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Controlling Carbon emission without financial market

The Business-as-usual Optimal Production

e Consider a producer with Profit rate function
7:(q) 1 [0, T] x @ x Ry — R, C!, increasing strictly convex in g

e The company’s objective function is :

)

Then the optimal production of the company is characterized by :
871} 0
‘e - 0

8q (qt)

This induces a total quantity of carbon emissions

El = / e:(qg:)dt which is not supported by the producer...

0
e The EU ETS aims at incurring a cost to the producer so as to lﬁ
obtain an overall reduction of the carbon emissions:
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Controlling Carbon emission without financial market

Taxing Carbon Emissions Witout Trading

e o : amount of tax to be paid per unit of carbon emission

(40 — —100 Euros per Ton)

e Suppose emissions are taxed at the end of period which happens
to coincides with the horizon of the company. Then the company's
objective is :

sup E [U </0T7Tt(qt)dt —a (E - EmaX)+>]

q.20

e Direct calculation leads to

Ome 2oy _ 98 70\ g@
8q (qf) - aaq (qf)]Et ]I{E_’?_?>Emax}

T a? *
o (37 o)
_0 + Y
v’ <f0T Wt(fyg)dt—a<E.7f —Emax> )} lg

dQ@® _
where =

E¢




Controlling Carbon emission without financial market

Comments on Optimal Production with End-of-period
Taxation

e The production firm assigns an individual price to its emissions :

— Q@
-
Then the profit rate function becomes 7:(q) — e:(q)S¢ and the
optimal production is dertermined by the zero marginal profit
condition
e Non-trivial fixed point problem !
e Main difficulty for the manager : no market price for carbon

emissions...
e No incentive to reduce emissions beyond E™&*
e No mutualization, incentive to merge... ﬂ
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Introducing the Carbon Market

Market Price of Carbon Allowances

e To begin with, we assume
the market is organized in one single period

e Frictionless market, continuous trading, no constraints... Then
the No-Arbitrage condition implies that the market price of unit
carbon emission allowances is :

Se = Ef [0l{y0]

for some equivalent probability measure Q (which might be
inferred from market data)

e Here, Y7 = Tot market emissions — Total allowances on [0, T]
e The carbon emission allowance is viewed as a

derivative security defined by
the payoff Iyy, ~oy at time T ,ﬂ
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Introducing the Carbon Market

First Remarks

e Production firms have a clear incentive to reduce emissions as
they have the possibility to sell their allowances on the EU ETS

e The taxation of carbon is mutualized, so no incentive to merge
(we will see however that large producers can have a negative
impact...)

e The price of carbon is available on the market at any time, so
managers can better optimize their production scheme

e Since the market is frictionless, the initial holdings in (free)
allowances can be expressed equivalently in terms of their value in
cash

x = SoEM* lﬁ
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Introducing the Carbon Market

Problem Formulation

Given a trading strategy 6 and a production scheme g which
induces the total emissions

T
ET = / et(qt)dt
0

the firm’s cumulated profit at time T is :
T T
X+ / QtdSt + / Wt(qt)dt - OéSTET
0 0
T T
— ot [ - Eds+ [ (mu(ar) ~ Seeula) o
0 0

. x,0 q
¢ € linear vector space = sup >y E {XT + BT]

T T
where X.’;’e = x+/ 0:dS; and BY ::/ (me(qe) — Seee(qr)) dt Aﬂ
0 0



Introducing the Carbon Market

Optimal Production Scheme

Want to solve

qs;og?e}E [U (X;’e + BqT)}

where dX;ﬂ = 9td5t and CIB;7 = (Trt(qt) — Stet(qt)) dt
e Partial maximization with respect to q :

oy = 528
8q(%) = Staq(qt)

e Notice that gf < ¢

e Here, optimal production scheme completely decoupled
from the trading activity ,ﬂ
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Introducing the Carbon Market

Optimal Trading Strategy

t
Let B! := B?-l and E} ::/ er(qt)dt, want to solve :
0
x,0 1
sn;pE [U <XT +B ﬂ
In the context of a complete market, the solution is given by :
T 1 n-1(,1dQ
X+ (0: — E;) dSe+ B = (U) Y ap
0

where the Lagrange multiplier y! is defined by :

E? [(U’)_l (ﬁﬁﬂ = x+E%[B]
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The Case of a Large Emission Firm

Large Emission Firm with No Impact on the Risk-Neutral
Measure

e \We now assume the total emission YT is the final value of the
process

dYtq = (Ht—f—ﬁet(qt)) dt""}/tth

— Notice that the total emissions at t < T is not observed. Only
{Y7 > 0} is observed at time T
— Y; is the market view of the total emissions at time t

e Assume the risk-neutral measure is not impacted by g, and the
market price of carbon emission allowance is :

S{ = aE? []I{y$>0}}
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The Case of a Large Emission Firm

Optimal Production Scheme

Want to solve

sup E[U(Xp"+ B
q.20, 0

where

T T T
X;—’G =X +/ thstq and B?— = / Ft(qt)dt — 5;’—/ et(qt)dt
0 0 0

Proposition Assume the market is complete. Then, the optimal
production scheme g! is the solution of

sup E¢ [BY] = EY [Bqu} ,
q.20
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The Case of a Large Emission Firm

Proof of the Proposition

Since the market is complete, we perform the partial maximization
with respect to 6 by duality =

sup E [Uo (U)! <y"f/%>] (1)

q.20

where the Lagrange multiplier §9 is defined by
d
E|0) (5992 = x+EQ[BY] (2)
dP
Notice that U o (U')~! decreasing and % > 0, then (1) reduces to

inf{y9: q >0}

Since (U')~1 is also decreasing, (2) converts the problem into
sup {]EQ BY]: q. > 0} ﬂ



The Case of a Large Emission Firm

Further Characterization in the Markov Framework

e Let Y be Markov, m:(q) = 7(q), e:(q) = e(q), and define :

T
V(t,e,y) = 5U>POE9e,y [/ m(qe)dt — aETly, <0
q.> t

Then, V solves the Dynamic Programming Equation :

oV

1
0= ot + (1 — Ay) Vy + 572 Vyy + max{7(q) + e(q)(Ve + 5Vy)}
q>0

together with the terminal condition V(T e,y) = —aely,~q)
e The optimal strategy is defined by

7 (a®@) = —¢(d?) (Ve +8Y))

Notice that —V, = S; and V, > 0, so q® < g lﬂ



The Case of a Large Emission Firm

Large Carbon Emission Impacting the Risk-Neutral Measure

Folowing the previous partial maximization with repect to 6, we
reduce the production firm’s problem to

s [Uo () (77 G )|

where 79 is defined by EQ* [(U’) ( q9 dQ )} = x +EY [BY]

and
T 1 T
_ exp<— | Aapowe—3 [ A(qt)%/r)
0 2 0

Specialize the discussion to the exponential utility U(x) = —e

we obtain :
q dQ
Q a4
= a4 D ()] ) )
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The Case of a Large Emission Firm

DPE in the Markov Framework

Let Y be Markov, m(q) = 7(q) and e:(q) = e(q), and define

. ! 1, ((dQ%/dP)r
V(tey) = SL;%Etey [/t (Qt)dt_aET5T+ In <(dQ‘7/d]P’))]
T A 2
= sl | [ (nte + 550 )"f—aETﬂ{YT>°}]

Then, V solves the Dynamic Programming Equation :

oV 1
0 = 9t +uVy 5 Vi

max {ﬂq) oM@+ (@)Va t 5%) ~ (@ vy}

together with the terminal condition V(T e,y) = —aely,~q) lﬂ
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The Case of a Large Emission Firm

Comments on Large Emission Firm Impacting Risk-Neutral
Measure

e For "nice" risk premium A(q), the optimal strategy is defined by

(a) = e () o) - (6
Notice that —V, = S; again, but, it is not clear whether
q® < g 11

e The case of infinite risk-aversion...

e In fact, if A(q) is not "nice", the firm manager has a dominating
position. The benefit from trading can dominate the carbon

taxation, so that emissions can increase significantly compared to

the Business-as-usual situation !

e Concentration of carbon emission firms may induce an increase of

the total emissions lﬂ

Nizar TOUZI Carbon Emission Market



The Case of a Large Emission Firm

Numerical experiment

Goal ! : Understand the behavior of the difference term

T(ea)/) = _%(ta 6(3))6\/}’“‘7 Yt7 Et)
N, . 1 N
+67q(t7 q(3)) <7V)$3)(ta Yta Et) - E)\(L q(3))>

Let
m(q) = q(1—q), e(qg) =A(q)=q, =1
Then, the Dynamic Programming Equation is :
1 1
Ve +uVy + 5’72Vyy + % (1+Vet+(1- V)Vy)2 =0
and

_2n(1—7) 1
T(e,y) = 27— 1 VY+27;—1(1+V6) lﬂ
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The Case of a Large Emission Firm

Numerical scheme

The main difficulty is the semi-linear terms.
= Time-splitting discretization :
o first part : solve the diffusion in a time step,
@ second part : solve the coupling between the advection part
with the non-linear effects (relaxation scheme).
The parameters are © = 0.1, v = 0.65, n = 5 and the final time is
T =10

Donnée final
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The Case of a Large Emission Firm

The value function

Fig.: The solution of the dynamic programming equation V3(e,y) at
time t = 0.2
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The Case of a Large Emission Firm

Market manipulation

Fig.: The difference term 7(e, y) at time t = 0.2 @
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