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Modelling dependane between oil and gas

Motivation
• Need to model future pries of gas and oil simultaneously� to optimize energy portfolios
• Strutural link between pries of both energies� Dependene explained with gas long term ontrats (Indexed on oil and oilproduts pries)� Statistially shown
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Modelling dependane between oil and gasData from ICE (InterContinentalExhange) MarketQuotations from September 8th, 2003 to April 5th, 2007.
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Modelling dependane between oil and gas Agenda
• Bibliography� Eonometri models versus arbitrage free models
• Cointegration and Vetorial Error Corretion Model� Cointegration� VECM� Cointegration and orrelation
• The model� Dynamis under risk neutral and historial probability� Estimation/Calibration
• Some numerial appliations� Simulation with and without ointegration� Spread option risk managementEmmanuel GOBET FIME Seminar - Marh 20, 2009 page 4



Modelling dependane between oil and gasEonometri models
• Disrete time
• Interdependene between gas and oil with ointegration
• Useful for risk management purposes (Value at Risk)Can not be used for priing or hedging issues (models are not free ofarbitrage)Link between energy pries Referenes
• Ashe, F., Osmunddsen, P., Sandssmark, M., 2006. The UK market for natural gas,oil and eletriity: are the pries deoupled? The Energy Journal 27 (2), 27-40
• Bahmeier, L., Gri�n, J., 2006. Testing for market integration: rude oil, oal, andnatural gas. The Energy Journal 27 (2), 55-71.
• Panagiotidis, T., Rutledge, E., 2007. Oil and gas markets in the UK: evidene from aointegrating approah. Energy Eonomis 29, 329-347.Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 5



Modelling dependane between oil and gas
Arbitrage free models

• In order to onsider energy ontrats and related priing or hedging issues� Arbitrage free theory� Forward ontrats are martingales under risk neutral probability� Usual fator models for spot and forward ontratsReferenes
• Brooks, R., 2001. Value at risk applied to natural gas forward ontrats. TheUniversity of Alabama, Eonomis, Finane and Legal Studies Working Paper Num01-08-01.
• Clewlow, L., Strikland, C., 2000. Energy Derivatives: Priing and Risk Management.Laima Publiations.
• Geman, H., 2005. Commodities and ommodity derivatives. Modeling and Priing forAgriulturals, Metals and Energy. Wiley Finane.
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Modelling dependane between oil and gas
From Spot to Forward

F c(t, T ) = EQ(Sc
T |Ft) and F g(t, T ) = EQ(Sg

T |Ft).Joint model for Sc and Sg for good dependene between energies;
• should lead to expliit representation of F c and F g;
• then, hange Q to P. What dynamis under P?From Forward to Spot

dF e(t, T )

F e(t, T )
= σe

T (t) · dBtunder Q.
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Modelling dependane between oil and gasArbitrage free models (Brooks)
dF e(t, T )

F e(t, T )
= σ1dW 1

t + σ2e
−

T−t

τe
2 dW 2

t + σ3
T − t

τe
3

e
−

T−t

τe
3 dW 3

twhere
• F (t, T ) is the forward ontrat (of energy e) quoted in t and delivered in T ,
• Wt =

(
W 1

t , W 2
t , W 3

t

)
∗ is a 3-dimensional orrelated Brownians motions underrisk neutral probabilities.Refereed as LSC model (Level, Slope,Curvature).Gaussian model.Estimation by PCA.Easy to simulate (related toOrnstein-Uhlenbek proesses).Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 8



Modelling dependane between oil and gas
Dependene between gas and oil

 Add orrelation between Brownian motions of di�erent energies.It does not work!! Visual proof
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Modelling dependane between oil and gas
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Modelling dependane between oil and gas
Summary of Fator modelsGood adjustement of volatility (for eah energy)Poor link between di�erent energy priesStrong Dependene between returns does not imply strong dependene betweenpries. Our objetive

• Continuous time model in gas and oil future markets
• Using ointegration� Tool oming from eonometri models� Good way to model the link between gas and oil
• To be used for priing and risk management issues (under risk-neutralprobabilities and historial probabilities).Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 11



Modelling dependane between oil and gasS. Ohana's PhD dissertation
• Dynamis in disrete time for the energy e:

∆F e(t, T )

F e(t, T )
= e−ke(T−t)∆Xe

t + ∆Y e
t

• The vetor (∆Xg
t , ∆Y g

t , ∆Xc
t , ∆Y c

t ) is a sum of� A drift� A onstant� A term related to the present� A term related to the past� A noise Referene
• Ohana, S., 2006. Deux ontributions en gestion des risques de matièrespremières. Ph.D. thesis, CEREG, Université de Dauphine, Paris, Frane.Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 12



Modelling dependane between oil and gas

Cointegration and Vetorial Error Corretion Model (VECM)
• De�nition: A time series vetor {yt = (y1

t , · · · , yn
t ) : t ∈ N} is said to beointegrated if� Eah series (yi

t) is integrated with an order of integration equal to 1;� Some linear ombination of the series α · yt is stationary.
• The series α · yt is usually alled the long term equilibrium.
• The Phillips-Ouliaris' test allows us to put the ointegration forward.
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Modelling dependane between oil and gasExample based on Hamilton (Time series Analysis) (1/2)






∆y1
t = ∆W 1

t ,

y2
t = 2y1

t + ∆W 2
t−1,

y1
0 = y2

0 = 0.Take for (∆W 1
t , ∆W 2

t ) unorrelated white noise proess.Then (y1
t , y2

t ) are ointegrated.

0 100 200 300 400 500

−
20

−
10

0
10

20
30

40

The time series are cointegrated

time

var 1

−20 −10 0 10 20 30 40

0
10

20
30

0.95

0 10 20 30

−
20

−
10

0
10

20
30

40

var 2

A long term tendency links the time series
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Modelling dependane between oil and gasExample based on Hamilton (Time series Analysis) (2/2)






∆y1
t = ∆W 1

t ,

y2
t = 2y1

t + ∆W 2
t−1,

y1
0 = y2

0 = 0.The model an be rewritten:






∆y1
t = ∆W 1

t ,

∆y2
t = 2y1

t − y2
t + 2∆W 1

t + ∆W 2
t .or under a vetorial form

∆yt =




0

1





︸ ︷︷ ︸mean reverting speed
(2 − 1) yt
︸ ︷︷ ︸long term equilibrium+




1 0

2 1





︸ ︷︷ ︸short term orrelation
∆Wt.
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Modelling dependane between oil and gas
Vetorial Error Corretion Model

• General form (without lag)
∆yt = Πyt∆t + Σ∆Wt.

• Continuous time form:
dyt = Πytdt + ΣdWt.It is in the lass of non stationnary Ornstein-Uhlenbek proesses.The matrix Π has not a full rank (the rank is related to the number of longterm relations).
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Modelling dependane between oil and gas

Cointegration 6= orrelationIf we take W 1 and W 2 two orrelated Brownian motions (say ρ = 0.7), thenalthough well orrelated, the paths are not ointegrated (the Phillips-Ouliaris testis negative).
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Modelling dependane between oil and gasOur model - Under QWe start from a model under the risk-neutral probability Q  the model isarbitrage free.






dF g(t,T )
F g(t,T ) = σg(T − t)dXt,
dF c(t,T )
F c(t,T ) = σc(T − t)dXt,

dXt = ΣdBt,where we set
• Ne for the fators' number for the energy e;
• Bt = (B1

t , . . . , BNg+Nc

t )∗ for independant Q-Brownian motions;
• Σ for a non-degenerate (Ng + N c) × (Ng + N c) matrix (to orrelate returns);
• (σe

i (T − t))i for the set of normalized volatility funtions for the energy e;
• σg(T − t) and σc(T − t) for the volatilities of eah energy as

(Ng + N c)-dimensional row vetors de�ned by
σg(.) = (σg

1 , . . . , σg
Ng , 0, . . . , 0)(.), σc(.) = (0, . . . , 0, σc

1, . . . , σ
c
Nc)(.).Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 18



Modelling dependane between oil and gasOur model - Under PThe passage from the neutral risk world to the historial one is made by modelingthe market of risk (λt)t:
Bt = Wt +

∫ t

0

λsds,

λt = Σ
−1[ΠXt + ηt].Hene, under P, X has a VECM dynamis

dXt = ΠXtdt + ΣdWt + ηtdt.The motions driving oil and gas are ointegrated.Model's parameters:
• The funtions σg and σc for the volatilities.
• The matrix Σ for the short-term orrelation.
• The matrix Π driving the long-term relation.
• The time dependent funtion (ηt)tEmmanuel GOBET FIME Seminar - Marh 20, 2009 page 19



Modelling dependane between oil and gas
Estimation in 5 steps1. Prinipal Components analysis (PCA) on the returns (they are omputed by

F e(t+1 day,T )−F e(t,T )
F e(t,T ) ).2. Estimation of the parameters τe

i (i = 1, 2) with a nonlinear regression between
1, e

−
T−t

τe
1 , T−t

τe
2

e
−

T−t

τe
2 and the motions X dedued from the PCA.3. Reonstrution of the di�erenes dXe

t at eah time step with linear regressionbetween the volatility funtions vetor and the returns vetor.4. Linear regressions between (∆Xt) and (Xt) to determine the matries Π and
ΣΣ∗.5. Computation of the funtion (ηt)tThis is the onstant term in the previous linear regression.In pratie, this term is not estimated aurately.
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Modelling dependane between oil and gas

Adjustement of ηt

ηt an be hosen to adjust the expeted forward urve EP(F e(t, T )) for any t and T .Exemple: one an enter the expeted forward urve:
EP(F e(t, T )) = F e(0, T ).Can be made expliitly sine the model is Gaussian (formula avalaible).
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Modelling dependane between oil and gas
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Modelling dependane between oil and gas
Numerial results
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Modelling dependane between oil and gas
The long term relation presented here is X1

t
− 0.97X4

t
= utwhere (ut) is a stationnay proess.
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Modelling dependane between oil and gasExamples of simulations for ontrats delivering in one month
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Modelling dependane between oil and gas
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The model onveys the long term relation between natural gas and rude oil ontrats.
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Modelling dependane between oil and gas
Appliation to risk managementSpread option:

V aRα((F g(t, T ) − aF c(t, T ) + b)+)where
• t = 15/03/07

• t = 15/06/07

• a = 0.9 and b = −20Simple approah for the risk management of a long term ontrat.
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Modelling dependane between oil and gas VaR Result

• Brooks' model: VaR(95%)=20.4
• This model: VaR(95%)=13.4Emmanuel GOBET FIME Seminar - Marh 20, 2009 page 28



Modelling dependane between oil and gas
Conlusion

• Continuous time model for gas and oil future markets� Long term link� Free of arbitrage
• This model an be used for Risk management (Value at Risk, )Coherent with a risk neutral model for option priing
• Possible improvements� By inorporating derivatives pries in the alibration set� By adding seasonality in volatility� Espeially regarding gas
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