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Description of the problem

General framework
A robustness lemma

® (Xn)n>0: a Markov chain taking values in (Ep, Ep)n>0, With
@ initial distribution on Ey: 19 = Law(Xop);
@ Markov transition from E,_1 to Ep: Mn(xn—1, dxp).
e f,: a sequence of non-negative measurable payoff functions on Ej.

e For any measurable function .1 defined on Exi1, Myi1(¢k+1) stands for the
conditional expectation function on Ej:

Mit1(ers1)(x) = / M1 (Xi, dx1) Prr1(Xk+1) s xk € Ex
Ex41

E (@1 (Xe1) | Xk = xk) -

Goal: to compute the Snell envelope u, given by

up, =",
{ uy = Hk+1(uk+1) =f V Mk+1(uk+1) , forany 0 < k<n,

(1)
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Description of the problem @] G

A robustness lemma

e Backward operator Hy, for k < 1 < n:

g = Hrg1(uksr) = i V M1 (ups1)
ue = Hi(u), forany k</<n
Hi,y = Hip10Higr,s, with the convention Hy , = Id .

e Lipschitz property: for any functions u, v on Ey,
[k i(u) = Hi (V)] < My (Ju—vI) - (2)
e Backward approximation operator ﬁk+1:

Uk = Har1(Tks1) = fi V M (Tign) -

® Local error  [Hyq1(u) — ﬁk+1(“)‘ < e = Bl + [(Mies1 — Miir)(w)].

@ Error propagation:  ug — U = i, [ﬁk,/(Hlﬂ(U/H)) — Hye/(Hisa(uis1))]

Lemma 1: Robustness Lemma

For any 0 < k < n, on the state space Ej.

n n—1
luk =k <Y Milfi = il + > Micyl(Mia — Miga)upal
1=k 1=k
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Description of the problem

General framework
A robustness lemma

Applications to bound the error induced by ...

Cut-off type models
Euler approximation models
Interpolation type models

Quantization tree models

e 6 66 o o

Monte Carlo approximation models . ..
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Broadie-Glasserman models

e Broadie-Glasserman models
@ Path space models
@ Broadie-Glasserman models (1)
@ Broadie-Glasserman models (I1)

e Robustness of the Snell envelope

djane and B. Remillard
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Path space models
Broadie-Glasserman models 3roadie-Gl rman models (1)

Broadie-Gl rman models (I1)

e Path-space Markov chain

@ X, Markov chain with transitions M, (x,_1,dx;) from E/_, into E}.

@ X,=(X§,...,X}) € En=(Ejx...x E}) Markov chain with transition kernels

xk—1 = (Xs-ooix_y) € Bk

M (x—1,dyi) =9 dyx—_1) M, (y,_4,dy;), for an; {

( 1, dyk) xi—1 (dyk—1) My (yr—1, dyi) , y Vi = (s> vL) € Ex -
e Change of measure to replace the conditional expectation by a simple expectation

() = K04) Vi (Resa (ks )t )

where the weighting factor Ry is given by

dMj 1 (xgs )

Ri1 (X Xper1) = d (k1) -
Mk+1
e Approximation with the random Monte Carlo operator I\A/IL from E] into ELH
R N
Mi 2 Oy 1) = Tga (dih 1) Rist (X, Xky) » where = = > Ogi
N=
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Path space models
Broadie-Glasserman models Broadie-Glasserman models (1)

Broadie-Gl rman models (I1)

Broadie-Glasserman models ([2] (2004)) (I)

e Monte carlo approximation 7, = %Z,N:l 55,' , associated with
k

] fk = (gi)lg,'SN iid ~ Mk on EL
@ (&k)o<k<n are independent.

e Local error

(M1/<+1 - ML+1)(X;/<’ dX;/<+1) = [Mkt1 — ﬁk+1](dxl/<+1) Rk+1(XL1XL+1) )

Theorem 1: BG1

For any integer p > 1, we denote by p’ the smallest even integer greater than p. Then

for any time horizon 0 < k < n, and any x; € E/, we have

——
o

Vs (164040~ H0DI)F < 2006) 3 { [ Mo s (R et

k<i<n
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Broadie-Glasserman models 3ro man models (1)

Broadie-Glasserman models (I1)

Broadie-Glasserman models ([2] (2004)) (II)

o Alternative BG model Suppose Rj;1 is not known (i.e. cannot be evaluated at any
point of E;;1). This may occur if we chose 7,11 = law(X/H) as the sampling
distribution.

o Assumption: My (x!_;,-) < An with

dM;(x)_y, +)

(Mo Halxhrxp) = =2

(X)) >0, Y(x\_i,x)) € (E,’,fl X E,’,) ,

where H, is supposed to be known up to a normalizing constant.
® L(Xj 1) =t Nk+1 < Ak41, with the Radon-Nikodym derivative

Mer1(dxs1) = MeMir (dxir) = Mk (Hir1 (5 Xig1)) Akra(dies) -
=> The backward recursion of the Snell envelope v} becomes
dM;_ . (x,,.)
k+1 Xk
o) = AV ([ mealda) T ) ()
Eiq Mk+1

Hicp1(xf )1 1)
M (His1 (5 %1 41))

fi () v (// Mier1(dxk 1) U/’<+1(X//<+1)> -

Ek+1
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Broadie-Glasserman models (I1)

o Approximation model @} (x;) = f/(x,) V I\A/ILH(X}’(,ﬁ’kH) ,  where

Hii1 (X Xpy1)

MI/<+1(XI/<7 dX/:+1) = ﬁk+1(dxz/<+1) Rk+1(XI/<7XI/<+1) with Rk+1(X//<7X//<+1) = S (Hoalox )
Tik( k+1('7xk+1))

e Local error For any even integer p > 1, and measurable function f on E;
N N p 1 . 1
VN By (| [Mis = 1) (GO 171)? <2 a(p) M [(Ria (X, )6)P)?
e Assumption (H)1

2
IM] 1 (i) < o0

I+1
)1 Hip1 (< %/ 11) . 2
SUPx/ y/€E/ W”(ﬁ) < higa(xgyy) with ||M/l+1(h/+pl)” <o,

Theorem 2: BG2

Under the conditions (H)o and (H)1, for any even integer p > 1, any 0 < k < n, and
x;, € EJ, we have

VIV E (|u () = B0)|)? < 2a(p) 32 (M2 (B2 IME 1 (w0 )1)
k<I<n
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A genealogical tree based model

e A genealogical tree based model
@ Neutral genetic models
@ Particle approximations of the Snell envelope
@ Convergence analysis
@ Numerical simulations

e Robustness of the Snell
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A genealogical tree based model

Neutral genetic models (&) := (&}),<,<p € EN
Selection ~ ~ ~ Mutation
el — &=(&),__, €& G €Ely . (3

@ Initialization: & = (gé)OSiSNO, i.i.d. random copies of Xg.
@ (Neutral) selection: select randomly N path valued particles Ek = <§AL> cien
1<i<
among the N path valued particles &, = (5{()13,-3,\/.
© Mutation: & ~» &, every selected path valued individual E;( evolves randomly to
a new path valued individual ££+1 = x randomly chosen with the distribution

Mi;1(EL, x), with 1 < i < N.
o= (Gt &)
G = (&8 8u) €B= (B x ... X E)

( (€o,kr1s € kr1r -+ Ehoern) s EL+1,I<+1>

x
|

m
=
T
-

I

= ( (E(i),k’ gi,k?"" a(,k)? 5;l<+1,k+1) = (EL7€L+1,k+1) .
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A genealogical tree based model

Neutral genetic models

e Let n}’(v and ﬁLV be the occupation measures of the genealogical tree model after the
mutation and the selection steps;

1 1
N . ) >N . .
M= E 552 and 7 = N g 6@ .
1<i<N 1<is<N

Forward algorithm

Initialization At time step k = 0, generate N i.i.d. random copies of Xo and set
& = (gb)OSISN
At each time step k=1,--- ,n

@ Selection: For each i =1,--- , N, generate independently an

indice /; € {1,--- , N} with probability P(/; = j) = 1/N.
~ I

Thenset§ |, =&/ ;.

@ Mutation: For each i = 1,---, N, generate independently N
i.i.d. random variables (&, ,)o<i<n according to the transition

kernel I\/I{((.éifl,li'fp )
Then set §, = (&, _1,& 4)-
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Particle approximations of the Snell envelope
Convergence analysis

Nume simulations

A genealogical tree based model

Convergence of the occupation measures to the underlying measure

Lemma 2: Convergence of the particle approximation of the measures

For any p > 1, we denote by p’ the smallest even integer greater than p. In this
notation, for any k > 0 and any f € IL,/(nn), we have the non asymptotic estimates

VA E ([l =l )[) " <2 a(p) 1Flly (04 1) - )
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A genealogical tree based model - o
& g Num mulations

e Particle approximation of the Markov transitions I\/IL

2N ((1x o mk) (f o mrp1)) _ D1<i<n ]'X(&-;(,n) f(§L+1,n)
N ((1x o 7k)) ' 2i<i<n ]‘X(gli,n) 7

for every state x in the support Ek,,, of the measure n,’,v o 7rk_1.

M4y (F)(x) =

e Approximation model of the Snell envelope

oy [ RGOV M (uin)(x) Yx € Eip
() = { 0 otherwise .

In terms of the ancestors at level k, this recursion takes the following form
O (6n) = i (€hn) V Mica (@130) (80) » V1IN

Backward algorithm

Initialization At time step k =n, forall i =1,---, N, set &n(&} ,) = F(&] ).
At each time step k=n—1,-.-,0,forall i=1,--- N set

I .
Ej:l ”k+1(§lk+17,,) 1§JI; =&

k,n

k(&) = fi (&) V
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Neutral genetic models
Particle approximations of the Snell envelope

Convergence analysis

A genealogical tree based model o Sl
Numerical simulations

Assumption: finite state spaces

Lemma 3:

For any p > 1, and 0 < i < N we have the following uniform estimate

sup || Mia(N(E]) = Mia (F)CE])

| <em/VN, (5)
P
with some finite constants c,(n) < co depending on the parameters p and n.

<oo. (6)
P

SUPN>1SUPo</<k<n

nLV(lg;)k om)~!

Theorem 4

For any p > 1, and 0 < i < N we have the following uniform estimate

2B H(Uk = )&k )

|, < (/v (M

Moreover, the bias of the genealogical tree based estimator is always positive.
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Numerical S|mulat|ons

Price dynamics and options (Examples from Bouchard and Warin [4])

@ Asset prices (X;) follows a geometric Brownian motion under the risk-neutral

measure,
dX
t()frdt—i-odzt, for assets i =1,---,d , (8)
X ()
where z/, for i = 1,--- ,d are independent standard Brownian motions.
@ Interest rate r is set to 5% annually, )~(t0(i) =1, foralli=1,---,d, volatilities

o; = 20% annually, maturity T = 1 year, 11 equally distributed exercise
opportunities.

@ Two different payoffs:
@ a geometric average put option with strike K = 1 and payoff

(K =TI, Xr(i)+

@ an arithmetic average put option with strike K = 1 and payoff

(K= 330, Xr(i)+

@ Benchmark values for the geometric and arithmetic put options (taken from [4])

[ Number of assets “ 1 [ 2 [ 3 [ 4 [ 5 [ 6

Geometric Payoff 0.06033 | 0.07815 | 0.08975 | 0.09837 | 0.10511 | 0.11073
Arithmetic Payoff || 0.06033 | 0.03882 | 0.02947 | 0.02403 | 0.02046 | 0.01830
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Finite state space approximation

e State space partitioning: quantization-like approach
At each time tx, k = 1,--- , n, we build a finite state space

Eo = {Xy}, and Ec={SL..-.sV},
composed of discrete points S/}, RN SLV/ that will be referred to as sites.

e Finite state space Markov chain
We define a finite state space Markov chain (X])«—o,... .n on (Ex) such that

Xé:)N(to, and for k=1,---,n,
P(Xi=SlIX_ =5 1) =P (% € Vi X, =S ,)

where V,{ denotes the Voronoi cell associated to the site Si in the the discrete set Ej
and (X¢,) is the Markov process verifying (8) observed at the discrete times tg, - - - , tn.
To simulate a transition of (X/)k=o,... ,n from S, ;| € E,_1 to the time step k:
© Simulate th according to I\~/Ik($,’;717 -), where I\7Ik denotes the transition kernel
of the continuous state space Markov chain verifying (8)

Q Set X] = S,’;*, where SL* is the nearest neighbor of )?tk among elements of Ej.

P. Del Moral, P. Hu, N. Oudjane and B. Remillard On the Robustness of the Snell envelope



Neutral genetic models

Particl mations of the Snell envelope
Conver ce analy

Numerical simulations

A genealogical tree based model

Complexity

e The major part of the computing time is spent in the forward step for simulating the
discrete space Markov chain (X}).

One has to compute a nearest neighbour among N’ sites which finally leads to a
complexity of order O(NN’) by time step, for the whole set of N particles.

e The approximation error can be decomposed into two terms:
@ The state space discretization error bounded, according to [8], by W;

Q The error induced by the genealogical tree algorithm, could be bounded, by

N1/2’ for a given positive real g > 0.

e Trade-off between the size of the space N’ and the number of particles N

d
minimizing the global error, N’ = O(N284+2),

(1+2B)d+2
— Complexity O(N 28d+2 ),
- Error bound —&—
N2Bd+2

In our numerical simulations, 8 = 1/2 so that the complexity grows with the
dimension from N4/3 N3/2 N8/5 ... N2 for dimensions d = 1,2,3,--- , co.
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A genealogical tree based model

Comparison with the quantization algorithm

Error (in % of the option value) for the geometric and arithmetic
put options of
@ Genealogical algorithm with N = 25000 particles and
N = N3 sites
2d+42
=> complexity N d+2
@ Quantization algorithm with N = 25600 quantization points,
(taken from [4]) within parenthesis.
=> complexity N?.

Number of assets d=3 d=4| d=5 d=26

Geometric Put error

(in % of the option value) 2(2) 7(8) | 14 (15) | 17 (22)

Arithmetic Put error

(in % of the option value) 3.5 (3.5) | 10 (8) | 15 (16) | 14 (17)
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the geometric put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,
the whiskers extend from the box out to the most extreme data value within 1.5 IQR

(Interquartile Range) and red crosses indicates outliers.
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the geometric put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,
the whiskers extend from the box out to the most extreme data value within 1.5 IQR
(Interquartile Range) and red crosses indicates outliers.
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the geometric put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,
the whiskers extend from the box out to the most extreme data value within 1.5 IQR
(Interquartile Range) and red crosses indicates outliers.
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the arithmetic put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,

the whiskers extend from the box out to the most extreme data value within 1.5 IQR

(Interquartile Range) and red crosses indicates outliers.
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the arithmetic put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,

the whiskers extend from the box out to the most extreme data value within 1.5 IQR
(Interquartile Range) and red crosses indicates outliers.
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Boxplots for estimated option values (divided by the benchmark values) as a function
of the number of particles for the arithmetic put-payoff. The box stretches from the
25th percentile to the 75th percentile, the median is shown as a line across the box,

the whiskers extend from the box out to the most extreme data value within 1.5 IQR
(Interquartile Range) and red crosses indicates outliers.
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