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Context and problem Context

Original formulation
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Figure: A supply and demand portfolio, as well as the possible route. a: producing country; e: consuming country.
Basic rules
@ Long term buying and selling contracts (min-max amounts per month and per year);
Route: between two ports able to receive ships of a format (in discrete number);
Seller-buyer price formulas based on various commodities indexes;
Income (uncertain): function of route and indexes;

Discrete decisions: how many ships on each route, each month.
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Context and problem Context

Original formulation
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Figure: A supply and demand portfolio, as well as the possible route. a: producing country; e: consuming country.

Asia

Basic rules
@ Long term buying and selling contracts (min-max amounts per month and per year);
@ Route: between two ports able to receive ships of a format (in discrete number);
@ Seller-buyer price formulas based on various commodities indexes;
@ Income (uncertain): function of route and indexes;
@ Diserete-deeisions—how-many-ships-on-each-route-each-month- (relaxation)
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Context
Mathematical model

Mathematical formulation
@ Timet=1,...,T=12;
State variables I: traded amounts (starting from 0) x; > 0;
State variables II: (random) commodities indexes &;;
Decision variables: number of ships per route u;;
State equation |: x;,1 = x; + Auy;
Running cost ¢;(&,) per ship per route;
Final cost g(&7, X741);
Filtration #; generated by &;;
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Context and problem Mathematical problem

Problem
Problem
T
inf E c s U+ , X 1
ot ; (€0 - e+ (€ xrie) (1
s.t. u; € U; and F; — measurable
(dynam|c) X1 = Xt + AtUt
(final condition) X741 € X144

where u; € R", x; € R™, x; = 0;
(&) € L3(Q, F1, P; RY) Markov chain :

§t+1:f(Wt,§I,a',) t:1,...,T—1 (2)
& =&, (W) iid. rv.onRY, W, 1L &;
Fi=0(€,1<s<t);
g(¢, x) final cost function, convex w.r.t. x, Lipschitz;
c(€) Lipschitz.
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Mathematical problem
Dynamic programming (DP.) formulation

Atstaget (t=1...T):

Q(t, xt, &) == ilr)[f ci(&) - ur+ Q(t+ 1, %11,&;)
s.t. u el
Xep1 = Xt + Aty
and final cost (T + 1):

9(€r. x741) i X741 € X7y
QT + 1, X744, =
( T ér) {—l—oo otherwise

where Q(t + 1, X1, &;) = E[Q(t + 1,Xt+1,fg+1) | 771]

Difficulties
@ high dimension (u; and x;);

@ many conditional expectation calculations.
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Mathematical problem
Feasibility

Since (¢,) only present in objective function, we note:

T
llad = (ut)t€[1,T] Z A,Ut € :{T+1, u; € ut
t=1
T
u;”d(x,) = upe Uy x+ Z AsUs € X144, Us € Ug
s=t
.
X, = Xy - ZAsus
s=t

= relatively complete recourse problem.

29 (x,) takes into account feasibility cuts.
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Context and problem Mathematical problem

ldea
@ Bender’'s decomposition for high dimension problem (x;);
@ a simple way to calculate conditional expectation (?7?);

Conditional expectation
@ space discretization (tree method);
@ regression (Longstaff and Schwartz);

@ Malliavin calculus + Monte Carlo.
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Discretization
Optimal quantization
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Figure: 2d Normal distribution and its optimal quantization
Optimal quantization : inf (|l - &l | £ T = {&',....&"}}

= E=Proj(¢§) p'= f1{Pr°ir(f):f’}“(d§)
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Quantization tree

Figure: transitional tree v.s. quantization tree

Building method

@ stochastic gradient method : Competitive Learning Vector Quantization(CLQV) (see
Bally and Pageés);

@ Gaussian case (ex. Brownian motion) : http://quantize.math-£fi.com.
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Transition probability

Denote p; the transition probability from ¢ to &, ,:

pl = P(Proirm (€101) = &4y | Projr, (£) = "C;]

in practice, computed by Monte-Carlo method

M : ;
2im-1 1{Proir, (§§”)=§1}1(ijr{+1 Er =4,

il
Py = M4 )
Zim=1 {Projr, (§7")=¢)

where M(~ 10°) is the number of sample in Monte-Carlo simulation.

Conditional expectation calculation

QU +1.x:1.6) = B[+ 1xi11.600) | £
E[Q(t+ 1,XH,1,§H_1) | é:; = Proir,(ft)]
2. Blat+ 1 x.,)

J
S

(scheme 0)

Q

(space discretization)

Q
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Stochastic dual dynamic programming
Dual dynamic programming

Forward pass (in sample)

Q(tx.&) =~ in ci(ér) - ur + Qt+ 1. xer1. & = &) ®)
zimf (&) - ur + Ot + 1, %41, 6)) ©
st X1 = X + Aty

(feasibility) ur € U89 (x;)

. . i N~ j
(optimality) P+ 1, Xe41.6) = Zf{+1€rt+1 Bl (% - xer1 +ek)| keK(t+1,8.,)

where £, = Projr, (£,).
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Stochastic dual dynamic programming
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Stochastic dual dynamic programming
Control variate for forward pass

Take the following variable as control variate for forward pass:

M-~

Voo(€§) = c(€y) - uy (7)

t=1

where u; is one optimal solution for problem (v, the optimal value):

.
(lgf) Z E[c(&,)] - ur (8)
! t=1

;
s.t. Z Atl; € X744
t=1
u; € Wy t=1,...,T
Evaluate E[c:(£;)] by quantization: E[¢:(§;)] * Eeer, pici(¢)

E[ver(§)] = Vo 9)
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Algorithm Stochastic dual dynamic programming

Algorithm I

Forward pass (upper bound)

Step 1

Step 2

Initialization
Letuy € II;”" current control and calculate state variable x.
Let v0 = —co.
Go to Step 2.
Forward pass
Simulate M Markov chain following (2);
Att=2,...,Tdo
form=1,...,M;do
calculate &' = Projr, (¢€7);
solve the subproblem (6).
v™ optimal value of scenario &™.
1

Compute the forward statistic v = W >

and s = - /2, (v - V)2,

Mg m
m=1

Go to Step 3.
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Stochastic dual dynamic programming
Dual dynamic programming

Backward pass

Qltxi &) =int el&) v+ QU+, xig,4]) (19
ziDrf c,(fi)-ut+ﬁ(t+1,xt+1,§;) (1)
s.t. Xt+1 = Xt + AtUt
(feasibility) ur € W (xq)
o : Bl (x* )
(optimality) Pt +1,x41,6) 2 [Zg{+1er,+1 By (xi - X1 +ex)| keK(t+1.6.4)

where &, = Projr, (&)
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Stochastic dual dymamic programiming
Algorithm Il

Backward pass (lower bound)

Step 3 Backward pass
Att=T,...,2do
form=1,...,M, do
solve the subproblem (11) on all vertices in I;
calculate new optimality cuts and add them to vertex (t — 1,&;1).
Att=1
solve the subproblem;
calculate the backward value v, it the iteration number.
Go to Step 4.
Step4 Check stop condition
If vit e [v—1.96s,v + 1.96s] and |v!! — v!~1| < €[V
STOP;
else
go to Step 2.
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Numerical test

Price dynamic

2
NF(s+10-MF(s0) = oWi-20 i
&=F(tt) = F(0,t)exp [0',-

=1,....d
t—1 2
(o
Ws - ?I(t_1)]
s=1

where F(s, t) the forward contract price at time s with maturity t;
W; a d—dimension i.i.d. r.v. N(0, X);

7

e

7

Figure: F'(o,t) OIL price (US$ /barrel)
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Numerical test

Portfolio
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Figure: A supply and demand portfolio, as well as the possible route. a: producing country; e: consuming country.

Scandinavia

Asia
¥

Port Annual QC. Monthly QC. Price formula (in $/MMBtu)
Caribbean 50.0 [0, 6.0] NANG - 0.1
Scandinavia 25.0 [0,3.0] 0.050IL + 25 if OIng 75
0.070IL + 1.0 elsewise
) 09NANG +0.4 ifNANG<5
North Af 100.0 0, 12.0
or riea [ ! 0.8NANG + 0.9 otherwise
North American 85.0 [0, 8.0] NA NG
EU NG (3 random)
Ei 70.0 0, 7.0
urope [0, 7.01 0.0550IL + 0.8 (2 random)
Asia 20.0 [0, 4.0] 0.080IL - 0.8
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Numerical test

Result (2d)

Quantization size: N = 8000;

Algorithm parameter: M; = 3000 to 6000, M, = 8 to 12;
Process parameters oy = 0, = 66%, p12 = 0.3.
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Result (2d)

Quantization size: N = 8000;
Algorithm parameter: M; = 3000 to 6000, M, = 8 to 12;
Process parameters oy = 0 = 66%, p12 = 0.3.

seconds
seconds
~
S
T
I

0 1 2 3 4 5 6 0 1 2 3 4 5 ]
Figure: forward time-consuming Figure: backward time-consuming
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Result (3d)

Quantization size: N = 30000;
Algorithm parameter: M; = 3000 to 6000, M, = 8 to 12;
Process parameters oy = 0, = 03 = 66%; p12 = 0.7,p13 = 0.2, 003 = 0.4.

-100

110

-120 \ﬁ ar}{)ass value without c.v. —e— 7|

\ \
\ canfidence interval without c.v. —e—

130 \ ‘J" forward pass value with c.v. —s— |
"e" confidence interval with c.v. —8—
backward pass value
140 1 | 1 1
0 5 10 15 20 25

iteration
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Numerical test

Result (3d)

Quantization size: N = 30000;

Algorithm parameter: M; = 3000 to 6000, M, = 8 to 12;
Process parameters oy = 0 = 03 = 66%; p12 = 0.7, p13 = 0.2, p23 = 0.4.
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Figure: forward time-consuming

3000 T

- 2500 - -

- 2000 - -

1500 [ -

I
seconds

R 1000 -~ q

iteration

ZCENetal. (INRIA, CMAP-X & TGPL)

iteration

Figure: backward time-consuming

Management of a LNG contract portfolio Fime, June 2010, HEC 18/25



Heuristic method for integer solution

Heuristic method for integer solution

Idea

Using the Bellman function obtained in continuous relaxation to simulate the integer strategy.
After converge in continuous problem, solve integer strategy in forward pass.

Qtxe&) ~inf clg) ur+ QU+ 1xegs & =€)

(14)
Sinf o G(§) - un+HO(t 1. 6) (15)
St Xep1 = Xt + Aty
(feasibility) ur € 2" N 1G9 (x;)

(optimality) It + 1, X1, ) = [Z;’{+1ert+1 B (X - xe41 +ek)| keK(t+1,8,,)
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Heuristic method for integer solution

Problem and result

Relaxed problem

Port Cargo Size Annual QC. Monthly QC. Price formula (in $/MMBtu)
Caribbean 3 [46, 54] [0,6.0] NANG - 0.1
- 0.050IL +25 if OlL <75
Scandinavia 8 (21, 29] (0,301 0.070IL + 1.0 elsewise
) 0.9NANG + 0.4 fNANG<5
4 104 12.
North Africa 196, 104] [0.12.0] 0.8NANG +09 otherwise
North American 3,4 [81, 89] [0, 8.0] NA NG
Europe 3,4 [66, 74] [0,7.0] 0.0550IL + 0.8
Asia 3,4 [16, 24] [0, 4.0] 0.080IL — 0.8
v
Result
upper Bound  c.v. of upper bound  lower Bound Ve (9)
Continuous -54.0464 1.79238 -54.7472 -31.5404
Integer -31.8133 4.29456 nan -28.0352
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CV@R approach

Problem with CV@R

Problem with CV@R

(inf) E [YT+1] + /lCVaRp(YT+1) (16)
ut
s.t. u; € Uy and F; — measurable
(dynamic) Xt41 = Xt + Atul
(final condition) XT4+1 € X744

;
YT = Z e~"er(&) - uy
=

.
where 1 > 0 and B € (0,1);
CV@R
CVaRy(Y) = inf z + (1 -B)7'E[(Y - 2)4] (17)
p4s
v
(inf)]E [Y] + ACVaR4(Y) = (in)f E[Y+2(z+ (1= (Y-2)1)] (18)
ut ut ),z
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DP. formulation with CV@R

DP. formulation

Q(t,xt, Y. €1,2) = UIQL ci(é)ur + Q(t+ 1. X141, Vi1, 64, 2) (19)
1Mt
s.t. Xep1 = Xt + Aty Yepr = Yo+ e a(é)ur
The first stage :
Qt=1,x=0,Y1=0,§y) = inf (&)Ut + Q2. X2, Y2, £4.2) (20)
uq€lly,zeR
s.t. Xo = X1 + A4 Yo=Y +e ¢ (51)U1
The final stage :
/1(2+ (1=8)" (Y741 —Z)+) if X741 € X744
QT +1, X741, Y741, 67,2) = . 21
(T + 1, X741, Yr41.€7.2) {oo; otherwise (21)
v
Lemma
Q(t, xt, Y1, &4, 2) is a convex function of (x:, Yi, z).
v
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First error analysis

Stability of optimal value

Theorem (W. Rémisch 06)
Under some assumptions, there exist positive constants L and ¢ such that:

Ival(€) — val(&)| < L(IiE - €ll, + Dy(&.€))

hold for all random element & € IP (same as &) with ||€ — &np < ¢, where

T-1
Di(£8) = _inf > flu—E[ulFillly v Il — E[GIF
ueS(£),0eS(¢) =

Fi=0(&,:0<s<t)
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First error analysis

Stability of optimal solution

Theorem (W. Rémisch 06)
Under previous assumptions, and that the solution sets S(£) and S(&) are nonempty, then

there exist positive constants L and € such that

dluo(Sc(£), Sc(£)) < =(II€ - €llp + D; (£.€)) (22)

m |

hold for any € € (0, €), where
;

Dj(£.8) = sup > IIE[uif] - EluiFllls

llullyr <1 4=

do(C.D) := lminf{n> 0| CUpB c D+7yB,DUpB C C + B}
o

Fime, June 2010, HEC 24 /25
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Convergence rate of distortion

(distrotion of quantization) DP = 1€ - §||’°
(optimal distrotion) DiP = inf DiP
IF<N

Theorem (Zador 82)
Assume that E||&||PT7 = fz |EIPTu(d€) < oo for somen > 0. Then

Jim (N3 DAP) = Jpaligll o (23)
where u(d€) = ¢(u) - A4(d€) + v (14 Lebesgue measure on R?), and v L 4. The constant
Jp.a cOrresponds to the case of the uniform distribution on [0, 1]¢ (or any Borel set of
Lebesgue measure 1).

quantization tree: inf ||€ - &, = (X1, D¥P P _ O(N-'/9) where N = SN,
<N p t=1 =N, t=1
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