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Bermudan Options

> Let (X, 0 <t < T) be a Markov process valued in R? and defined
on a filtered probability space (2, F, (Ft)o<t<T, P)
> let0O=fh<ty <b<...<t;=T be afinite set of exercise

opportunities
Definition
If exercised at time t;, j = 1,..., J, the option pays g;(Xy), for some
known functions go, g4, . . . , g mapping R into [0, c0).
Notation

Z=Xy, j=1,....J.

v
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|
Bermudan Options

> Let 7; be the set of stopping times taking values in {j,j +1,...,J}

The equilibrium price V/(x) of the Bermudan option at time j in state x
is its value under an optimal exercise policy:

Vi(2) = supElg-(Z)\Z = 2], zeR%.

T€T;

Question
How to compute the fair price of the Bermudan options numerically? J

Denis Belomestny (DUE) Multilevel methods Paris, 16 May 2014 3/ 31



Dynamic Programming Principle

» Continuation values

Ci(z) =E[Vi(Z)|Z=2], j=0,....d—1,

satisfy the dynamic programming principle

Ci(2) = o,
Ci(2) = Emax(g1(Z1), Ci1(Z41)IZ = 2.

Observation

The use of the d.p.p. is relatively straightforward in low dimensions.
However, many problems arising in practice are high dimensional !
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Nested conditional expectations

» Problem: How to approximate the nested conditional expectations
in the backward dynamic programming algorithm?

» Naive approach: Use nested simulations.

Infeasible: Computational cost explodes rapidly with the number of
exercise dates.

Definition

Fast approximation methods (regression methods, stochastic mesh
method and etc.) construct the estimates Cy, ... Cy recursively without
use of nested simulations.
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Comparison of fast approximation methods

Question
How to compare different fast approximation methods ? J

Definition
A method has a complexity C(¢), if it requires C(s) numerical
operations to estimate Vj with the mean squared error <.

Observation
Fast approximation methods may have rather large complexity.
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Generic approximation algorithm

Given a sequence of estimates Cy;, j = 1,...,J, based on k training
paths, we can define

~
~

Zg

J

with
A =inff0<j< T g(Z())>C (Z())}

@ Construction of the estimates Cx;, j =1,...,J, on k training
paths.

@ Construction of the low-biased estimate Vé”k by evaluating
functions Cy j,j = 1,...,J, on each of new n testing trajectories.
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General classification

Assumption (AP)

For any k € N, the estimates Cy o(z), ..., Cx 7—1(2) are defined on
some filtered probability space (QX, FX, P¥) which is independent of
(Q,F,P).

Assumption (AC)

Foranyj=1,...,J, the cost of constructing Cy ; on k training paths is
of order k x k*' for some »1 > 0 and the cost of evaluating Cy j(z) in a
new point z is of order k*2 for some s > 0.
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General classification

Assumption (AQ)

There is a sequence of positive real numbers v, with vx — 0, kK — oo
such that

PX (sup ’CM(Z) - Cf(z)‘ > nﬁ) <Bie B >0

zeS

for any compact set S and some constants By > 0 and B, > 0.
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General classification

Observation
Given (AC), the overall complexity of a fast approximation algorithm is
proportional to

K" 4 nx k2,

where the first term represents the cost of constructing the estimates
Ckj,j=1,...,d, onk training paths and the second one gives the
cost of evaluating the estimated continuation values on n testing paths.
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Example: Global regression

» Simulate k trajectories of Z all starting from z atj = 0.

» Suppose that the estimates Cx y_1, ..., Cx j+1 are already
constructed.

k _ k k i
> Letaf = (afy,. ... qf,) be a solution of
k

arginf [c,ﬂﬁk(zjﬂ) —ar(Z7) . (Z7)

acRt iy

2

with ¢4 1,4(2) = max{gj+1(2), Cj+1(2)} -
» Define

Ckj(z) = ozj’fﬂ/h (2)+...+ (y/’le/)L(Z), zeRY
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> |t holds comp(aj) ~ Kk - L% + comp(c /+1) since Ba/’-‘ = b with

k
1 . .
Bpa = 1 >_ (2 ")0e(Z")
i=1

and

pr (Z)ckjr (Z0).

p,qe{1,...,L}. Hence
comp(af) ~ (T —j) - k- L2.

» The estimates Ci o(2), ..., Ck,7—1(2) satisfy (AQ) under some
conditions. In order to guarantee (AQ) with v, = k= for some
© > 0, one has to take L = k” for some # > 0, i.e., >y = 26 and
»o = 0 in (AC).
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-]
Example: Stochastic Mesh Method

Broadie and Glasserman (2004):

ij kZC/JMk /+)1) le()

» Weights
pj(zv Zj(_:_)1)
sk 2. 20

> pj(x, y) is the transition density from Z; = x to Z.¢ = y.

wj(z) =

Observation

The complexity of computing Cy ;(z) for any fixed z is of order k,
provided the transition density pj(x, y) is analytically known.
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-]
Example: Stochastic Mesh Method

»i=1and > =1in (AC)
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Lower bound for Vj via C;
» A suboptimal stopping rule:
T = min{o <j<J:Ci(Z) < gj(Z/)}

with Cy 4 = 0 by definition.
» Fix two natural numbers N and K, and define

N
;
VoK = =5 g 0(Z9).
° Nr:1 gT}(<)( T/(())

Observation
V'K is low biased, i.e., E[V)""] < V.

ldea
Compare different f. a. methods in terms of E[( V"' — V;)?].
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N
Complexity of V"¢

Exsercise boundary or margin assumption:

Assumption (AM)

There exist constants A > 0, 69 > 0 and o > 0 such that
P(1G(Z) - g(2)| <) < A

forallj=0,...,d,and all 6 < .

Remark

» Assumption (AM) characterises the behaviour of Z near the
exercise boundary 0E with

E={(.%):g(x)=C (0}
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Boundary assumption

0.0 0.5 1.0 15 20 25 3.0

X1
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Complexity of V"¢

Proposition
Let~, =k ", k&N forsomepn > 0. Then for any ¢ > 0 the choice

x _ i «_ -2
k* =¢ wlta) n*=¢

leads to »
Bl -] <2

and the complexity of the estimate Vg*’k* is bounded from above by
Cp+ k+(e) with

24 +1 2
Co e (6) < e 2t i) 2 o,

v
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Discussion

» The complexity of Vé\”K can be as large as =9 forany q > 2.

» The smaller is the margin parameter «, the larger is the
complexity.

Remark

To compare: the complexity of computing E[g(X7)| by Monte Carlo is
of order = 2.

Question

Is it possible to reduce the complexity of Vév Koo
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Multilevel idea

» Fix Lec Nand k = (kq,..., k) € Nt with ky < ... < k.
» Let hy be a sequence of positive numbers tending to 0.
» Write a telescopic sum

o0 (2.)] €[ (22)]

L

+) E [ng, (ZTK,> — Or, (Zrklf1 )}

=1

with
7 = |nf{0</<J 9(Z\") > Cij(Z )}.
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|
Multilevel approach

Fix n = (ny,...,n.) € Nt and simulate n; trajectories of the process Z
to approximate E [ng/ (ZTK/) = 9n,_, (ZTkM )} :

Define
Vn,k_ 1 & (r)
o ; ngS(;) <ZT}((;))
2 o (20) -0 (20)
= = PN e s
with

0 inf {0 <j<d:g(Z") > Ck,,-(zj(’))} .
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Multilevel approach: complexity
Proposition
Under the choice ki = ko - 6!, 1=0,1,...,L, withf > 1,

_ 2 1 —u(ita)/2

L
n;" — 5*2 (Z \/k’_("@lw‘/z)) . \/kl(*%zﬁuoz/Z)
i=1

the complexity of the estimate Vé"k is bounded, up to a constant, from
above by

and
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Multilevel approach: complexity

EfZ»max<”‘7+1)71> ’

wll+e 20 < po
25t 2. 565 = poand 24 > 1
Coe e (6) S 4 ° | SRR
—2 . (log 6)2 2 - = pa and N}(’}i;) <A1
941 o —pa/2
572'max< <11++a) 1+ 22 )7 20 >
Observation
The MLMC is superior to the standard MC as long as ;. > 1/(1 + «). J
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Multilevel approach: complexity gain

For s¢1 = 300 = 3,

. 5 1
6_2Amm(u(1/ff~u) A= ;t(1+<y))
)

22 < po
) 2. = paand £ 1
’ =K w(1+a)
-2 _ 41
g “ulite) 2 - = paand u(1+<¥)§1
. 1 pa/2

572'1’1“[1(17p,(1+a)7u(1+a))7 2 c > J1e!
Conclusion
The largest complexity gain is of order =" J
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A two period Bermudan option:
» Co(z) = E[g1(Z1)|Zy = z] is monotone increasing in z.

» go(z) has a “digital” structure:

Co(20) + 09, z < 2y,
90(2) = 0(20) + do, 0
Co(20) — 00, z2> 29

with some z; € R and dg < Cy(2p).

Observation
It holds
P(0 < |Co(Xo) — 9o(Xo)| < do) =0

and therefore oo = oco.
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Numerical example

> X =(X',..., X9 with

dX} = (r — §)X/dt + o X/dBi,

» Payoff:
h(X;) = e "(max(X{, ..., X?) — k)*.

» Benchmark parameters: d =2, r = 0.05, 6 = 0.1, t; = jT/J,
j=0,...J,with T=3and J =9.

» We apply stochastic mesh method.
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Numerical example

Variance reduction effect of the ML approach: the ratio of variances
(07)2/(0g)? for L=0,1,2.
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I
Outlook

» The complexity of the fast approximation methods can be rather
large (> £2).

» The margin parameter « plays a crucial role in the complexity
analysis.

» The complexity of the fast approximation methods can be
significantly reduced using the proposed multilevel algorithm
(sometimes up to the order ¢ ).
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Open questions

» Are there other alternative approaches to reduce a complexity ?

» |s a further reduction of complexity possible ?

» What happens if g4, ..., g, are not Lipschitz ?
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