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Almost sure optimal hedging strategy

Problem 1: hedging errors due to discrete rebalancing
e Payoff: g(Sr) with d-dimensional It6 diffusion (5;);>¢
e Price function: u(t,x) = E(g(S7)|S: = x) (zero interest-rate)
e Price process: Vi = u(t,S¢) = u(0, Sp) +f0 xu(0,Sy) - dSy.
e Rebalancing strategy along time grid: t={0=tp < ... <t; < ... <ty =T}
e Hedging portfolio based on 7:

VY =u(0,So) + /Ot D,.u, ) - dSp,
where p(t) = max{t; € w: t; < t}.
e Hedging error: N =V, — VF — /t (Dxu@ — Dxugp(@)) - dSeg.
Purpose: compute the optimal grids wominimizing a.s.
N(Z¥)r

as N — oo, over the set of deterministic and stopping times strategies 7.
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Problem 2: optimal timing for portfolio utility maximization
e Utility function U: concave, C', 17, U’'(07) = 400 et U'(+0o0) = 0;
e Initial wealth V' is given;
e Given an allocation strategy (d;);, terminal wealth process V;
e Problem: maxs,), E(U(V})) =? §* =7

e Solution in complete market: we recover a pricing problem. Set
I[:=({U')"!and Ly := Z%];:T, then Jyg > 0
V, — EQ(G_ ftT rsdsI(yOe— f(;r rSdSLT)’ft)-

BUT

e in practice, the portfolio reallocation is done at discrete times (once a
month. . . ).

e What is the best timing for this portfolio utility maximization?

~» Similar issue to optimal hedging error
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Organization of the talk

1. Literature background
2. Lower bound and minimizing strategy 7 (of hitting time type)

3. Results for almost sure convergence of Brownian stochastic integrals, related

increments. . .
4. Numerical experiments

5. Extensions
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Almost sure optimal hedging strategy 1. Literature background

1. Literature background
r={0=ty<..<t;<..<ty=T}, ZN = [ (Dyusg— Dyu,pg) - dSs.

e Weak convergence: \/NZ¥ weakly converges to a Gaussian mixture

— when 7 is deterministic [Bertsimas, Kogan, Lo ’01; Hayashi, Mykland ’05]
(under rather weak assumptions)

— when 7 consists of stopping times [Fukasawa ’11] (under conditions easy to
check in dim 1, and hardly tractable in higher dimension)

e [, norm: [E(ZY)? = E(ZN)t (under the RN measure)

— for uniform grids: E(ZN)p ~ CN~% where a € (0, 1] is the fractional
regularity index of g(ST); [Zhang’ 99, G’-Temam ’ 01, Geiss-Geiss ’ 04,
Geiss-Hujo’ 07, G’~-Makhlouf ’10]

— appropriate deterministic non uniform grids give E(ZN)p ~ CN~1;

— best n-stopping times [Martini-Patry ’99] (optimal multi-stopping pb);

— Asymptotic minimization over stopping times: lim inf E(N)E(ZN)r.
Convex payofl in dimension 1, mainly within BS model [Fukasawa 10].
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2. Lower bounds and minimizing stopping times
Asymptotic framework
e Positive deterministic real numbers (&,,),>0 such that > . &2 < 400

e Strategy (indexed by n =0,1,...) = sequence of stopping times

T ={ry =0< ' <. <7/ <..< 7']7\1,% =T} (@ N7 may be random).

1

o Let pn € [1,%5). A sequence of strategies (7"),,>¢ is admissible if a.s.

sup (e, ' sup sup  [Sg —Ssn_|) < +oo, sup (e2/NN§.) < 4o0.
n>0 1<i<NZ te(rP 7] . n>0
e Deterministic times: if py > 1, a sequence of strategy with N ~ Ce, 2/

deterministic times and mesh size sup;<;<yn AT < Ce?PrN is admissible.

e Hitting times of random "ellipsoids": the strategy given by

7 i—1

7—6’/ — O’ 7_7’L e 1nf {t Z T’Ln—l . (St - Sng_l)*HTn (St - STin—l) > E%} /\ T7

defines an admissible sequence if H is a continuous adapted positive-definite
d X d-matrix process.
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Purpose:

1. Compute the a.s. liminf N.(Z™)T over the set of admissible sequence of
n—oo

strategies.
2. Provide a minimizing sequence.

Assumptions

e Model of d risky assets: Sy = Sg —|—/
0
To simplify o, = o(¢,.S¢) with o(.) Lipschitz.

t t
b.ds —I—/ 0sdBs. W.l.o.g. b =0.
0

e Pathwise ellipticity: 0 < A\pin(otoy), VO<t <T.

e First Greeks are a.s. finite in a small tube around the (¢, .S;):

P <lim sup  sup (}Dixu(t,x)} + ‘Dfxu(t,x)’ + }Dixxu(t,x)b < —|—oo> = 1.

0—=00<t<T |x—S¢|<5
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Main results

LEMMA (MATRIX EQUATION) Let ¢ € S¢(R). Then, there is a unique solution
z(c) € S(R) to the equation 2Tr(x)x + 4x* = ¢? and ¢ — z(c) is continuous.

THEOREM (LOWER BOUND) Let X be the solution of the matrix equation with
¢ := 0*D? uco. Then, for any admissible sequence of strategies,
T
liminf NG (Z™)1 > (/ Tr (X¢) dt)2, a.s..
n—-+oo 0
THEOREM (MINIMIZING SEQUENCE) For any p > 0, we can exhibit an admissible
sequence of strategies such that

T
lim sup |N%<ZH>T — (/ Tr(X¢)dt)?
0

n—-+oo

<puC, as.,

where the random variable C), is a.s. finite (locally uniformly in p).
e If the Gamma matrix is positive-definite (unif. in (¢,w)), we can take p = 0.

e The p-optimal strategies are of the hitting time form ~~ deterministic times

are suboptimal.
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Explicit representation of the optimal strategies

Let x(.) € C*(R) with 1j_ 1/9) < x(.) < 1j_co,1]- Set xu(z) = x(z/p).

e In the one dimensional case, the p-optimal stopping times read 73 := 0 and

€n
Tin

=inf¢t>7", St — AT.

t ST.“_1| >
VIDZ s |/V/6 + pxu (D2 | |/V6)

Rebalancing frequency depends on the Gamma of the option.

e In the general case, we have to set
Ay = (o, )Xot and ALY = Ay + o (Amin (Ag)) Lg.
Then the p-optimal strategy is defined by

B inf {t >yt (Se— Sep ) A (Sp—Spn ) > eﬁ} AT.

1

~» Hitting times of ellipsoids.
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About the assumption

(k) P <lim sup  sup (}Dixu(t,x)} + ‘Dfxu(t,x)} — }Dixxu(t,x)b < —|—oo> = 1.

0—00<t<T |x—S¢|<6

e In the BS model in dimension 1, for Call option g(S) = (S — K),: OK because the
strike K is negligible for the law of St.

e Digital payoff g(S) = 1s>k: OK

e General diffusion with smooth coefficients:
— g(S) = ®(S) where ® is smooth: OK
— g(S) = 1scr®(S) and F is a closed set which boundary has zero

Lebesgue-measure: OK under ellipticity or hypo-ellipticity assumption.

~+ includes all the "usual" continuous and discontinuous payoffs.

e Open issue: find a payoff g violating the (¥ )-condition.
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3. Almost sure convergence results

A new general result inspired by Borel-Cantelli, Lenglart, Karandikar, Bichteler works.
LEMMA. Let /\/lf{ be the set of non-negative measurable processes vanishing at ¢ = 0.
Let (U™),>0 and (V™),>0 be two sequences of processes in M .

Assume that

1. the series Z Vi converges for all t € [0,T], almost surely;
n>0

2. the above limit is upper bounded by a process V & /\/l[f and that V is continuous

a.s. ;

3. there is a constant ¢ > 0 such that, for every n € N, k € N and ¢ € [0, 7], we have
E[U{ne, ] < cE[Vire, ]
with the random time 0 := inf{s € [0,T] : Vi > k}

Then for any ¢t € |0,7|, the series U converges almost surely. As a
y g
n>0

a.s.
consequence, U;* — 0.
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A direct application

COROLLARY. Let p > 0 and let {(M;")o<t<7 : n > 0} be a sequence of scalar continuous

local martingales vanishing at zero. Then,

Z(Mn>$/2<—|—oo a.s. < Z sup |M{|P < 400 a.s..

n>0 n>0 0<t<T

A non-trivial application

aA Directly estimating A7;" = 7" — 7;°.; is very difficult since the distribution is not

explicit. But the key lemma gives

ProprosiTION. Consider an admissible sequence of strategies and let p > 0. Then

Z e 2P +2N Z (AP < +00  a.s..

n>0 T8, <T

Since p is arbitrary, we get

—2
COROLLARY. For any p > 0, we have sup (Eﬁ sup ATin) < 400 a.s..
n>0 1<i<NZ
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Another non-trivial application

PROPOSITION. Let
1. 7 = (7")n>0 be an admissible sequence of strategies,

2. ((M{")o<t<T)n>0 be a sequence of R-valued continuous local martingales s.t.
(a) (M™); = fot a, dr for a non-negative measurable adapted o™

(b) there exists a non-negative a.s. finite random variable Cy, and a parameter
@ > 0 such that

0<al <Cu(|Sr = Som)? +1r—e()|?), YO<r<T,Vn>0, as.
Then,

1. for any p > O: Z (5ﬁ_(1+9)p+2pN Z sup |My — Mg(t)|p) < 400, a.s..

n
n>0 BT T Sty

2. for any p > 0: sup <8ﬁ_(1+0) sup sup |Mg — Mg(t)|> < 400, a.s..
n>0 1<i<N7 77, <t<7?
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4. Numerical experiments
Model: 1 and 2-dimensional Geometric Brownian Motion with
e Sj =100, S§ = 100
e 01 = 30%, 090 =40%, p=50%, T =1
o ¢, = 0.05
o =0

We plot the quadratic variation (Z")r versus N7 for different strategies

(optimal, uniform, fractional).
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Almost sure optimal hedging strategy 4. Numerical experiments

1d - Call option: K = 80,100,120. Left: (Z");. Right: |Z}|
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4. Numerical experiments

1d - Binary option:
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4. Numerical experiments

2d - Call Exchange Option:
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Almost sure optimal hedging strategy

9(51) = Lsi>s2

2d - Binary Exchange Option
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N7 (w)<Z”>T(;J)
(ST Te(x)dt) ()

Comparison of (3 (w) = for different strategies

10° |-

10' |-

B deterministic

p

stochastic

"x" "+" and the blue line correspond respectively to "(Ostochastic, Suniform )"

n n : : :
(6stochastica ﬁfractional) and the ldentlty fllIlCthIl.
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5. Extensions

e The volatility process can be only locally Holder continuous;
e For some results (lower bound), ellipticity in one direction is sufficient;

e We can extend results to exotic options, using extra state variables:
1. Y = (Y")1<i<a is a vector of adapted continuous non-decreasing processes
(a) Asian options : Y/ := fot Slds and g(z,y) := (21<i<d Ty’ — K)4, for
some weights m; and a given K € R.
(b) Lookback options : Y := maxg<s<; S? and
g(x,y) == Z1§j§d(77jyj - W;'xj)
2. price process: u(t, S, Yy) = u(0, Sy, Yo) + fot D, u(s,Ss,Ys) - dSs
3. for some py > 4(py — 1)

sup (g;PY sup |AYTZ7%‘><—1—OO a.s..
n>0 1<i<NZ

e Asymptotic analysis can be extended to take into account transaction costs.

o &l (with M. Rosembaum): a.s. statistical inference.
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