proposed in the literature (see Haldrup
and Nielsen (2006) for a recent reference in which a regime switching model is developed).

Electricity prices present similarities with financial data but also important differences



such as strong seasonal effects. In particular, the strong dependence between electricity
demand and the weather conditions leads to periodic behaviors in the volatility of electric-
ity prices (see e.g. Carnero, Koopman and Ooms (2003)). In the framework of Model (2.1),
a modeling of the volatility of electricity prices can be based on a sequence (s;) related
to the temperature (or any other indicator of the weather conditions). The number d of
the different values taken by s; is not necessarily high: for instance a small number of
temperature levels (say "low", "normal" and "high") can be selected a priori to make the
estimation feasible. The selection of the order d based on information criteria such as AIC
is left for future research.

The model of this paper can be used for explanatory purposes. For instance in the
application just mentioned, it would be interesting to know if the weather conditions
have an impact on the volatility of electricity prices. A positive answer can be given if
the estimated GARCH(1,1) models corresponding to the different regimes are significantly
different. The model can also be used for prediction purposes, with the restriction that sy 1
has to be known at time ¢ for one-step ahead predictions. For the prediction of electricity
prices, the values of the future weather conditions are unknown but can be replaced by
predictors, which are very reliable at short horizons.

We now turn to the probability properties of the model.

3 Probability structure

Without further restrictions, there is no guarantee about the existence of nonexplosive
solutions to Model (2.1). In this section we are interested in nonanticipative solutions (e;),
i.e. such that € is a function of the variables n;_;,7 > 0, for a given sequence (s;).

3.1 Existence of non explosive solutions

Letting a(x,y) = a(x)y? + B(x) we have
he = w(se) + alse, m—1)hi—1. (3.1)

The first result gives a stability condition, based on the assumption that (s;) visits the

different states with a certain regularity. Let by convention log(0) = —oc.



Theorem 3.1 For a given sequence (s¢) assume that
1 n
Vt, - Zl Lis,_,=¢;} — 75,  whenn — oo (3.2)

for some m; > 0 with Z?:l mj = 1. Then, if

d
0=y mE{logale;,m)} <0, (3:3)
j=1

Model (2.1) admits a nonanticipative solution (&) given by

+oo 1/2
€ = {w(st) + Z a(st; M—1) - - a(St—n+1, ﬂt—n)w(st—n)} Nt (3.4)
n=1

If v9 > 0, for any starting value hy we have hy — +00, almost surely as t — oo. If, in

addition, E|logna| < oo then €7 — +o0o, almost surely as t — oo.

Remarks:

1. Assumption (3.2) is very general. Realizations of stationary and ergodic processes
on E obviously satisfy this condition, with probability one. For example, with d = 2,
the sequence (s;) = (...,1,0,1,0,...) yields m; = m = 0.5, whereas the sequence

(s¢) =(...,1,0,0,1,0,0,...) yields m; = 2/3 and 7 = 1/3 (with e; = 0,e3 = 1). !

2. Tt should be noted that the solution obtained in (3.4) is nonstationary. Indeed,
the random coefficients in the infinite sum depend on the values of the s;_,. For
instance if a(-) = B(-) = 0, the solution process is defined by €; = \/w(s¢)n: and is

non identically distributed when w(-) is not constant.

3. The local stationarity condition, i.e. the condition for stationarity in each regime,
E{loga(e;,no)} < 0forj=1,...,d, implies the existence of a solution by (3.3). The

converse is not true. Condition (3.3) does not entail local stationarity of all regimes.

!An example of a sequence (s;) which does not satisfy this condition can be constructed as follows:
let so = 0 and, for t > 1, let s, = 1 until 37! s; > 3/4. Then, let s, = 0 until +>!_s; < 1/4.

Then let s; = 1 until %Zzzo

s; > 3/4 and continue this way. The first ten elements of this sequence are
0,1,0,0,0,0,1,1,1,1. To complete the sequence let s_; = s; for any ¢ > 0. It follows that (3.2) is not

satisfied because for j = 1,2 and the sequence (|7 (0, j,n)|/n) has two accumulation points 1/4 and 3/4.



4. Since a(ej,n9) > [(e;), a simple necessary condition for the existence of a solution

to model (2.1) is given by
d
[[57 () <1 (3.5)
j=1

5. In the ARCH(1) case, a more explicit condition can be given. Since loga(e;,n9) =

log a(e;) + log 3 we find

d
H a’(ej) < e Floss (3.6)
j=1

In particular this condition holds when the distribution of 79 has a mass at zero. It
can also be noted that when vy > 0, the condition E|logn3| < oo is automatically
satisfied in the ARCH case, and thus Theorem 3.1 shows that e% — 400, a.s. Indeed,
since Elog™ n? < En? = 1, where log™ () = max{log(z),0} for x > 0, we have
E|logn?| = o if and only if Elogn3 = —oo. Hence, if H;l:l a’i(ej) > e Elogng we

must have E'log 77(2) > —o0.

A consequence of Theorem 3.1, without further assumption, is the existence of a finite

moment, of small order, for the process ().

Theorem 3.2 Under the assumptions of Theorem 3.1, we have
E{}" < oo, for some r>0

where (e) is defined in (3.4).

3.2 Existence of a non explosive solution with finite moments
We now consider the existence of second-order moments for the solution (3.4).

Theorem 3.3 Let Assumption (3.2) hold. Then if

d

v = H {Ea(ej,mo)}™ < 1, (3.7)
j=1

Model (2.1) admits a non anticipative solution (e;) with Ee? < co. If y1 > 1 there is no

nonanticipative solution (e;) such that Ee? < .

The already given comment applies: the local second-order conditions, E {a(e;,n0)} < 1
for all j, are sufficient but non necessary for the global second-order condition.

The following is an extension to higher-order even moments.



Theorem 3.4 Let m denote a strictly positive integer such that En?™ < co. Under the
assumptions of Theorem 3.1 and if

d

Vm = H {Ea(ej,mo)"}™ < 1, (3.8)
j=1

Model (2.1) admits a non anticipative solution (€;) with Ee2™ < co. If vy > 1 there is no

nonanticipative solution (e;) such that Ee™ < 0o,

Note that Condition (3.8) is stronger than (3.3) since, by the Jensen inequality,

d d d

ZmﬂjE{loga(ej,ng)} < ZﬂjlogE{a(ej,no)}m:logH{Ea(ej,no)m}”j.

Jj=1 Jj=1 Jj=1
3.3 Some special cases

(a) standard GARCH. The classical GARCH(1,1) model is a particular case of model
(2.1), obtained when d = 1 (or equivalently when the functions w, @ and [ are constant).
In this case, (3.3) reduces to the strict stationarity condition established by Nelson (1990),

and the solution in (3.4) is strictly stationary.

(b) periodic GARCH. The use of periodic models for characterizing seasonal time series
has a long story. In particular, the class of periodic ARMA models has received a great
attention (see e.g. Tiao and Gruppe (1980), Anderson and Vecchia (1983), Basawa and
Lund (2001)). Periodic GARCH models where considered by Bollerslev and Ghysels (1996)
and correspond to s;1q4 = s for any ¢, in our framework. For instance if d = 5, for daily
series, the volatility at each day of the week has a different specification. The periodicity
of s¢ allows to simplify the stability conditions. Indeed we have m; =1/d, for j =1,...,d
and Conditions (3.3) and (3.7) reduce to

d d
Elog H a(ej,mo) <0 and H E{a(ej,mo)} < 1.
j=1 j=1

It can be seen from (3.4) that in this case, the processes (eg1;)¢, for i = 1,...,d, are

strictly stationary.

(c) (s¢) realization of a stationary process. Model (2.1) can be viewed as being

conditional on a realization (s;) of a process (S;), with values in E. Suppose that the



process (S¢) is stationary, ergodic, defined on the same probability space (2, 4,P) as (n;),
and independent of (7). By the ergodic theorem, (3.2) holds with 7; = P(S; = ¢;). It
follows that vo = E{loga(St, ne)}-

It is interesting to compare Model (2.1), which is conditional on (S;), with the uncon-

ditional model
€St = hS,tT]ta h&t = w(St) + a(St)fg,t_1 + ﬂ(st>h57t_1, t €. (39)

It can be seen that (3.3) corresponds to the strict negativity of the top Lyapunov exponent

of the sequence (a(S¢, mi—1)). The next result thus follows immediately from Brandt (1986).

Theorem 3.5 Suppose that (3.3) holds. Then Model (3.9) admits a unique strictly sta-

tionary solution (egy), which is also ergodic and nonanticipative.

The existence of () in (3.4) is guaranteed under the assumptions of Theorem 3.5.

However, it is important to distinguish the strictly stationary solution of Model (3.9),

+o00 1/2
€5t = {w(St) + Za(St, Me—1) - - a(Sth,ntn)w(Stn)} N, a.s. (3.10)

n=1
from its realization, (e;), which is a non stationary solution of Model (2.1). The proba-
bilistic properties of the two processes are not the same. For instance, we have seen that
Ee? < oo under (3.7). But this condition is neither necessary nor sufficient for Eﬁ?g,t < o0.
In fact, the existence of the latter expectation requires more assumptions on the process
(S¢) than those already made. For instance, in the case of a Markov chain (S;), such condi-
tions involve the transition probabilities of the chain (see Francq, Roussignol and Zakoian,
Theorem 2, 2001). By contrast, Condition (3.7) only involves the stationary probabilities

of (S¢), not its dependence structure.

4 Quasi-maximum likelihood estimation

Berkes, Horvath and Kokoszka (2003) and Francq and Zakoian (2004) (hereafter FZ) have
established the consistency and asymptotic normality of the QMLE for standard GARCH
and ARMA-GARCH models under mild conditions. Adaptive estimation of nonstation-
ary ARMA models with GARCH errors was studied by Ling and McAleer (2003). A

comprehensive account of the estimation of conditionally heteroskedastic time series can



be found in the monograph by Straumann (2005), in which the asymptotic properties of
the QMLE are investigated when the volatility process is a general function of the form
02 = go(Xi_1,. .- » Xt—p, at{l, el at{q), where the observations are X1, ..., X,,. However,
these results cannot be used for the model of the present paper because the volatility is a
time dependent function of the past variables.

Recently, asymptotic results have been established by Jensen and Rahbek (2004a,
2004b) for explosive GARCH(1,1) models. Our framework is very different since we have
seen in Section 3 that, under appropriate conditions, Model (2.1) admits a well-defined
solution. However this solution is in general nonstationary and, from a statistical point
of view, this entails difficulties. In particular, the ergodic and central limit theorems for
stationary sequences cannot be used in this framework.

For convenience we will index by zero the coefficients of the data-generating mechanism
e = Ve, hy=uwolse) + ao(s)er_y + Bo(se)hu—1, (4.1)

and denote by 6 = (w(e1),...,w(eq), aler),...,aleq), B(e1),...,0(eq)) = (01,...,03q)
the vector of parameters, with true value 6. The parameter is assumed to belong to a
parameter space © CJ0, +00[?x [0, 0c0[?. The sequence (s;) is observed, and the orders p, g
and d are known a priori.

We introduce the following assumption.

AO0: (s¢) is a realization of a process (S¢) which is stationary, ergodic, defined on the same
probability space (€2,.4,P) as (n;), and independent of (1;). Moreover, (3.2) holds
with 7; :P(St:ej), 7=1,...,d.

It can be noted that, by the ergodic theorem, the first part of AO implies (3.2), but only
for almost all sequences (s¢). The second part of AO ensures that (s;) is a sequence for
which the convergence in (3.2) holds. Note also that A0 is not in contradiction with the
motivations of Model (2.1). Even if (s;) is the realization of a stationary process, (€;) is in
general non stationary.

Let (€1,...,€,) be a realization of length n of a nonanticipative solution (&) to model

(4.1). Conditionally on initial values € and 63 the gaussian quasi-likelihood is given by

1 €2
1) =t ) = I o on (55
t=1

Ne)



where the 67 are defined recursively, for ¢ > 2, by

67 = 67(0) = w(se) + alse)er + B(s1)57 .

B=do=6¢ or B=da=1r (4.2)

for some constant v which may depend on . A QMLE of 6 is defined as any measurable
solution én of

A~

0,, = arg max L, (0) = arg min1,(f), (4.3)
0cO (JS(C]

where
2

1,(0) =n~t Zl@, and 0 = (;(0) = % +log 7.
t=1 t

Let ag(z,y) = ao(z)y? + Bo(z). We make the following assumptions.

Al: 6y € © and O is compact.

A2: Z;.lzl mjE{log ap(ej,no)} < 0 and H;lzl B;rj <1, where f; = supycg O(€; ).
A3:  There exist r,p € (0,1) and C > 0 such that

Vi >0, E{ag(Se,m—1)...ap(St—i,m—i—1)} < Cpitt. (4.4)

A4: n? has a nondegenerate distribution with En? = 1.

A5:  For all i, ag(e;) + Bo(ei) # 0 and there exist £ € {1,...,d} and k > 0 such that
ao(eg)]P)(St_k =ey, S; = €i) > 0.

Assumption A1 is standard. Note that the stability condition (3.3) in A2 is only
imposed for the true value. For § # 6y only the coeflicients (3(e;) are constrained by
second part of A2. Assumption A3 is a technical assumption which will be discussed below.
Assumption A4 is required for the consistency of the QMLE of standard GARCH models
(see the aforementioned references). Assumption A5 is made for identifiability reasons. In
particular it precludes, for the true parameter value, (i) regimes with constant volatility,
and (ii) cancelation of all coefficients ap(e;). This assumption also implies P(S; = e;) > 0
for all . Notice that in the standard GARCH(1,1) case, with d = 1, A5 reduces to
ap1 > 0, which is the usual identifiability assumption. When d > 1, states with ag(e;) =0

are allowed (but then Fy(es) > 0).

10



4.1 Asymptotic results

Our first asymptotic result establishes the strong consistency of the QMLE.

~

Theorem 4.1 Let (6,,) be a sequence of QMLE satisfying (4.3), with the initial conditions
(4.2). Then, under A0-A5, almost surely 0,, — 0y, as n — oo.

For the asymptotic normality, the following additional assumptions are made.

AG6: 6y belongs to the interior of ©.
AT: k, = En} < cc.

Assumption A6 precludes the case where some GARCH coefficients are equal to zero. This
assumption is necessary for the asymptotic normality because the estimator 0,, is obtained
under positivity constraints. Assumption A7 is required for the existence of the variance
of the score vector. Without this assumption, usual estimators in the standard GARCH
framework have non standard asymptotic distributions (see Hall and Yao (2003)).

In the theoretical developments considered in the sequel, for clarity we will sometimes
index by S,n the expectation of a variable depending on both processes (S;) and (7).

Notice that the stability condition (3.3) takes the form
Egn{logao(So0,m0)} < 0. (4.5)
It will be convenient to introduce the model
€sy = \/hsune, hsy=wo(Si) + OZO(St)EZS,tfl + Bo(St)hsi—1, teZ.

By Theorem 3.5, under (4.5), this model admits a strictly stationary solution (eg;) given
(3.10). For any 6 € O satisfying (3.5), denote by (a?gt) = {agt(ﬁ)} the strictly station-
)t ’ t

ary, ergodic and nonanticipative solution of
0§ = w(Sy) + Sty + B(St)og 1 (4.6)
Note that 0% ,(6p) = hsy.

Theorem 4.2 Under Assumptions A0-AT, \/n(6,,—0) is asymptotically N'(0, (k,—1)J 1)

distributed, where

1 8U§,t(90) 8U§,t(60)
= Esn (@(90) o0 o0 (47)

18 a positive-definite matriz.

11



It is worth noting that for the standard GARCH(1,1) (obtained for d = 1), Theorems 4.1
and 4.2 reduce to the results established by FZ. It can also be noted that the asymptotic
covariance matrix not only depends on the stationary probabilities (7w (1),...,7(d)) but

depends on its whole dependence structure of the process (.St).

4.2 Discussion of Assumption A3

Assumption A3 can be verified in particular cases. If (S;) is an independent process then,
by AO, (S, ) is an independent process and the left-hand side of the inequality reduces
to {Eaj(Ss,n:)}" " . By the first part of A2 we have Eajj(S;,n;) < 1 for some r > 0 (see
Berkes, Horvath and Kokoszka (2003)). Thus A3 holds true, under A2, when (S;) is an
independent process.

Another case of interest is when (S;) is a Markov chain. Let p(A) denote the spectral
radius of any square matrix A. The proof of the following result is available from the

authors.

Theorem 4.3 Suppose that (S;) is a homogeneous, stationary, irreducible, and aperiodic
Markov chain and denote by p(k,¢) = P(Sy = € | Si—1 = k) the transition probabilities.
Let g,(z) = E{a{(z,n)}, for r € (0,1), and let

p(lvl)gr<1) p(dvl)gr<1)

p(1,d)gr-(d) --- p(d,d)g-(d)

Then (4.4) is verified if p(P,) < 1.

Finally, without any further assumption on (S;), a sufficient condition for A3 to hold

can be given. Let af = max;{ag(e;)} and G5 = max;{fo(e;)}. Then if
AZ: Elog{agid + i) <0,

A3 holds true, by the argument used for the independent case. Note however that A3’ is
more restrictive than A2-A3 because it precludes "nonstationary regimes" (i.e. regimes

in which the standard strict stationarity condition for GARCH is violated).

12



5 Proofs

Proof of Theorem 3.1. For j = 1,...d let 7(t,j,n) = {7 € {0,...,n} | s;—r = €;}.
Iterating (3.1) yields
N

hi = w(sy)+ Z a(se, M—1) - . a(St—nt1, Ne—n)w(St—n)
n=1

+a(se,m—1) - a(se— N, —N—1)ht—N—1. (5.1)

Note that the terms involved in the sum are nonnegative. Therefore this sum converges
almost surely (a.s.) in RT U {400} and we can use the Cauchy rule to see if the limit is

finite. Letting wn ¢ = a(s¢, —1) - - . a(St—n+1, Ne—n)w(St—n), for n > 1, we have

utt = {a(semn) - alsiongrs mn)w(sin) P

1 1
= exp Z log a(st—it1,M—i) + - log w(s¢—n)
i=1

d
1 1
= exp . Z Z log a(ej, ni—i—1) + - log w(st—n).
Jj=1:eT(t,j,n—1)
Note that, for j = 1,...,d, the process (a(e;,n:)); is strictly stationary. It follows by the

strong law of large numbers that

d
i/tn — exp ZT[']‘E{IOg a(ej,mo)} | =exp(y) <1, a.s. whenn — oo.

j=1

u

Therefore, if (3.3) holds, the series ) un; converges. The process defined by (3.4) is a
real-valued solution to model (2.1). This solution is nonanticipative, €; being a function of
the ny—;,7 > 0.

Now we assume that 79 > 0. For any starting value hg we have, in view of (5.1), for

t>2,
t—2
hy > Ha(St—i,m—i—1)W(31)7
i=0
thus
1 12 1
n log hy > n z(;log a(S—iyM—i—1) + n logw(s1),
1=
and

1
himt—n)oz log hy > ~vo > 0.

13



It follows that log hy — +00, a.s. and then hy — +00,a.s. Similarly, in view of €7 = hyn?,

t—2

1 1 1
log €t > - Zloga St—iy Mt—i— 1) n logw(sl) + 710g77t2'
s t t

Under the assumption that log n? has a finite expectation, the last term in the right-hand

side converges to 0 as t — +o0o and the conclusion follows.

|

Proof of Theorem 3.2. We will use the following lemma, which is proved in Berkes,

Horvath and Kokoszka (2003).

Lemma 5.1 Let X be a positive random variable such that Elog X < 0 and EX" < oo,

for some u > 0. Then there exists a number r > 0 such that EX"™ < 1.

Note that (3.3) can be equivalently written as Elog{l_[?:1 a(ej,m;)™} < 0. We will apply

the lemma to the variable H;lzl a(ej,m;)™. We can take u = 1 since

d d d d
E 1] alej, )™ H a(ej, ;)™ < | [{Ealej,ny) + 1} < [ [{ede)) + Bles) + 1} < oc.
j=1 j=1 j=1 J=1
It follows that 4
H a(e;,n;)"°™ <1,  for some ry € (0,1). (5.2)

Let J={j|1<j < d, m; > 0} # 0 and let 7 = rgminje s 7; € (0,1). Using the elementary

inequality (z 4+ y)" < 2" +y" for any z,y > 0, we have, using (3.4), for K = max;{w(e;)}

+oo
E(§) < E {W(St)r + Z a(st, ne—1)" - - a(St—n+1, ntn)rw(stn)r} E(n})
< {1+Z{HE 5t—i+17770)r]}}E(77t2)r
n=1
= K" {1 +> vm} E(n})" (5.3)
n=1

where vy, = H?zl{Ea(ej, no)" HZ&3n=DI To apply the Cauchy rule we compute

d
oy H{Ea ejyo) YT~ TT{Ealejmo)"}™ = [ [{Ealej, m0) )™

j=1 j=1 jeJ
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Moreover, in view of the Jensen inequality E(X") < (EX)" for any v € [0,1] and any
positive variable X, and since r < ro7; for all j € J, we have
_r 7y
[T{Eate;,m) ™ = TT [Elatesnoy=1om]”
Jj€J Jj€J

< [ {Balej. )™y <1,
JjeJ

where the last inequality follows from (5.2). The convergence of the infinite sum in (5.3)

follows from the Cauchy rule and the theorem is proved.

|

Proofs of Theorems 3.3 and 3.4. First note that, because En% = 1, the expectation of

log a(ej,no) is well-defined on R U {—oc0}. By the the Jensen inequality we have

d d d
v =Y miE{loga(ej,m)} < Y m;logE{a(e;,m)} = log [ [{Ea(e;,m0)}™ = logm.
j=1 j=1 j=1

This proves that (3.7) implies (3.3). Thus we know that, under (3.7), the solution in (3.4)

exists. Squaring it and taking the expectation yields
+o0
Eé = E {w(st) + Z a(st,Me—1) - - - a(St—nt1, m_n)w(st_n)} En?
n=1

“+oo
= w(s)+ Y E{alst,n-1) .- alst—nt1:—n)} w(51-n)

n=1
+oo n

= w(s) + Y [ E{alsiitr,m—)}w(sion), (5.4)

n=11i=1
where the second equality follows from Beppo Levi’s monotone convergence theorem and
the last equality follows from the independence of the variables n;—;. Proceeding as in the

proof of Theorem 3.1 we consider the general term of the previous sum, given by

HE{a(StfiJrlaUO)} w(st—n) H{Ea ej,m0) YT Dl (s, ).
i1

Thus

d
vi/m = alej,mo) YT A= (s, )™ — [ {Balej,m)}™ =,

j=1

HE&

1/n

as n — oo. In view of (3.7), lim,, o vy’ < 1 and, by the Cauchy rule, the infinite sum in

(5.4) converges. We have shown that Fe? < oo.
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Now suppose that 713 > 1 and let (¢;) a nonanticipative solution of model (2.1). Then

by (5.1), we have

2
Ee;

v

N n
wis)) + Y [T E{a(siira,mo)} w(sin)

n=1i=1
N d ‘
= w(se) + Y [T {Bales,m)} TV w(sin).
n=1j =1
By the Cauchy rule, the sum in the left-hand side goes to infinity as N — oo. It follows

that Ee? = oo. The proof of Theorem 3.4 uses similar arguments and is therefore omitted.

|

The following lemma, which is an extension of Lemma 1 in Francq and Gautier (2004a),
will be used in the proof of Theorems 4.1 and 4.2. The proof is omitted for brevity but
is available from the authors. To facilitate reading we sometimes denote by Px(A) (resp.
Ex(Y)) the probability of an event A (resp the expectation of a variable Y) which is
measurable with respect to the o—field generated by a process X = (X;). We denote the

set of the infinite sequences valued in £ by £°°.

Lemma 5.2 Assume that (n;) is a stationary and ergodic process and that AO holds. Let f
be a measurable function, f: {e1,...,eq}°xR>® — R, such that Ef(St, St—1,- Nty Me—1, - - -

exists in RU{—o00,+00}. Then, for Pg-almost all sequence (s¢),
1 n
; Zf(stv St—1y s Mty Mt—1,5 - - ) - Ef(St7 St—17 ceey Ty Me—15 - - ')7 ]P’V] — a.s.
t=1

More generally, if X;, = Xn(Sn, Sn—1,--+,Mn, Mn—1, - - .) i a random variable which is mea-
surable with respect to the o—field o({S¢, mi,t < n} and such that X,, — X a.s., where X

is a random variable. Then, for Pg-almost all sequence (s;),
Xn(8ns8n—1, - sy n—=1,...) = X, Py —a.s.

Proof of Theorem 4.1. The scheme of the proof is the same as that of the strong con-
sistency for standard GARCH in FZ. See Pfanzagl (1969) for the consistency of minimum
contrast estimators in a more general context. It will be convenient to approximate the
sequence (£(6)) by a sequence (¢;(6)) which is independent of the initial values. Therefore,
denote by (ag)t = {o*?(ﬂ)}t the solution of

o—f =w(sy) + a(St)€§_1 + ﬂ(st)o'?—l
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given by
O't = ¢ +Zﬂ st) ... B(s1—i)ci—i—1, a.s. (5.5)

where ¢; = w(s;) + a(s;)e?_;. The almost sure convergence of the last sum is ensured by

the second part of A2 and arguments already given. Let
1,(0) = 1,(0; €, €01 - - nt th, Oy = 04(0) = 2 + Ino?.

For any 6 € © the strictly stationary, nonanticipative solution (aat) to Model (4.6) is given
by
0%, = 05,(0) = cs4(0) + Zﬂ Sp) ... B(Si—i)esi—i1(8), a.s. (5.6)

where cg; = cg4+(0) = w(St) + O‘(St)es,t—r Note that the infinite sum converges because

d
Elog B(S;) = log Hﬂ”f (ej) | <0 and Ellogeg(8)] < oo
j=1

under A2. The latter inequality follows from i) below and the positivity of w over ©.
Let g, = l54(8) = % + In ag,t. We will establish the following intermediate results :
i) E57n{6§t}r < oo’, where r is defined in A3.
i) limy, o0 sUPgee |1n(0) —1,(0)] =0, a.s.
iii) 054(0) = 054(00), Vt, Pp, a.s. = 0 =0p.
iv) E|lg:(00)] < oo, and if 8 # 6y, Els(0) > Els(6p).
v) any 6 # 6y has a neighborhood V' (6) such that

liminf inf 1,(0) > Elg1(6y), a.s.
MR i 1 (0) > Blsalfo), - a-s

The letter K is used for a positive generic constant, possibly random, whose value is allowed
to change throughout the proof.

We start by proving i). Using the elementary inequality (x + y)" < z" + y" for any
xz,y >0, r € (0,1), by assumption A3 and (3.10),

+oo
Bsyled,)” < E {wS(St) + ) ap(Stme-1) - ap(Sionsa, m—n)w’“(St—n)} E(n})"

n=1
+0o0
< {maxwp(e;)} {1 + Y Eay(St,me-1) - - ap(Si-ns1, m—n)} E(n})"
n=1

“+o00
< K{1+KZp”}<oo
n=1
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Now we prove 7). We have

sup (o7 —of| = sup|B(se)... B(s2){a(s1)(& — €5) + B(s1)(55 — 05)}|
0cO 0cO
< Ksupf(st)...0(s2), Vt>2. (5.7)
0eO

Thus, using logx < x — 1, almost surely,

; - 6t =0t | » of — 57
sup [1,(0) — 1,(0)] < n—lzsup{ +1og(1+ = )\}
0€O i 0€O 040} Ot

IN

{supm?x 161 } 1E:supﬁ st)-. Bs2)er

00 — 00

+{Supmax
pco i w(e;)

} Kn™t Z sup 3(s¢) . .. B(s2). (5.8)

=3 0co

Now, using the second part of A2,

sup{(st) .. (sz)}l/t—supHﬁ T @it=21/t < Hﬂmm W Hﬁ <1

00 ey

as t — oo. It follows that, for ¢ large enough,

sup (i(st) .- i(s2) < B (5.9)
for some 0 < B, < 1. Therefore the second term, in the right-hand side of (5.8) tends to
0 as n — oo, and the first one is bounded, for n large enough, by Kn~! S Bte?. By
Lemma 5.2, it will be sufficient to show that n~! Yoy ﬁie%}t almost surely converges to 0

as n — oo. This result follows from the Cesaro and Borel-Cantelli lemmas, and

> e
S P(Bled, > ) <Z St
t=1

for any ¢ > 0, where the last inequality follows from 7). Thus i) is proved.

7’

Now we turn to iz). Let 0g4(0) = 054(6p), Vt, Py, a.s. Then we have

wo(St) —w(S) = {a(St) — ao(S)e§,—1 +{B(St) — Fo(Se)}os 1 (o)
= [{a(St) = ao(S)}niy + {B(Se) — Bo(S)}ogs—1(60).  (5.10)

By A5, P(S; = e;) > 0 for all i. Suppose that «a(e;) — ap(e;) # 0 for some i. Then,
conditional on (S; = e;) we have by (5.10),

-1 = {aler) — aolen)} ogi (o) {woles) — w(en)} — {B(e:) — Bole)}]:
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Because the right-hand side is independent from 77 _;, we deduce that n?_; is a.s. constant
conditional on (S; = ¢;). Thus, from the independence between 77?—1 and S, we find that
n?_, is constant a.s. This is precluded by A4. Hence we have a(e;) = ap(e;) for all i.

In view of (5.10) we then have

wo(St) —w(St) = {B(S:) — Bo(St)}og,—1(60)
= {B(S1) = Bo(St) Hwo(Si—1) + ao(Se—1)€d o + Bo(St-1)08 o}

Let i € {1,...,d} and let j; the smallest integer k£ > 0 such that ag(e/)P(Si—x = ¢, St =
e;) > 0 for some ¢ € {1,...,d}. For ease of exposition we assume j; = 2. Thus ag(S;—1) =

0, a.s. conditional on (S; = e;). We then have, conditional on (S; = ¢;),

wole) —wle)) = {B(es) — Boles) Hwo(Si—1) + Bo(Si—1)08,; o}
= {B(e:) — Bolei) Hwo(Si-1)
+B0(St-1)[wo(Si—2) + ao(Si—2)€g,—3 + Bo(Si—2)0% 5]}

It follows that conditional on (S; = e;, Si—2 = €y),

wo(e;) —wle;) = {B(e;) — Polei) Hwo(St-1)
+B0(Se—1)[wo(er) + (co(ee)ni—s + Boler))o g, _s]}-

By independence arguments already given, the coefficient of 77 5 must be equal to zero

conditional on (S; = e;, S;—2 = ¢€y):

P[{B(ei) — Bo(ei)} Bo(Si—1)an(ee) =0 Sy = e, Si—2 = eg] = 1.

Noting that £y(Si—1)ap(er) # 0 a.s. conditional on (S; = e;, S;—2 = ey) (because by the first
part of A5, ap(Si—1) = 0 implies Gy(S¢—1) # 0), we can conclude that 3(e;) = Bo(e;). The
argument clearly extends when j; > 2. Thus we have proved that for any ¢ € {1,...,d},
ale;) = ap(e;) and S(e;) = Pole;). It is straightforward from (5.10) that w(e;) = wo(e;)
and #77) is proved.

The proof of iv) and v) is omitted but is available from the authors.

|

Proof of Theorem 4.2. The proof follows the scheme of the asymptotic normality proof

in FZ. Because 0, is strongly consistent and 6y belongs to the interior of ©, the criterion
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derivative cancels at 6,, and we have :

1 0 .
= \/ﬁ;%& 90 ( 28989 )\/ﬁ(gn_QO)a

where the 9;‘} are between 6, and 6. Let {F;} denote the o—algebra generated by the
random variables 7;_;,7 > 0. The norm of a matrix A = (a;;) is defined by || A|| = |ai;|.

The proof of Theorem 4.2 consists of several intermediate steps.
. 0ls +(0p) Ols (6 0%0s.+(0
i) Es,, H 5,6(00) 9s,+(6o) s,¢(00)

< Q.

B g || <o Esny ||~ agaw
it) J is non singular and 1 %' | Var {6&8(660) | ]—'t_l} — (ky —1)J, a.s.

i4i) There exists a neighborhood V(6y) of 6y such that, for all 4,7,k € {1,...,3d},

D30s54(0)

E P b A
S ey | 06:00;00),

0cV(6p)

920,(6)  92L(6)
Zt 1{ 006" — 90007 -

af al (6o)
iv) ‘th 1{ t( %90 }H — 0 and suppeyg,)

0 almost surely as n — oo.

v) i STiey ZH = N0, (g — 1)),
ae 9*) .
vi) 130 8;89' — J(i,7), a.s.
2

The first and second derivatives of £g; = 2_2 £

2, are given by :

ol €3 1 00}
S [ L N (5.11)
00 0%y 0%y 00
0% lgy _ e?g,t 1 820%,75 p 6%,1: 1 1 aa?@,t 1 aog,t
0000 U?@,t 0%7 , 0000’ Uét Uét 00 0%7 , 00" |7
(5.12)
2
For 6 = 0, Zg—t = n? is independent from the terms involving o7 and its derivatives. To
S,t

prove 1), it will therefore be sufficient to show that:

1 002, 1 9%%, 1 0%, d0%,
Esy || =22 (0 sy ||t (80)|| < 00, By || -t =54 (g
snlloz, "ap )| =00 B Ggapr (B0))| < 0o B | Ca 5" g (o) < o

(5.13)
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By (5.6) we have, for k € {1...,d},

0%, o0

7 - =e s —i —i—1=€k> .14
Ow(ex,) L$i=e. + ;5(57&) B(St—i) Us,_i_1=e, (5.14)
30?% ) o0 ,

; = = e i . S 1
Jaler) €5t—1 LS,=e;, + ; B(St) - B(St—i)€ss—i—o1s,_;_1=eys (5.15)
0o% f: B( St St i) Z]l ¢ if Bex) £ 0. (5.16)
9 (ex) Si—j=er ( CSt—i—1, k . .

1=

Notice that by the positivity of coefficients in (5.14)-(5.16), the derivatives of Ug’t are

nonnegative. By (5.15) we have :

oo
< csalsme, + Y BS) . B(Si-i)cs i1 18, 1= < T8y
i=0

a(ek)aoe(ek)

from which we deduce, if a(e) # 0,

1 903, _ 1

— . 5.17
72, Baler) = aler) (547
We similarly obtain, noting that w(eg) > 0,
1 0o, 1
— : . 5.18
U%t ow(er) — wleg) (5.18)
Turning to the derivative with respect to G(er) we get, in view of (5.16),
do? >
ﬂ(ek St < Z 7+ 1 . ﬁ(st,i)657t_i_1. (519)
Thus, since Fy(ex) > 0,
1 903, L o @+ 1)Bo(Sh) .- fo(Si—i)es.—i—1(6o)
Esp———"(0 < FE :
ey (e = PG 2 min; wo(e;) + Go(Se) - - Bo(Se—i)es—i—1(fo)
1 Bo(St) - - - Bo(St—i)es—i—1(6o) }T/Q
< +1E - ’
= Dolex) ;(Z s { min; wo(e;)
K & " "
S Goten 2o DB {Bu(S0) - Bo(Si-i)} B {es-i-1(60)}}"”
=0
K = r
< {Bsns (00)} 2 D04+ 1) {E {Bo(S) ... Bo(Si-)} "}/
Bo(ex) prs
< K i(i +1)p/? < K. (5.20)
Boler) =

The first inequality directly follows from (5.19). The second inequality relies on the ele-

mentary inequality - < x° for any z > 0 and s € [0, 1]. The third inequality is based on
y inequality 3 y

21



the Holder inequality and the fact that the wg(e;) are positive. The elementary inequality
(a+b)* <a®+ 1% for all a,b > 0, and s € [0, 1], together with ¢) in the proof of Theorem
4.1, entails the existence of a moment of order r for cg+(6y) = wo(S;) + Oéo(St)E%,t_l- From
this, and the strict stationarity of (cg+(p)), we deduced the fourth inequality. Finally,
the last two inequalities are direct consequences of A3, p < 1 and the positivity of Gy(ex)
under A6. By (5.17), (5.18), (5.20) we can conclude that the first expectation in (5.13)
exists. The two other expectations can be handled similarly.

Now we prove #1). Note that J exists by (5.13). By (5.11) and i) we have

I 1 00%,(60)
Es,n{ s,t( 0)} = E(1 —mz)ESﬂ?{ 559 AR

00 Ug‘?t(HO)
9ls+(6h) 9ls.4(00) Ols +(6o)
Vars,n {50} = ES,?] { 59 at@,
_ 22 1 80?9775(90) 80?9,75(90)
= E{(1—-mn) }ES,n {qu,t(eo) 90 90/
= (ky—1)J.

Now suppose

902,(60)\
NIA= By |~ (X sl 0)> —0

O'fév’ +(6o) 00
3d /80?5' t (00) . . . . 2
for some A € R”?. Then almost surely, \'—2;— = 0. Using the recursive definition of o,

9o (6
in (4.6), and the stationarity of { Usge( 0)} , we get, almost surely
t

]lSt:el ]lSt:el
]lst:ed ]lst:ed
6?9,75—1 Ls,=e 9 5?9,75—1 1s,=e,
/ . /605 t—1(90) ’ .
00
eg,t—l ]]'StZEd 6%‘715_1 ]]-St=6d
Ug‘,tfl(go) Ls,=e, Ug‘,t—l(go) Ls,=e,
Ug,t—l(eo) Lsi=eq U??,t—1(90) Lsi=eq

Writing A = (Awys -+, Adwgs Aars - - -5 Aags Agy» - - - » Ag,) We thus have

d d d
D Ay L= + {Z A ﬂst=e,} €%+ {Z As, ]15%} 0%, 1(60) =0, as. (5.21)
=1

i=1 i=1
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Suppose that for some i € {1,...,d}, Ao, # 0. Recall that P(S; = e;) > 0. Then,
conditional on (S; = e;), (5.21) leads to

-1
€Su-1= 37— { M + Ag051(00)}
o

or equivalently, conditional on (S; = €;),

-1

77t2—1 = {)‘wz + )\ﬁzo-st 1(‘90)} .

US t— 1>\az

The right-hand side being measurable with respect to the o-field generated by {S, Sy, nu; u <
t—1}, and n;—1 being independent of this o —field conditional on (S; = e;), this equality im-
plies that n? | is a.s. constant. By the non degeneracy assumption in A4, we can conclude
that Ao, = 0 for all . For the same reason, it can be shown that : A\g, =0,Vi € {1,...,d}.
Thus we get A\, = 0,Vi € {1,...,d}. Therefore N'JX = 0 implies A = 0 which shows that
J is nonsingular.

Finally, using again Lemma (5.2),

n ZV {8& | Fi— 1} — Varg,, {3€S§é90) }7 a.s.

which completes the proof of ii).

To prove 4ii), we differentiate (5.12). The resulting formula is exactly the same as for
the standard GARCH, with o7 replaced by ng’t, and €2 replaced by 6%,1‘, (see FZ, Equation

(4.24)). To save space, we will only prove that

E sup < 0. (5.22)

eV (6o)

1— 657,5 1 030'5715(0)
0%,4(0) | 0%,(0) 9B(e)0B(e;)05(ex)

We first prove that {1 — €%, /U%t(e)} is integrable. Note that S(tg) is not uniformly
b b St

integrable over © because we did not assume the existence of a second-order moment for

e%t and, for instance, agt(G) can be constant for some values of . However, we will show

2
that {1 — %} is uniformly integrable in a neighborhood of 6y. Let ©* a compact set

935,t
containing 0y and included in the interior of ©. For all § > 0, there exists a neighborhood

V(o) of by, with V(0y) C ©*, such that V0 € V(0),Vi € {1,...,3d}, (1—08)0; < bp; <
(1+9)6;. Note that

cs,t(6o) < wo(St) n ao(St)

csi(0) = w(Sy) | alSh) <2(1+96).
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Then, in view of the elementary inequality x/(y + z) < (z/2)(z/y)® for any s € [0,1],

z,y,z >0,

sup a%yt(é?g)
0ev(60) T54(0)

< sw { cs,t(00) + D52 Bo(St) - - - Bo(St—i)esi—i—1(0o) }
T gevioe) L esit(0) + 2020 B(SE) - B(Si—i)esi—i—1(0)
Bo(St) - - Bo(St—i)esi—i—1(0o)
< 2(149)+ :
- Z w(S) + 6 St) B(St—i)es—i—1(0)
Bo(St) - - Po(Si—i)es,i—i—1(0o) (5(515) o B(Si—i)est—i—1(0) > °
< 2(149)+ ’ ’
- Z St) B(St—i)es—i—1(0) w(St)
< /1 + 5 A .

< K+K Z Ci—i—1(00) {Bo(St) ... Bo(Se—i)}* . (5.23)

Choosing s = r/2 and ¢ small enough such that (1(1;_)63/2 p'/? < 1 and using A3, together

with 7) in the proof of Theorem 4.1 and the Cauchy-Schwarz inequality, we obtain

€2 a2 .(6
E sup St _ E sup S,t( 0)
0eV(8y) 75,4(0) 6eV(60) 05(0)

< 0.

Now choosing s = r/4 and ¢ small enough so that (1(1:)(3)/4 p'/* < 1 we find from (5.23),

the Cauchy-Schwarz inequality and arguments already used

€%t ‘7?%(90)
sup

0ev(9y) 95,(0)

1/2

sup

=K
6V (9y) 75,(0)

2

2

(i+1 )
< oS () o)
=0
00 +6 (i+1) 1/4
< K+K {Z ( 577 4> {E{Bo(St) ... Bo(Si-i)} EsmCss i1} }
=0
> +5 O\ 1/4
< K+KQ> ( 57 4> pHDA L Eg o M < oo, (5.24)
=0

Now we show that
2

&302,(0
! 75:(0) < 0. (5.25)

o2 ,(0) 93(e0)0B(e;) B (er)

E sup
0eV(6o)

805t 8USt

Note that, since for any k,¢ € {1,...,d}, ool = telena) = = 0, it suffices to

consider the cases where at least two indexes among i, j, k belong to {2d 4+ 1,...,3d} in
1 830% t(G)

o7, (0) 06,00, 00, We will only consider derivatives with respect to coefficients ((ey), the
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other cases being treated similarly. Following the lines of proofs of (5.19) and (5.20), we
obtain
a3aSt

0B 0RE) S

=0

Blee)Bej)B(ex) (i +1)°B(St) ... B(Se-i)es,e—i-1(0)

Now, as in the proof of (5.23):
1 630'?5,t((9)
sup
bev(80) 95,4(0) 9B (er)0B(e;)08 er)

< KZ (i+1)°— 1”+1 Bo(St) - - ﬁS(St—z‘){ sup CS,t—i—l(e)} :

5" 9eV(60)

Since E {Supaev(eo) csﬂg,i(ﬁ)}zr < oo with 7 as in A3, choosing 8 such that p'/* < (1—4)",
we then have (5.25), following the proof of (5.24). By the Cauchy-Schwarz inequality, (5.24)
and (5.25), we get (5.22).

To show iv), we first note that the derivatives of o7 are deduced from (5.14)-(5.16),
with (Sy) replaced by (s¢). We have

t—3

6f =c + Zﬁ(st) o B(se—i)er—io1 + B(se) ... B(s2)ér + B(se) - .. B(s1)5 (5.26)

=0

where & = w(s1) + a(s1)é>. Analogously to (5.14)-(5.16), we have for k € {1,...,d}

/8(3t St
= Z Z]lst j=er ( Ct—i—1

B .
20 an e zhu 7

if B(ex) # 0. The derivatives with respect to w(ex) and «a(eg), and the second-order

952 Coe. s
500 = 0 when the initial conditions are

given by the first alternative in (4.2). We have seen in the proof of i) in Theorem 4.1 that
for ¢ sufficiently large, B(s;)...B(s2) < (L, for some 0 < [, < 1. It follows that, almost

surely,

2 ~2
doy  0oj

00 00

Do 9257
0000 0006’

< Kﬁi, sup
0cO

sup < K@, vt (5.27)

0cO

In view of (5.7) and (5.9) we have,

1 1
ot (0) G

<14+ KpL (5.28)




Since

oy, €7 1 95%(6) oy, = 1 9o?(6)
269 = {1 52(0) } {53(9) BY, and 5O =" 2@y 20 o
we have, using (5.28) and the first inequality in (5.27),
i € 1 o} N e%ﬂ: 11 9o
o O't 2 00, 5?2 o2 G} 00;
2 1 oot 05}
+{1-at} BIER

1 do}(0
KBL(1+n7) 1*{03(00) Uééi(])}"

IA

It follows that
_ 8£ 9  94(6o)
n1/2 +(0o) t(bo

To show that the right-hand side a.s. converges to 0, it suffices to prove that the sum a.s.

o {0—339@ aogéfo) H (5.29)

< Kn™'2Y L1+ n7)
t=1

converges as n — oo. The independence between 7; and 0% () and i) entail that,

o t , 1 aaét(eo)
E (;ﬁ*(l +;) |1+ {U%t(90> 90; }D

0'?9775(9 ZB < 00
802. (6o)
1+ {“%,3(90) %gz }

straightforward extension of Lemma 5.2, Y7 | 84(1 4 n?) ‘1 + {02(190) Bag o(t?o)
t 2

< 2<1+Es

which shows that > 7, BL(1 + n?) converges a.s. Thus, by a

H converges
a.s. Thus the right-hand side of (5.29) converges to zero, a.s., showing the first part of v).
The second convergence of v) follows by similar arguments.

To prove v) we use a central limit theorem for martingale difference. The proof of vi)
is similar to that of Theorem 2.2-v) in FZ. For brevity the proofs of v) and vi) are omitted

but are available from the authors. The proof of Theorem 4.2 is now completed.
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Structure and estimation of a class of nonstationary yet

nonexplosive GARCH models: complementary results

A Predictions of the squares

For standard GARCH(1,1) models, the optimal prediction of ¢? in the L? sense, F(e? |
{2 ,,£ > 0}), is obtained from the ARMA(1,1) representation for the squares. Similarly,
for Model (2.1), letting u; = €7 — hy = (n? — 1)hy we have

ef =w(s) + (a+ ﬂ)(st)e?,l +up — B(st)up—1.

Letting 6 = € — w(st) — (o + B)(s¢)e?_;, we thus have under the assumptions of Theorem
3.1,

& = w(s)+ (a+P)(set g — > Bst) .. B(st—r)d—k—1 + us.

k>0

This representation is valid because (3.3) implies

U

Zﬂ'] log B(e;) Z jE{loga(ej,no)} <0,

from which the existence of the infinite sum is deduced, by the arguments used in the proof
of Theorem 3.1. Note that the expectation of u; conditional on €7 past values is zero. The
optimal predictor é7 of €7, in the L? sense, is then

& =w(s) + (a+ B)(s0)ef 1 — Y B(se) ... Blsi—k)Sr—r1.

k>0

Predictions at higher horizons can be derived similarly. Contrary to standard GARCH
models, predictions formulas are time dependent trough the coefficients s;.

B Proof of Theorem 3.4

By the argument used in the proof of Theorem 3.3 we have m~yy < logvym,, proving
that when 7, < 1 the solution in (3.4) exists. Define the usual L™ norm by || X||,, =
{B|X|™/™ for m > 1. With the notation used in the proof of Theorem 3.1, letting
ug+ = w(st) and poy, = En?™, we have, in view of (3.4),

N m~ 1/m
1/m .
[ {Engan@un,t) }

n=0

N my 1/m
= { lim 1B (Z un,t> }
n=0

N
1 .
= ph lim 2 tn < il Zuumum,
— m



where the second equality follows from the monotone convergence theorem. Moreover,

Hunth = {E[a(stant—l)"'a(st—n—l-lant—n)w(st—n)]m}l/m

n 1/m
- {HE[a@t_iMo)r”} ls1-n)
i=1

1/m

d
g H{E[a(€]’no)]m}lT(tvjvn_l)l W(Stfn)-
=1

Thus HumH%” — fy,%m which, by (B.1) and the Cauchy rule, shows that 7, < 1 is

a sufficient condition for the finiteness of E(e?™). The proof of the necessary part uses
similar arguments as that of Theorem 3.3.

C Proof of Lemma 5.2

The only difference between the first part of this lemma and Lemma 1 in Francq and
Gautier (2004a) is that the expectation involved might not be finite. Their proof can be
straightforwardly adapted using the following ergodic theorem: if (X;) is a stationary and
ergodic process such that EX; € R U {+oco}, then n™1 Y7 | X; converges a.s. to EX;
when n — oo (see Billingsley (1995) p. 284 and 495).

The second part of the lemma is also proved following the lines of Francq and Gautier
(2004a). We give the proof for completeness. The processes (S;) and (1) being indepen-
dent, we can assume, without loss of generality, that Q@ = Q1 x Q9 where Q1 = {e1, ..., €4}
and Q9 = R*°, that A = A; ® Ay where A; and Ay are o-fields defined on €7 and s, and
that P is a product probability P; ® Py, where Py is defined on A; and P is defined on As.
It follows that if w = (w1, ws) with w1 = (w1r),w2 = (way), then (S, m)(w) = (wir, way).
Define

Q" ={we: X,(Sn(w), Sn-1(w), .-, M (W), Mp—1(w),...) » X}.

We have P(2*) = 0. For every w1 € €1, define the set 0, = {w2 € Q2 : (w1,w2) € Q*}.
Since the integral of a positive function is equal to zero if and only if the function is zero
almost everywhere,

P = [ { 2 T (1, 0)Po() | APy ) = O

implies that
/ HQ* (wl,WQ)dPQ(wQ) = ]P)Q(Q::l) = P(Ql X Qzl) =0
Q2

when wy ¢ QF, for some measurable set 2} such that Py (Q7) = 0. If w; ¢ Qf and wy ¢ Q) ,
then (w1, w2) ¢ Q* which entails

Xn(sna Sp—1y--- Jln(w), nnfl(w)v . ) - X’

when (s;) = {S¢(w1,w2)}.



D Complements to the proof of Theorem 4.1

To prove iv), first note that Elg.(f) is well defined and belongs to R U {oo}, because
Elg,(0) < Elog™ U%}t(ﬁ) < max{0, — logmin; w(e;)} < oco. Remark that Elg:(6) = oo,
when, for instance, § = (w,0,...,0,w,0,...) and E‘f?g,t = oo. However, we will show that
E|ls:(6p)| < oco. It remains to show that Eﬁgjt(ﬁo) < 0. By i),

1 1
Elog aét(ﬁo) = E; log{crét(Ho)}r < ;log E{U‘%,t(eo)}r < 0.

Therefore

Elg:(0y) = E {

0%, (o)}
PO | togatath) § =1+ Elogol,(0n) < oc
US,t(e()) 7 |

which proves the first part of ). Since logz <z —1, Va >0 and logz =z — 1 if and
only if x = 1, we have

o%.(0) 0%,(9)
Elsy(0) — Elsi(6o) = FElog S ot LaLE N
' t g‘ 0) Ug’,t(‘go)

(6
g‘ (0) U?S‘,t(eo)
> E{log ?q (%) + log Ué,t(H) } >0

=1 Py,a.s. In view of i), iv) then follows.

o‘%’t(Qo)
U%,z(e)

It remains to show v). For any # € © and any positive integer k, let Vj(6) be the
open ball with center 6 and radius 1/k. Following exactly the lines of proof in Francq and
Zakoian (2005), we have

liminf  inf  1,(#*) > liminf inf  1,(6") — limsupsup [1,(8) — 1,(8)]

with equality if and only if

n—oo §*cVy(0)NO n—oo f*cVy(0)NO n—oo 0eO
n
> liminfnflz inf  £(0%).
n—oo P 0*eVi(0)NO

Now we will apply Lemma 5.2. We note that {il’lf@*evk ©)ne Et(e*)}t is a measurable func-
tion of (S, S¢—1,. ., Mty Me—1, - . .), whose expectation exists in R U {4+00}. Thus we obtain

n
lim inf n 1 inf  4,(6%) = inf  lg1(6%).
n—00 ZO*EVM@)D@ ( ) Es 0*€V(6)NO S’l( )
By the Beppo-Levi theorem, when k increases to oo, Eginfy-cy; 9)ne ls1(0*) increases to
Egls1(8). Thus v) is proved. By a standard compactness argument the proof of Theorem
4.1 is completed.

E Complements to the proof of Theorem 4.2

We first prove that the second and third expectations in (5.13) exist. It follows from (5.14)

BJSt 80'St

that for any k,¢ € {1,...,d}, Tolen)ooler) = ulenvarey — O and, if B(ee) # 0,

820%'5 6 St ﬁ(St 4
Ow(er)0B(er) ZO 5(@) ]Zollst j=ee (LS i (E.1)



Thus, using A3

Boler) 903, 1 >, .
0 < - 1HE ce —
5152 80) Olen)dB(e) ) S iy anfey) 2+ DEG(S) - BolSr-)
< KD (i+1)pH < oo (E.2)
i=0
820% .
%%, i
- = - ‘_ 2 . . .
a(ek)ﬂ(ee)aa(ek)ﬁﬂ(ee) oe) Zﬂ 5i) -+ B(S-i) jz_:o]lsm—ez €i—i—2 15, ;_1=e;
< Z(i +1)B(St) ... B(Si—i)esi—i-1-
i=0
The arguments used to prove (5.20) give for 6 = 6,
1 820?% K
E : 0y) < < K. E.3

S’no—g’t(ﬁo) ﬁa(ek)ﬁﬁ(eg)( 0) < ag(ex)Boler) (E.3)

Moreover, for £ #£ k
Blex)Ble )& ZﬂS B(S Zi:]l 1 Csyt—i
g 9PB(ec)0B(ex) ! i) Pt St—n=ep L5—j=er (CSt—i=1,
while
2 82‘7575
p (ek) Zﬁ St St Z Z Is, j,=e, 1, j=ek Z]lst j=exr ( CSt—i—1-
h,j=0

By arguments used to show (5.20), we can conclude that
1 0%0% K
i e (00) € ==
0% (60) 0B(er)0B(er) Bo(er)Bolee)
This, together with (E.2) and (E 3) proves the existence of the second expectation in
(5.13). Now, since by (5.17) —— 0o St) is bounded, and, by (5.17), - 005

O’S’t ow(ek, 804(
at fp, it is clear that

1 30%7,5((90) aag‘,t(‘go)
ag’t(ﬂo) Ow(ex) 06

Es

Paley) is bounded

‘<oo

In view of (5.19), arguments already used to prove (5.20), in particular the inequality
z/(1+z) < 2"/2, and the Minkowski inequality, we have

2y 1/2
> 1 8‘7?%(90)
51\ 054(60)2 8B (ex)

. i+l {Es {ﬁo(st)---ﬁo(sti)cti1(00)}T}1/2 < o0.

min; wo(e;)

1 30%#5(90) 30%775(90)
aé?t(Qo) daler) 00

Eg

|<OO, Eg




Finally we conclude by the Cauchy-Schwarz inequality that the third expectation in (5.13)
exists.

To prove v) we will use the following central limit theorem for martingale difference
(see Billingsley, 1995, p.476).

Lemma E.1 Let {(X;),F} a Ri-martingale difference such that
a) There exists a d X d matriz A such that, when n — oo,

1 n
VA e RY, - Y Var{NXy|Fia} - NAX,  as.
t=1

b)
NX
d t
VA € R, Ve > 0, ZE{( n) (1525 }} — 0.
Then =571, X, % N (0, A).
We will apply Lemma E.1 with X; = 80&5(‘90) We have already shown that (X;) is a

martingale difference and that condition a) is satisfied with A = J. In view of arguments
used to prove i), it can be shown that :

g% ) VA e R3d
90 (o) p < oo, € .

Using Lemma 5.2, we get:

1l a 4 o 4
nlin;on;E{A’aeft(eo)} :Esm{)\ 89£5t(90)} <oo VAeR¥ s

This result entails, using the Cauchy-Schwarz and Markov inequalities
N2l (6
VE > O, Z E M ]]. /@e 2]
{|L%(0)‘>6}

4
n2 ZE {)\’ét 90)} — 0.

We get now all the conditions needed to use Lemma E.1 and obtain the asymptotic nor-
mality results v).

To prove vi) we consider a Taylor-series expansion of the second-order derivatives of
the criterion about 6y. For all ¢ and j we have

_ltzn;{aeaa )}:”_lzﬂ:{agg@-wo)} _1239/{80829”9 )}(9* "

t=1
(E.4)



where éij is between 9:;} and fp. The a.s. convergence of 9~ij to 6y, Lemma 5.2 and i)

imply, a.s.
0 0?
o0 {39i391 M@)}H

o [ o
o6 {aeiaej €sa(f) }‘

Therefore, since [|6; — 6ol — 0 a.s., the second term in the right-hand side of (E.4)
converges to 0 with probability 1. The convergence in vi) follows from an application of
Lemma 5.2 to the first term in the right hand side of (E.4).

lim sup
n—oo

n a 62 _ n
-1 3 < T 1
n 221 BTl {(%iaej 0(055) } " < limsupn g sup

n—oo =1 0eV(0o)

= F sup
eV (o)

< 0.

F Proof of Theorem 4.3.

Let 7(k) = P(S; = k) denote the stationary probabilities of the Markov chain (S;) and let
II, = (7(1)g,(1),...,m(d)gr(d))". Because the variables {a{(St, mt—1), - .. ay(St—i, Ne—i—1)
are independent conditional on (S, ..., S;—;), and by the Markov property the expectation
in (4.4) is equal to

E[E{ay(Se;mi-1) - - ag(St—ir m—i=1) | Sts- -+, Se—it] = E{gr(St) ... gr(Si—i)}
= (1,...,)PIL,,

where the last equality follows from Lemma 1 in Francq and Zakoian (2005). Consider the
matrix norm defined by [|A[| =}, ; |A(4, /)|, where A(7, j) denotes the generic element of
some matrix A. The matrix norm being multiplicative we have

E{ag(Se,me—1) - - ap(Se—iyme—i—1)} < (1, D PRI
It follows from the Jordan decomposition that ||PL|| < K{p(P,)}*, for some constant K.

The conclusion follows.
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