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Introduction

Deficiencies of Black-Scholes model
Black-Scholes model oversimplifies market mechanisms, e.g.:
lack of

transaction costs,
uncertain volatility,
market illiquidity,
...

Improvement: Consider models with nonlinear volatility term:

Nonlinear Black-Scholes Equation

Vt +
1
2
σ2(t ,S,VSS) · S2VSS + (r − q)SVS − rV = 0
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Non-linear Models

Transaction Costs Model

Leland’s model

σ2
Le(t ,S,VSS) := σ2

0 · (1 + A · sign(VSS))

A :=

√
2
π

k
σ0
√
δt

(Leland-number),

σ0 volatility of the underlying, k round-trip costs,
δt time between adjustments of portfolio
limited applicability: A ≤ 1

H. E. Leland
Option Pricing and Replication with Transactions Costs.
Journal of Finance, 40 (5), 1985
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Non-linear Models

Transaction Costs Model

Soner’s and Barles model

σ2
SB(t ,S,VSS) := σ2

0 ·
(

1 + Ψ(er(T−t)a2S2VSS)
)
,

Ψ′(x) =
Ψ(x) + 1

2
√

xΨ(x)− x
, x 6= 0, and Ψ(0) = 0

a parameter for the transaction costs and risk aversion,
equation is obtained by utility maximation

G. Barles and H. M. Soner
Option pricing with transaction costs and a nonlinear Black-Scholes equation.
Finance and Stochastics, 2 (4), 1998
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Non-linear Models

Uncertain Volatility Model

UV model

σ2
ALP+(t ,S,VSS) :=

{
σ2

max : VSS ≤ 0
σ2

min : VSS > 0

volatility unknown, but assumed to lie between σmax and σmin,
V (S, t) are costs of dynamic hedging under worst-case volatility
path

M. Avellaneda, A. Levy and A. Parás
Pricing and hedging derivative securities in markets with uncertain volatilities.
Applied Mathematical Finance, 2 (2), 1995
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Non-linear Models

Market Illiquidity Model

Frey’s illiquidity model

σ2
FP(t ,S,VSS) :=

σ2
0

(1− ρSVSS)2

ρ parameter for the liquidity of the market
market is not perfectly liquid, thus feedback effect on the
underlying by hedging strategy

R. Frey and P. Patie
Risk Management for Derivatives in Illiquid Markets.
Advances in finance and stochastics, Springer, 2002
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Discretization

Preparations

log-money and reversed time

x = log
S
K
, τ =

1
2
σ2

0(T − t), u(x , τ) = e−x V (S, t)
K

transformed problem

−uτ + σ̃2(τ, x ,ux ,uxx ) · (ux + uxx ) +
2r
σ2

0
ux = 0, for x ∈ [A,B], τ ∈

[
0,
σ2

0T
2

]
u(x ,0) = Λ(x),

u(A, τ) = α(τ ; A),

u(B, τ) = β(τ ; B).

e.g. for Call: αC(τ ; A) = 0, βC(τ ; B) = 1− exp
(
− 2r
σ2

0
τ − B

)
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Discretization

Discretization in space and time

!0

!1

!N

A=x
0

B=x
M

"!

space
A = x0 < . . . < xM = B

time

τj = j ·∆τ,∆τ :=
σ2

0T
2N

finite-differences

w j
i ≈ u(xi , τj)

δxw j
i ≈ ux (xi , τj)

δxxw j
i ≈ uxx (xi , τj)

Γj
i := δxw j

i + δxxw j
i
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Discretization

BDF, Crank-Nicolson and BDF2

Replace differential-quotients by difference-quotients:

BDF (θ = 0) and Crank-Nicolson (θ = 1/2)

−w j+1
i + w j

i + ∆τ · (1− θ)

[
σ̃2(τj+1, xi , Γ

j+1
i ) · Γj+1

i +
2r
σ2

0
δxw j+1

i

]

+∆τ · θ

[
σ̃2(τj , xi , Γ

j
i) · Γ

j
i +

2r
σ2

0
δxw j

i

]
= 0

BDF2

−3w j+1
i + 4w j

i − w j−1
i + 2∆τ

[
σ̃2(τj+1, xi , Γ

j+1
i ) · Γj+1

i +
2r
σ2

0
δxw j+1

i

]
= 0
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Discretization

A non-linear (non-smooth) System

Write these equations neatly as

F(wj+1; wj) = 0,

respectively,
F(wj+1; wj ,wj−1) = 0,

where F = (F0, . . . ,FM)T : RM+1 → RM+1

Boundary data are incorporated by

F0(wj+1) := w j+1
0 − α(τj+1; A)

FM(wj+1) := w j+1
M − β(τj+1; B)

Caution: System might be non-smooth.
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Discretization

Generalized Jacobian

While ∂σ̃2(τ,x ,Γ)
∂Γ does not necessarily exist, the generalized derivative

∂(σ̃2(τ,x ,Γ)·Γ)
∂Γ exists.

Generalized Derivatives

Le:
∂(σ̃2(τ, x , Γ) · Γ)

∂Γ
=

{
1 + A : Γ ≥ 0
1− A : Γ < 0

SB:
∂(σ̃2(τ, x , Γ) · Γ)

∂Γ
=
(
1 + Ψ(αiΓ) + αiΓΨ′(αiΓ)

)
with αi := e2rτ/σ2

0 a2Kexi

FP:
∂(σ̃2(τ, x , Γ) · Γ)

∂Γ
=

1 + ρ · Γ
(1− ρ · Γ)3

ALP+:
∂(σ̃2(τ, x , Γ) · Γ)

∂Γ
=

{
σ2

max : Γ ≤ 0
σ2

min : Γ > 0
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Discretization

Generalized Jacobian

In this sense define

Jacobian for BDF and CN

∂Fi

∂w j+1
k

= −
w j+1

i

∂w j+1
k

+ ∆τ · (1 − θ)

(
∂(σ̃2(τj+1, xi , Γ

j+1
i )Γj+1

i )

∂Γj+1
i

·
∂Γj+1

i

∂w j+1
k

+
2r
σ2

0
·
∂(δx w j+1

i )

∂w j+1
k

)

and

Jacobian for BDF2

∂Fi

∂w j+1
k

= −3
w j+1

i

∂w j+1
k

+ 2∆τ ·

(
∂(σ̃2(τj+1, xi , Γ

j+1
i )Γj+1

i )

∂Γj+1
i

·
∂Γj+1

i

∂w j+1
k

+
2r
σ2

0
·
∂(δx w j+1

i )

∂w j+1
k

)
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Discretization

Algorithm

Data: model; option parameters; payoff Λ(x)
Input: θ, temporal discretization N; spatial discretization M; cut-off interval

[A,B]

Output: w j
i for j = 1, . . . ,N and i = 0, . . . ,M

Set w0 ←− Λ(x);
for j = 0, . . . ,N − 1 do

Set τ ←− (j + 1) ·∆τ ;
Set wj+1 ←− wj ;
repeat /* Newton iteration */

Compute F(wj+1) ;
Compute DF(wj+1) ;
Solve DF(wj+1)∆w = −F(wj+1);
Set wj+1 ←− wj+1 + ∆w;

until ‖∆w‖ < ε;
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Convergence

Convergence Results

Theorem (Convergence of BDF)

The fully implicit BDF scheme converges to the viscosity solution,
whenever σ̃2(τ, x , Γ)Γ satisfies the following conditions:

1 σ̃2(τ, x , Γ) · Γ is continuous and monotone increasing in Γ

2 there exists a constant c+ > 0 so that for all Γ ∈ I and ε > 0

σ̃2(τ, x , Γ + ε) · (Γ + ε) ≥ σ̃2(τ, x , Γ) · Γ + c+ · ε

3

c+
2− h

h
≥ 2r
σ2

0
.
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Convergence

Convergence Results

1 σ̃2(τ, x, Γ) · Γ is continuous and monotone increasing in Γ

2 ∃c+ > 0 ∀Γ ∈ I, ε > 0 : σ̃2(τ, x, Γ + ε) · (Γ + ε) ≥ σ̃2(τ, x, Γ) · Γ + c+ · ε

3 c+
2−h

h ≥ 2r
σ2

0

Theorem (Convergence of CN)

The Crank-Nicolson - scheme converges to the viscosity solution,
whenever σ̃2(Γ)Γ satisfies conditions (1)-(3) and:

5 there exists a constant c− > 0 so that for all Γ ∈ I and ε > 0

σ̃2(τ, x , Γ− ε) · (Γ− ε) ≥ σ̃2(τ, x , Γ)Γ− c− · ε

6

∆τ ≤ h2

c−
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Convergence

Assumptions on Volatility term

With the generalized derivative one can compute:

c+ = min
Γ∈I

(σ̃2(Γ) · Γ)′

c− = max
Γ∈I

(σ̃2(Γ) · Γ)′

Pascal Heider (EET) Methods for non-linear BS - Equations 11. January, 2013 19 / 37



Convergence

Assumptions on Volatility term

Transaction costs (Leland)
c+ = 1− A
c− = 1 + A

Uncertain volatility model

c+ = σ2
min

c− = σ2
max
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Convergence

Assumptions on Volatility term

Transaction costs (S. & B.)

c+ = O
(

Γ−1
)
, Γ→ −∞

c− = O (Γ) , Γ→∞

Illiquidity model

c+ = O
(

Γ−2
)
, Γ→ −∞

c− →∞, Γ→ 1/ρ
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Convergence

Proof of the Theorems (Sketch)

Theorem (Barles, Souganidis)
Any monotone, stable and consistent scheme converges to the unique
viscosity solution.
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Convergence

Proof of the Theorems (Sketch)

1 Monotonicity :

Definition
A discretization is monotone if

for all i = 0, . . . ,M

Fi (wj+1 + εj+1,wj + εj ) ≥ Fi (wj+1,wj )

with εj+1 = (0, . . . ,0, εj+1
i−1,0, ε

j+1
i+1,0, . . . ,0) ≥ 0,

εj = (0, . . . ,0, εj
i−1, εj

i , ε
j
i+1,0, . . . ,0) ≥ 0 and

Fi (wj+1 + εj+1,wj ) ≤ Fi (wj+1,wj )

with εj+1 = (0, . . . , εj+1
i , . . . ,0) ≥ 0,
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Convergence

Proof of the Theorems (Sketch)

1 Monotonicity :
E.g.: Perturb w j+1

i−1 7→ w j+1
i−1 + ε, ε > 0

δxw j+1
i 7→ δxw j+1

i − ε
2h

δxxw j+1
i 7→ δxxw j+1

i + ε
h2

Γj+1
i 7→ Γj+1

i + ε 2−h
2h2

Fi (w j+1
i ,w j+1

i−1 + ε,w j+1
i+1 ,w j

i ) =

− w j+1
i + w j

i + ∆τ

[
σ̃

2
(
τj+1, xi , Γ

j+1
i + ε

2− h

2h2

)(
Γ

j+1
i + ε

2− h

2h2

)
+

2r

σ2
0

δx w j+1
i −

2r

σ2
0

ε

2h

]
≥

− w j+1
i + w j

i + ∆τ

[
σ̃

2
(
τj+1, xi , Γ

j+1
i

)
Γ

j+1
i + c+ · ε

2− h

2h2
+

2r

σ2
0

δx w j+1
i −

2r

σ2
0

ε

2h

]
≥

Fi (w j+1
i ,w j+1

i−1,w j+1
i+1 ,w j

i )
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Convergence

Proof of the Theorems (Sketch)

2 Stability:
Stability guarantees that ‖wj‖∞ is bounded for any j = 0, . . . ,N
Follows from the monotonicity of the scheme and the maximum
principle

3 Consistency:
local discretization error of BDF vanishes as ∆τ,h→ 0
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American Options

Complementary and penalty formulation

Complementary formulation

As in linear Black-Scholes case:

Vt +
1
2
σ2(t ,S,VS,VSS)S2VSS + (r − q)SVS − rV ≤ 0

V − V ∗ ≥ 0(
Vt +

1
2
σ2(t ,S,VS,VSS)S2VSS + (r − q)SVS − rV

)
= 0 ∨ (V − V ∗) = 0


Penalty formulation

Idea: add a positive penalty term p̃ to ensure V (S, t) ≥ V ∗(S)− ε.

Vt +
1
2
σ2(t ,S,VSS)S2VSS + (r − q)SVS − rV + p̃ ·max(V ∗ − V ,0) = 0.
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American Options

New co-ordinates

log money and revesed time

x = log
S
K
, τ =

σ2
0

2
(T − t), u(τ, x) = e−x V (t ,S)

K

transformed complementary formulation

With Γ := ux + uxx ,

uτ − σ̃2(τ, x , Γ)Γ− 2(r − q)

σ2
0

ux +
2q
σ2

0
u ≥ 0

u(τ, x)− u∗(x) ≥ 0 for all τ ∈
[
0,
σ2

0T
2

]
uτ − σ̃2(τ, x , Γ)Γ− 2(r − q)

σ2
0

ux +
2q
σ2

0
u = 0 ∨ u(τ, x)− u∗(x) = 0
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American Options

New co-ordinates

log money and revesed time

x = log
S
K
, τ =

σ2
0

2
(T − t), u(τ, x) = e−x V (t ,S)

K

transformed penalty formulation

uτ − σ̃2(τ, x , Γ)Γ− 2(r − q)

σ2
0

ux +
2q
σ2

0
u − p(u∗ − u)+ = 0

Transformed volatility σ̃ explicitly known by model

Transformed payoff u∗ also known explicitly
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American Options

Finite Differences for Penalty Formulation

Replace differential quotients by difference quotients:

BDF (θ = 0) and Crank-Nicolson (θ = 1/2)

w j+1
i − w j

i = ∆τ(1− θ)
[
σ̃2(τj+1, xi , Γ

j+1
i )Γj+1

i +
2(r − q)

σ2
0

δxw j+1
i − 2q

σ2
0

w j+1
i

]
+ ∆τθ

[
σ̃2(τj , xi , Γ

j
i )Γj

i +
2(r − q)

σ2
0

δxw j
i −

2q
σ2

0
w j

i

]
+ p(w∗i − w j+1

i )+

finite differences

w j
i ≈ u(xi , τj ) δxw j

i ≈ ux (xi , τj )

δxxw j
i ≈ uxx (xi , τj ) Γj

i := δxw j
i + δxxw j

i
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American Options

Finite Differences for Penalty Formulation

Write this equation for fixed j compactly

Fj (W j+1; W j ) = 0

with Fj (W j+1) := (F j
0(W j+1), . . . ,F j

M(W j+1))T

boundaries are included by

F j
0(W j+1) := w j+1

0 − µ(τj+1, xmin)

F j
M(W j+1) := w j+1

M − ν(τj+1, xmax)

Caution: The system is not differentiable!
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American Options

Finite Differences for Complementary Formulation

With
Gj

i (W
j+1) := F j

i (W j+1) + p · (w∗i − w j+1
i )+

define the function Gj : R(M+1) → R(M+1) by

Gj(W j+1) := (Gj
0(W j+1), . . . ,Gj

M(W j+1))T .

discrete complementary problem

Gj(W j+1) ≥ 0

W j+1 −W ∗ ≥ 0

Gj(W j+1) = 0 ∨ W j+1 −W ∗ = 0.
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American Options

Numerical Scheme

Set W 0 by w0
i ←− u∗(xi ) for i = 0, . . . ,M;

for j = 0, . . . ,N − 1 do
Set τ ←− (j + 1) ·∆τ ;
Set W j+1 ←−W j ;
repeat /* Newton iteration */

Solve DFj (W j+1)∆W = −Fj (W j+1);
Set W j+1 ←−W j+1 + ∆W ;

until ‖∆W‖/‖W j+1‖ < ε;

DFj(W ) is the generalized Jacobi-matrix and is known explicitly
DFj(W ) is tridiagonal, usually 2-3 Newton iterations per level
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American Options

First Results

General assumptions
Assume that ∆x ,∆τ are sufficiently small, such that

σ̃2(τj , xi , Γ
j
i)
(
− 1

2∆x
+

1
∆x2

)
− r − q
σ2

0∆x
≥ 0

1− θ∆τ

(
σ̃2(τj , xi , Γ

j
i)

2
∆x2 +

2q
σ2

0

)
≥ 0

and assume that
the transformed volatility σ̃(τ, x , Γ) is bounded
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American Options

First Results

Satz (M-matrix)

The Jacobian matrix DF j(W j+1) is a M-matrix.
Consequently, DF j(W j+1) is regular and the linear system

DF j(W j+1)∆W = −F j(W j+1)

can be solved by Gaussian elimination without pivoting.
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American Options

First Results

Lemma (Stability)

Let W j+1 be a solution of Fj(W j+1) = 0. Then,

‖W j+1‖∞ ≤ C∗

with a positive constant C∗ which depends only on the payoff u∗(x).
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American Options

Penalty formulation −→ Complementary formulation

Theorem
Assume that the stability condition

∆τ

∆x2 < c1.

Then, for ∆τ,∆x → 0

Gj (W j+1) ≥ 0

W j+1 −W ∗ ≥ −C
p

Gj (W j+1) = 0 ∨
∣∣W j+1 −W ∗∣∣ ≤ C

p

The constant C > 0 is independent of the penalty term p, ∆τ and ∆x.

Hence, W j+1 solves the discrete complementary formulation for p →∞.
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Numerical Examples
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Numerical Examples

Case Study 1 - Transaction costs (Soner and Barles)

Plain put

K = 100,T = 0.25
r = 0.1,q = 0.01

σ = 0.25,p = 106

4. Numerische Auswertung

 

 
a = 0.03
a = 0.01
a = 0

Va

S
80 100 120 140

0

10

20

Abbildung 4.2.: Abweichung der Optionswerte eines Puts im Modell von Barles und

Soner zum Zeitpunkt t = 0 in Abhängigkeit von a.

Binärer Call im Modell von Avellaneda

Als erste Anwendung auf exotische Optionen analysieren wir das Konvergenzver-

halten für einen Binären Call bei Verwendung des Modells von Avellaneda. Die

Auszahlungsfunktion des Binären Calls ist nicht stetig. Da wir eine amerikanische

Option bewerten, wird diese immer ausgeübt werden, sobald S den Wert K erreicht,

da die Auszahlung den dann erzielten Betrag von eins nie überschreiten kann. Daher

werden wir bei der Konvergenzuntersuchung den Optionswert an der Stelle x = −0.1

auswerten, dies entspricht für K = 100 einem Wert von S ≈ 90.48. Der Optionswert

an dieser Stelle liegt unterhalb des festen Auszahlungsbetrages und macht eine Kon-

vergenzuntersuchung möglich. Zudem liegt der transformierte Aktienkurs x = −0.1

in der Nähe des Wertes x = 0, durch welchen die Nichtlinearität des Modells dieses

Optionstyps begründet ist. Auch für diese Option vergleichen wir wieder die berech-

neten Werte für den Zeitpunkt τ = σ2
0
2 T . Die weiteren Parameter der Option seien

durch r = 0.07, q = 0.02 und T = 1 gegeben, die des Modells durch σmin = 0.18

sowie σmax = 0.22 und die der Diskretisierung durch xmin = −6 und xmax = 4. Au-

ßerdem setzen wir wieder p = 1 · 106. Die Ergebnisse der Konvergenz in ∆τ sind in

Tabelle 4.7 dargestellt. Hier haben wir M = 200 konstant gehalten und N variiert.

Die Bedingungen der Konvergenztheoreme sind unter Verwendung dieser Parameter

85

optimal convergence rates for BDF and Crank-Nicolson
penalty parameter p ≈ 106 sufficient
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Numerical Examples

Case Study 1 - Transaction costs (Soner and Barles)
4. Numerische Auswertung

 

 
a = 0.03
a = 0.02
a = 0.01
a = 0

t

Sa(t)
75 80 85 90 95 100

0

0.05

0.1

0.15
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Abbildung 4.9.: Early-Exercise-Kurve Sa(t) eines Puts in Abhängigkeit des Parame-

ters a im Modell von Barles und Soner.

4.4. Early-Exercise-Kurve

Abschließend möchten wir untersuchen, wie die sich aus den Aufsprungpunkten erge-

bende Early-Exercise-Kurve verhält, wenn wir der Berechnung ein nichtlineares Mo-

dell zugrunde legen. Wir vergleichen die Early-Exercise-Kurve für verschiedene Para-

meter der nichtlinearen Modelle mit der Kurve des linearen Black-Scholes-Modells.

Durch die verwendete Diskretisierung ergibt sich statt der eigentlichen Kurve ei-

ne Treppenfunktion. Auf diese wenden wir eine lineare Interpolation oder kubische

Splineinterpolation nach [SB02] an und betrachten die resultierende Kurve für unsere

Analyse. Zunächst möchten wir jedoch noch näher auf die Entstehung dieser Kurve

eingehen. Wir wissen, dass wir bei amerikanischen Optionen Aufsprungpunkte für

jeden Zeitpunkt t ≤ T erhalten (siehe Kapitel 3). Trägt man diese Aufsprungpunk-

te für alle t in einer Kurve auf, so erhält man die Early-Exercise-Kurve. Da diese

Punkte im Voraus nicht bekannt sind, sind wir daran interessiert, sie im Nachhinein

zu berechnen.

Put im Modell von Barles und Soner

Als Erstes untersuchen wir den Verlauf der Early-Exercise-Kurve eines Puts im Mo-

dell von Barles und Soner. Dazu wählen wir dieselben Parameter wie schon in Kapitel

99
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Numerical Examples

Case Study 2 - Uncertain Volatility

Butterfly Spread

K1 = 90,K2 = 110
r = 0.1,T = .25

and

σmax = .25, σmin = .15
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Numerical Examples

Case Study 2 - Uncertain Volatility

Choose:

M = 1000,A = −5,B = 3

for stability :

∆τ ≤ (0.008)2

σ2
min

,

thus
N ≥ 44

Conv. Rates
BDF (diamonds) : -1
CN (1) (stars) : -1.99
BDF2 (circles) : -2.63
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Numerical Examples

Case Study 3 - Transaction costs model (Leland)

Binary Option

K = 100,T = 1
σ0 = .2, r = .1

and

A = 0, .5, .8, .9, .99
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Numerical Examples

Case Study 3 - Transaction costs model (Leland)

Choose:

M = 512,A = .95

for stability :

N ≥ 160

Plots are for N = 10:

wrong solution for CN
and BDF2! 0 50 100 150 200
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

Barrier Option - DO

B = 80,K = 100,
σ0 = 0.2, r = 0.1,

T = 1

and

a = 0,0.01
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Plot with BDF, M = 300
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

BUT
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

BDF, a = 0 BDF, a = 0.01
M N Value Difference Ratio Value Difference Ratio

150 40 0.01367 0.00027 0.03303
300 80 0.01355 0.00015 1.86 0.03394 0.00009
600 160 0.01348 0.00007 2.01 no conv.

1200 320 0.01344 0.00004 2.03 no conv.

no convergence for large M and a > 0
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

WHY?
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

Jump discontinuity at xi∗ at τ = 0: thus Γ0
i∗ = O(−1/h2)

Remember: c+ = O(Γ−1) = O(h2) for Γ→ −∞
stability condition c+

2−h
h ≥ 2r

σ2
0

will be violated for h→ 0

Consider a Call:
Γ0

i∗ = O(1/h)

c+ = O(Γ−1) = O(h) for Γ→ −∞
stability condition c+

2−h
h ≥ 2r

σ2
0

can be satisfied for h→ 0
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Numerical Examples

Case Study 4 - Transaction costs (Soner and Barles)

Call option

K = 100, σ0 = 0.2
r = 0.1,T = 1

and

a = 0,0.01,0.05
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BDF BDF2 CN (1)
M N Value Difference Ratio Value Difference Ratio Value Difference Ratio
64 150 0.14269 0.14280 0.14280

128 300 0.14554 0.00285 0.14560 0.00280 0.14560 0.00280
256 600 0.14622 0.00068 4.21 0.14629 0.00065 4.29 0.14625 0.00065 4.29
512 1200 0.14639 0.00017 3.93 0.14641 0.00016 4.12 0.14641 0.00016 4.11
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Numerical Examples

Case Study 5 - Illiquidity model

Consider: Bull Spread as before, ρ = 0.01
We get c+ = O(h2)

Expect convergence problems for large M

BDF BDF2
M N Value Difference Ratio iter Value Difference Ratio iter
64 25 0.02671 3.0 0.02624 3.0

128 50 0.02118 -0.00552 2.86 0.02118 -0.00505 2.78
256 100 0.01982 -0.00137 4.04 2.59 0.01991 -0.00127 3.97 2.53
512 200 0.01975 -0.00007 19.79 2.39 0.01984 -0.00007 18.15 2.34

1024 400 0.01991 0.00016 -0.44 2.28 0.01998 0.00014 -0.51 2.26
2048 800 0.01947 -0.00004 -0.38 2.77 0.01491 -0.00506 -0.03 2.59

CN (1)
M N Value Difference Ratio iter
64 25 0.02624 3.0

128 50 0.02117 -0.00507 2.74
256 100 0.01990 -0.00127 3.98 2.49
512 200 0.01983 -0.00007 19.54 2.33

1024 400 0.01998 0.00014 -0.46 2.245
2048 800 1.18652 1.16654 4.84

schemes destabilize for large M
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Numerical Examples

Case Study 5 - Illiquidity model

Butterfly Spread

K1 = 90,K2 = 110
r = 0.1,T = 1.

and

ρ = 0.01
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Summary

Summary

1 Convergent, implicit schemes for non-linear BS-equations

2 Stability of the scheme can be checked a priori

3 Stability must be checked to avoid spurious solutions

4 Behavior of the scheme depends strongly on the model equation

5 Behavior depends on the payoff profile

Pascal Heider (EET) Methods for non-linear BS - Equations 11. January, 2013 36 / 37



Summary

Disclaimer

The information contained herein is for informational purposes only and may
not be used, copied or distributed without the prior written consent of E.ON
Energy Trading SE. It represents the current view of E.ON Energy Trading SE
as of the date of this presentation. This presentation is not to be construed as
an offer, or an amendment, novation or settlement of a contract, or as a
waiver of any terms of a contract by E.ON Energy Trading SE. E.ON Energy
Trading SE does not guarantee the accuracy of any of the information
provided herein.

Pascal Heider (EET) Methods for non-linear BS - Equations 11. January, 2013 37 / 37


	Non-linear Models
	Discretization
	Convergence
	American Options
	Numerical Examples
	Summary

