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model

Definition (Arrow-Debreu equilibrium)
A p05|t|ve price process g* and optimal consumptlon plans
yo ) y s t. markets clear, i.e. Y, y*' = e* with

: T
vy = arg max E [/ ui (t, ct) dt]
E[IOT q:(y{fet)dt] <o L0

@ Characterized by

uf (tvyt*i) = Aiqf
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The equilibrium price g* is an equilibrium price in the economy
with 1 agent (representative agent) with an initial wealth e*.

@ The equilibrium is characterized by

u (tef) =q;.
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o We have S§ = E [q:S¢]
@ More generally, for B € F;

The classical
model

E[15(q:St — qsSs)] =0 (no arbitrage)
e gS% is a martingale and

ry — _‘I/lq*
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The classical U(t, C) = exp ( /0 Psds) X C n

model

@ Short rate

1 11 1
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@ From agent i point of view
* i % * Q *
o det. = u,e dt. + oref dW, e =1
heterogeneity ;,{It = ],lt + 511.0}

@ Divergence of opinion about the growth rate
. 1
o u; (t, ¢ (w)) = Dic' ™7, with
D} = exp (— fo 0 (s, w) ds) (heterogeneous time

preference rates)
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ESteResitl @ Risk-free rates and discount rates ?

@ Beliefs dispersion — additional risk or uncertainty —
lower discount rates ?

@ DDR 7 Trajectory of the decline 7
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L Weitzman (1998) : « To think about the distant future in
opinions terms of standard discounting is to have an uneasy
S intuitive feeling that something is wrong somewhere»

@ DDR in a deterministic setting: known changes in growth
rate and/or in risk aversion

e DDR with uncertainty
Beliefs

IetiareEEEsy o Uncertainty on the discount rate itself (certainty equivalent
analysis, Weitzman, 1998, 2001)

o Uncertain growth : Gollier (2002a and b, 2007), Weitzman
(2004)

@ Sustainable welfare function a la Chilchinisky (1997) and
Li and Lofgren (2000).

@ Empirical and experimental evidence: individual hyperbolic
discounters.
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{ y' =y (q*, M, D",e*">
E:tlieelfisgeneity Z/N:I y*l = e*
where
y'(q,M,D,e) = arg max E [fOT M;D:u (ct) dt} :

E[J ae(vi-et)dt] <0

Characterized by

pimi' (vi') = Aiai
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Aggregation

dB: = pgBidt,  pp =Y Tip'

1 (N N 2 -1
s = %(Zn(&') —5%4)=’72 Var® ()
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g =y (a)
i=1
e e A; = E[q;], discount factor

o AL =E [q]], discount factor if agent i only

@ Can the socially efficient discount factor A; be represented
as an average of the individual A7
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Consensus socially efficient discount factors

0 If6' =05 andp' (s,w) =p' (s),

N 8]

Z Vi (Ai)’7

i=1

At:

o Ify =1, Av=YN1 (Ab)
o Ifn #1,
11/
° A < [Z,I'Vzl%' (A't)”] " fory <1,

. 1/n
o Ac> [Ty (A)!] " fory > 1

o equality only when divergence is deterministic (N;/N; is
deterministic for all i, j).
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discount factor (different yu’s or p's)
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@ In general,

@ the right concept of average is the 7 —average
@ The average is a weighted average

Discount

factors © A can not be reduced to this average : there is an
aggregation bias (upward or downward depending on 7)

o Beliefs heterogeneity can be interpreted as more
risk /uncertainty or less information : same impact on the
trade-off between today's consumption and future
consumption (Gollier-Kimball 1996, Gollier, 2000)
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v, (T) >¢e>0 for R, =inf {RL;i=1,..N}). Then,
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@ The aggregation bias vanishes in the long run

@ The relevant asymptotic behavior is the one with the
lowest discount rate

Long term

o Homogeneous beliefs : lowest rate of impatience
(Gollier-Zeckhauser in a deterministic setting)
o Homogeneous time preference rate : most pessimistic rate

e v, (T)>e>0
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@ The equilibrium discount rates is below the averages
@ The n—average is still a better approximation
@ The three curves converge to the lowest discount rate
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w; =relative size of group i,

p; = pure time preference rate of the agents in group /,

et ~ NN ((; — do)t,02t),

°
°
°
@ t = the time at which a cost or benefit is incurred,
°
@ log utility functions

°

R = p, 4+ u. — 02, equilibrium discount rate if the
economy was made of group i agents only
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@ the consensus discount rates are averages of the individual
rates (as in Weitzman 1998)

@ weighted averages, weights proportional to the pure time
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In the case of homogeneous beliefs (y; = u,0; = 0)
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@ the expression involves the covariance between p; and
exp —p;t as in Lengwiler (2005)

@ it gives the expression for the consensus utility discount
rate

o different from the one obtained by Gollier (2005) or
Nocetti (2008)

@ our weights are given by w;p; exp —p;t instead of
Ajexp —p;t

@ both approaches coincide if the Pareto weights are
proportional to w;p;.
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@ The asymptotic equilibrium discount rates are given by the
lowest individual discount rate, ie.
Reo = ro = inf; r' = inf; R'.

© p, = p, and normal distribution N (m, v2) on
bj = u; — 0%, Re = p+m— %t (Reinschmidt, 2002)

Q Ifp, ~ (a1, By) and bi = p; — 07 ~ (a2, B;)

independent, then r, = Elﬁ + ﬁ
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@ The asymptotic equilibrium discount rates are given by the
lowest individual discount rate, ie.
Reo = ro = inf; r' = inf; R'.

© p, = p, and normal distribution N (m, v2) on
bj = u; — 0%, Re = p+m— %t (Reinschmidt, 2002)

Q Ifp; ~y(n,By) and bi = p; — 02 ~ y(az, B,)

independent, then r, = Elﬁ + ﬁ
1

Q Asin4. and B, = B, = B then R' ~ v(a, B) with
N =01+ a andrt:rtW—l—/ﬁ
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Figure: Calibration with two independent gamma distr. on Weitzman
(2001)'s data. We assume that the two distributions are homothetic
and calibrate in order to fit the mean and the variance of the
empirical distribution. Weitzman (2001)'s statistical model
corresponds to A = 1. We maximize the log-likelihood and obtain

A = 0.4116.



Discounting
and
divergence of
opinions

Jouini, Marin
Napp

How to
aggregate
experts
opinions

1
125 250 375 50C
t

S}

Figure: Marginal discount rate curve through our calibration (upper
curve) and discount rate curve of Weitzman (2001) (lower curve).
The intermediate curve represents, with our calibration, the

unweighted average.
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Napp a decrease in the mean my or an increase in the variance
vZ of the individual beliefs (b;) decreases the marginal
discount rate r;

@ same result with a decrease in the mean m; of the
individual pure time preference rates (p;).

@ an increase in the variance V12 of the individual pure time
preference rates (p;) decreases the marginal discount rate
ry for t large enough.
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Napp O If all the agents have the same p;, then a FSD (resp.
SSD) shift in the distribution of (R') increases the
discount rate R; for all horizons.

@ If all the agents have the same p;, then a MLR shift in the
distribution of the (r') increases the marginal discount
rate r; for all horizons.

© If all the agents have the same beliefs, then a MLR shift in
the distribution of the (R’) increases the discount rate R;
for all horizons.
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S o Agent i has a probability measure Q] that represents the
distribution of date—t aggregate consumption

@ Agent i has a pure time preference rate p;, a share of total
wealth w; and a log-utility

/fWJ iPi exp( Rit) dv(i)

o where R! is the equilibrium discount rate that would
prevail if the economy was made of agent i only
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Napp @ The socially discount factor is not, in general, an
arithmetic average of the individually anticipated ones

e 1 —average
o weights
o bias related to beliefs and time preference rates dispersion

@ The arithmetic average corresponds to a utility maximizing
agent that considers each individual belief as a possible
scenario while our approach corresponds to a central
planner that maximizes the social welfare
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o Logarithmic case: weighted arithmetic average (a la
Weitzman)

o Deterministic divergence (N;/ N, deterministic): weighted
n—average (Gollier-Zeckhauser)

Aggregate pessimism and patience reduces R

Beliefs dispersion reduces R for 7 > 1

Long term rate: lowest discount rate

Medium term: increasing as well as decreasing yield curves
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