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Abstract

This article presents an input convex neural network architecture using Kolmogorov-Arnold networks
(ICKAN). Two specific networks are presented: the first is based on a low-order, piecewise-linear repre-
sentation of functions, and a universal approximation theorem is provided. The second is based on cubic
splines, for which only numerical results support convergence. We demonstrate through simple tests that
these networks perform competitively with classical input convex neural networks (ICNNs). We then use
the networks to solve optimal transport problems that require a convex approximation of functions and
demonstrate their effectiveness. Cubic-ICKANSs produce results similar to those of ICNNs.

1 Introduction

Recently, Kolmogorov-Arnold networks (KANs) have been introduced as an alternative to multilayer percep-
trons for high-dimensional function approximation, based on the Arnold-Kolmogorov representation theorem
[19]. Arnold and Kolmogorov demonstrated [14] that a multivariate continuous smooth R valued function f
on a bounded domain can be expressed as a finite composition of sums of continuous single-variable functions.
Specifically, if f is continuous on [0, 1]™, then

2n-+1 n

f(x) = Z Vi ®;(z5) | (1)

where ®; ; : [0,1] — Rand ¢, :R—R,i=1,...,2n+1, j =1,...,n. Since the one-dimensional functions
1) and ® can be highly irregular or even fractal, it has been demonstrated that they may not be practically
learnable [12] 24]. To address this issue, Kurkovd in [I7, Theorem 1] proposed considering an approximate
representation f,, instead of an exact one for a continuous function f, also extending the outer sum to m
terms instead of 2n + 1, with m intended to be large and greater than 2n + 1. More recently, under the
assumption that f is a-Holder (0 < o < 1) and also using m terms on the outer summation, [28] constructed
an approximation f,, with ®; ; C? converging to f in the sup norm as m increases (see also [J] for another
construction approximating the function in the sup norm). In this work, we follow the approach of [19].

Firstly, they suggest not restricting the outer sum in[1{to 2n + 1 terms but to m terms and define a KAN [t"
layer, Il = 0,..., L, as an operator wf’n,q from [0, 1]™ to R%:
m
(7//£n,q($))k- = Z Q) i(x;), for k=1,...,q. (2)
j=1
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Second, by stacking the layers, i.e., composing the operators 1!, | = 0..., L, they define the KAN operator
from [0,1]™ to R:

K(Jf) = w"l{L—lvd ° 71{;—127TLL—1 ©...0 ¢T1Lo,7l1 © ’(fJﬂﬂlo (Jf) (3)

Since all functions ®; 5, ; are one-dimensional, many classical numerical techniques are available to construct
implementable approximations. The implementation proposed in [19] uses B-splines and is numerically costly,
but other approximations based on wavelets [4], radial basis functions [I8, [29], and Chebyshev polynomials
[27] have been introduced to reduce computation time.

All these representations share the same limitation: the output of a layer may not lie on the grid originally
chosen for the next layer. Mapping the output, a priori in R, back to [0, 1]¢ using, for example, a sigmoid
function is possible, but this typically reduces the accuracy and slows convergence. Although [19] propose an
adaptation technique, it fails numerically. Recently, using a P1 finite-element formulation, [34] introduced
a new P1-KAN architecture that avoids this issue and established its convergence; numerical examples on
function approximation using a mean squared error (MSE) criterion and real applications such as hydraulic
valley optimization show that P1-KAN is more efficient than MLPs and all tested KAN variants.

In this article, we extend the work of [34] and propose new architectures to approximate convex functions
using convex approximations. Convexity is essential in many applications. For instance, in optimal transport,
the optimal transport map is the gradient of a convex function (Brenier’s theorem [5]). Similarly, in optimal
control, the value function may be convex or concave. For example, in gas storage optimization, it is crucial
for practitioners to preserve the concavity of the Bellman value with respect to the stock level; the marginal
cost, defined as the derivative of this Bellman value, must decrease as the stock level increases.

The approximation of a convex function while preserving convexity has been widely studied. Approxima-
tion by cuts using regression has been explored in [3] [10, [IT], [13], leading to max-affine approximations. A
max-affine representation using group-max neural networks [33] has been proposed and proved convergent,
relying on the fact that a convex function can be e-approximated by the maximum of finitely many affine
functions. Other theoretical results appear in [6], which uses a one-layer feedforward network with exponen-
tial activations inside and a log-sum-exp output, a standard convex function. Numerically, [2] introduced
input convex neural networks (ICNNs), whose convergence was proved in [7]; ICNNs have since been used in
many convex-approximation contexts, such as optimal transport [20} [I5], optimal control [7, [I], inverse prob-
lems [23], and general optimization [8]. Input-convex KANs have also been tested for modeling hyperelastic
materials [30], independently of our work.

We propose two Kolmogorov—Arnold architectures:

e The first version uses a piecewise linear approximation of the 1D functions in the KAN representation.
It is based on the P1-KAN network of [34]. Unlike other KAN architectures, it takes as input a grid
G"' defining the approximation domain and outputs both the function value and a grid G? representing
the image of G'. This explicit definition facilitates layer composition. By enforcing convexity in the
1D approximation, we develop a new network and provide a Universal Approximation Theorem.

e The second version uses a Hermite cubic spline approximation, also enforcing convexity. This network
provides a higher-order approximation, which is desirable when the gradient of the convex function is
of interest. In such cases, a piecewise linear approximation produces only piecewise-constant gradients,
which may be insufficient. However, no convergence guarantees are established.

In 2| we describe the two networks in the class of input convex Kolmogorov—Arnold networks (ICKANSs),
giving both the adapted and non-adapted grid versions (as in [34]). We compare these variants under a
mean squared error criterion and show that their performance is comparable to ICNNs. In [3] we extend



these networks to the case in which the function is convex only with respect to part of the input, yielding
partial input convex Kolmogorov—Arnold networks (PICKANSs). We compare their performance with the
corresponding partial ICNNs (PICNNs). Finally, in 4L we use ICKANSs to compute optimal transport maps
between two distributions on simulated data, illustrating the efficiency of the proposed networks.

2 ICKAN

We assume throughout this section that the target function is fully convex. In the first part, we explain
how to construct a one-dimensional convex approximation of a function on [0, 1], either using a piecewise-
linear representation or a cubic-spline one. In the second part, we detail the construction of the layers
associated with the two proposed networks and we establish a Universal Approximation Theorem for the first
architecture. In the third part, we present several numerical experiments.

2.1 Approximation of a 1D convex function f on [0, 1]

We introduce the lattice {Zo := 0} U (Z,)1<p<p—1U{Zp := 1} where the points &, € [0, 1] form an increasing
sequence indexed by p.

2.1.1 Piecewise linear approximation

For P > 0, the degrees of freedom of a P1 approximation ¢ of f are the values of the function on the lattice
leading to

¢(x) = ) ap¥y(z) (4)

M~

p=0
where (ap)p=0,...,p are approximations of (f(Z,))p=0,....p and (¥,)p=o,... p is the basis of the shape functions:
these functions have compact support in each interval [Z,_1,&p41] for p=1,..., P — 1 and are defined as:

T—2p1 A ~
{ W for z € [.’L'pfl,xp]?

Lpi1— A A
= for z € [&p, Tpt1],

Vp(z) = (5)

for p=1,...,P —1 and Uo(z) = max(l — £=2 0), Up(z) = max(-2—L=L () (see . Since we seek

T1—2o’ Tp—2p_1’
a convex function, the piecewise-linear approximation must have non-decreasing derivatives on each mesh
interval [Z,,&p41] for p = 0,..., P — 1. The trainable variables of the convex approximation are b, an

approximation of f(0), b, an approximation of f/(0), and (d;)i=1...._p_1 an approximation of f'(&;) — f(Zi_1)
fori=1,...,P.
Therefore a), ~ f(Z,) in {4|is given by:

p j—1
a, = b+z<3+2max(di70)) (&5 —@j_1), p=0,..., P, (6)
j=1 i=1

where the max is here to ensure that the approximation f’(&,) ~ b+ >-F_, max(d;,0) is non-decreasing in p.
It is also possible to adapt the grid, following [34]. In that case, the interior vertices in 0, 1[ are initialized
uniformly at random and trained to adapt to the data. This is achieved by defining, for 1 < p < P,

YL )
5 2115:16767



Figure 1: Uniform P1 basis functions on [0, 1] with P = 5.

where eq,...,ep are positive variables. Thus, b, lAy, (di)i=1,..,p—1 and (e;);=1,.. p are learned during training.
In we demonstrate the effect of adaptation on the P1-ICKAN.
2.1.2 The cubic approximation

On a mesh interval [, &,+1], the function f is approximated for = € [#,, #,+1] using a cubic Hermite spline
of the form ¢, ( T %p ) where:

Zpp1—Ip

bp(t) =f(Zp)hoo(t) + f'(2p)hio(t)(Zpr1 — &)
+ f(@pr1)hor () + f(Zp1)hin (8) (Ep1 — 2p)

and the cubic Hermite basis functions are given by

As before, we require the derivatives to be non-decreasing. Under this condition, the values (f(Z,))p=0,

must satisfy, for p =0,...,P — 1, o
£+ T (0 3y) 4 [ (ap1)) < Fipen),
Flpen) < 1) + 2T (1(3) 4 27 (1)),
Therefore the convex cubic-spline approximation on each mesh interval [Z,, £,41] forp=0,...,P—1is given
by ¢, (@fj_’}-p) with
$p(t) = aphoo(t) + aph1o(t)(Epr1 — &p) + ap 1 hor () + apyyhaa () (Epr1 — 3p), (8)



where :

P
a}o =b+ Z max(d;, 0),
5 (9)

P ~

Ti— Ti_1

ay =b+ - = (201 +al +olg) (ol —al ),
=1

o denotes the sigmoid function, and the parameters b, b, (di)i=1,...,p, (gi)i=1,... p are trainable. In the adapted
version, the variables (e;);=1,...,p determining the grid positions (£,)p=1,....p—1 are also trained, exactly as in
the piecewise-linear case. In[AZ2] we demonstrate the effects of adapting Cubic-ICKAN and optimising one
layer.

2.2 The ICKAN layers

As in the P1-KAN architecture, an ICKAN layer takes as input a hypercube defining the domain together
with the batched values z, and outputs both an estimate of the function at x and a hypercube representing
the image of the original domain. This structure ensures that the layers can be composed in a consistent
manner.

2.2.1 The P1-ICKAN layers
For the first component of the first layer, we define £, for z € [0,1]" and the hypercube G° := [0, 1]" as:

’%%,m(im G0>k =
n P P s—1 )
> <b0,k,j +> (bo,k,j + Y max(do i, 0)) (Z0,j,s — fﬁoa,sl)) o (a5), (10)
7j=1p=0 s=1 =1

fork=1,...,m.

The values (%0 j.s)s—o,... p denote the one-dimensional grid for the j* dimension of G°, and W7 for
p=1,..., P are the shape functions defined in [5] and shown in
m

The image G = H[Q,lc, G} of G° by &0 . is exactly given by:

n,m
k=1

n

P s—1
Qllc = min |f)0,kﬂ’ + Z(b()’k,j + Z max(doy;c’j,i, 0)) (.’f’,‘o)j75 - i‘o’j751)‘|
s=1

— 0<p<P —1

J= =
_ n P s—1 (11)
G, = Zmax [bo,km bo,k,; + Z(bo,k,j + Z max(do k. j.i, 0)) (Zo,j,s — ‘%O,j,sl)‘|

J=1 s—1 i—1

for 1 < k < m. Thus, the layer output is defined as
K (@, GY) = (R (2, G%), G). (12)

remark 2.1 Since the approximation is convex, the mazximum (_;i 1s attained on the boundary of the domain.



As a sum of convex one-dimensional functions in each coordinate, &9 (-, G°) has a diagonal, positive-definite
Hessian.

To ensure convexity is preserved through composition, we require each subsequent layer ,%fn q(a:, GH(I=>1)
to be convex and non-decreasing in « as in [2]. It suffices to impose ZA)UW» > 0 for all k£ and j. Thus, for [ > 1,
with G the input hypercube, we define

l%in,q(xa Gl)k -

m P P s—1

> <bl,lm +) (max(bukm 0) + > max(dij.i, 0)) (Z1,j,s — fz,j,s—l)) v (z;),
7j=1p=0 s=1 i=1

fork=1,...,q,

and the output hypercube G!*! image of G! is defined analogously to The complete layer is then defined

as
l l Al l l
Hm,q(va ) = (Hm,q(va )7G +1)' (13)

By concatenating L layers, and denoting n; the number of neurons in layer [ (as in , assuming the number
of mesh points P is fixed across neurons, we define the full network:

K () =Ry, 10k, n, 00 kg (2,[0,1]). (14)

As in [34], we propose two variants:

¢ Uniform grid. The mesh is fixed, and the trainable parameters are

A =(bo k5> bo kg (dokjyi)im1,....P—1)k=1,...n0,j=0,....nU
b1k, Bl,k,j, (dik,ji)i=1,...P—1)i=1,....L—1,k=1,....n0,j=0,...,n1_1

(br,1,5,b0,1,5, (dr,1,5,i)i=1,...P—1)j=0,...np_1 -
e Adaptive grid. In addition to A, the interior grid points are trainable, i.e.

AU (€0,5.p)j=1,...np=1,...p U (€lLjp)i=1,..Lj=1,. . np=1,.,P

where the variables e, ;, determine the grid values ; ;, via a formula similar to m

2.2.2 The Cubic-ICKAN layers
Consider again the one-dimensional lattice (£ s)s=0,...p on G® := [0,1]" associated with the jth input
dimension. We define &} ,, for

n

T € H[i‘07j,pj7£‘07j,pj+1]7 pj € {0, Y 1}, ij=1...,n,
j=1

and for the hypercube G° by

n
9 (@, GO = af 5, hoo(to ) + ad . hio(to ) (05,0, 41 — E0,5p,)

= X A A (15)
+ g jp,+1h01(to,5) + ag jp, 41711 (t0,5) (Zojp,+1 — $ojip, )

fork=1,...,m,



zj—%0,j,p;

where tg i = —— 21—
03 7 Fojp;+1—80,5,p;
Pj
o =bo, + (do.;.i,0)
@0,5,p; = 90,5 max{ao,j,i,Y),
i=1
16
o (16)
0 _ 0,5,¢ — *0,5,i—1 1 1 1 1
ag,j.p; = boj + E : 3 (20,55 + a0 ji-1 + 0(90,4.:)(a0 5 — a0,j.i-1)) -
i=1
m
The image hypercube G = H (G}, G1] is defined by
k=1
n
1 0
G, = min_ ag ;
. < 0<p<P 0,3,p
j=
. (17)
A1 _ 0 0
Gy = E :maX [a0,5.0:a0,5.p] -
Jj=1

Note that G is itself included in the image of G° under &9 ,,.
To ensure that G' coincides exactly with the image of the layer, we may truncate the output:

/i?l,m(:c,GO) = ((max(/%gym(x,Go)k,Q,lﬁ)) ,G1>.

=1,....m
remark 2.2 Due to convezity, only the minimum value needs to be truncated. Clipping the value function
reveals the effective image of the layer, which can then be used as the domain for the next layer. Semi-
Lagrangian schemes in control problems also perform clipping inside interpolations, yielding nearly monotone
schemes with provable convergence rates [32]. In practice, the original KAN architecture does not adjust its
grid to the output domain and still performs well; numerically, the effect of the truncation here is small.

Similarly to the piecewise linear case, for I > 1, G! being the hypercube defining the domain, the operator
I%in’q(fl', GY), for [ > 1 is defined similarly to |15 using

Pj

alj.p, = max(by;,0) + Y max(dy,;;,0)

i=1

instead of The output hypercube G'*! image of G' is given by an expression similar to Then the
layer is defined by:

/iinyq(CU,Gl) — ((max(fgin’q(x’Gl)hggjl))}c_l q’GH_l)'

=1,...,

The concatenation of layers is still defined by[T4] As in the piecewise-linear case, one may use either a uniform
grid or an adaptive grid.
2.2.3 Convergence results

We provide two universal approximation theorems in the piecewise-linear setting, corresponding to the
adapted and non-adapted cases.



Theorem 2.1 The space spanned by the P1-ICKAN allowing n; for
1=0,...,L—1 and L to vary for P > 1 is dense in the set of Lipschitz convex functions on [0,1]™ with
respect to the sup morm when adaptation is used.

The proof of 21]is given in[B.I] We also establish a theorem for the non-adapted case; the proof is provided
in

Theorem 2.2 The space spanned by the P1-ICKAN allowing n; for
1=0,...,L—1, L and P to vary is dense in set of Lipschitz convex functions on [0,1]™ with respect to the
sup norm when no adaptation is used.

2.2.4 Numerical Results

In this section, we compare the performance of the proposed networks with that of the ICNN. We first study
their approximation capabilities on a d-dimensional convex function, and then examine a two-dimensional
toy control example.

Numerical approximation We estimate the function

d

f@) = (ol + 11— @) + 2T Aw (18)

i=1

where A is a positive-definite matrix, using both an input convex neural network with ReLLU activation and
an input convex Kolmogorov network approximation f¢ parametrized by 6. The approximation is obtained
by minimizing the empirical version of ~

E[(f(X) = F(X))?] (19)
where X ~ U[-2,2]¢. We use the ADAM optimizer with a learning rate of 1072, a batch size of 1,000, and
perform 200,000 iterations. Based on 10 independent runs, we compute the average MSE and its standard
deviation on a validation batch of size 100,000 for different parameter choices.

For the ICNN, we consider networks with 2, 3, 4, or 5 layers, with a number of neurons chosen from
{10, 20,40, 80,160, 320}, and ReLU activation. Among all tested configurations, the ICNN yielding the
smallest average MSE is selected as the reference model.

Results for dimensions 3 and 7 are reported in ??. For the PI-ICKAN, the performance is stable across
values of P and across the number of layers. The adaptive version (P1-ICKAN adapt) performs better than
the non-adaptive one. In dimension 3, the adaptive PI-ICKAN achieves accuracy comparable to the best
ICNN, while in dimension 7 it outperforms the ICNN, despite having significantly fewer parameters.

Interestingly, the computational cost is almost independent of P and of the problem dimension, thanks to
efficient GPU parallelization. Although the P1-ICKAN uses fewer parameters than a feedforward network
of comparable accuracy, the computational time is typically three to four times larger.

In results in dimension 7 using the Cubic-ICKAN show that the approximation is good but at a
computational cost much higher than the P1-ICKAN.

We may wonder what happens if we incorrectly assume that the function to be learned is convex. We
consider

f)=A+21,z+ 2" Qr, (20)
1 0
0 —0.5
to 1 and A = 1. [2] shows the reference function and its approximation for the case d = 1 while [3] shows the

where Q = —-0.5ifd=1,Q = if d = 2, 1,4 the vector of dimension d with all components equal



Table 1: Results over 10 runs for the minimization of [19]in dimension 3 for the function in[18|: ICCN versus
P1-ICKAN. NBL stands for the number of layers, NBN the number of neurons, nbParam the number of
model parameters, while Time stands for the time in seconds for one hundred iterations of the stochastic
gradient descent.

method NBL | NBN | P | Average std nbParam | Time
Best ICNN 2 320 9.37E-05 | 8.29E-05 | 105284 0.14
P1-ICKAN 2 20 20 | 1.56E-04 | 7.39E-05 10080 0.54
P1-ICKAN 2 20 40 | 1.14E-04 | 9.79E-05 19680 0.54
P1-ICKAN 2 40 20 | 2.62E-04 | 3.68E-04 36960 0.55
P1-ICKAN 2 40 40 | 2.69E-04 | 4.65E-04 72160 0.53
P1-ICKAN 3 20 20 | 3.13E-04 | 3.10E-04 18480 0.73
P1-ICKAN 3 20 40 | 6.83E-04 | 1.04E-03 36080 0.73
P1-ICKAN 3 40 20 | 2.76E-04 | 1.90E-04 70560 0.73
P1-ICKAN 3 40 40 | 1.67TE-04 | 2.91E-04 | 137760 0.73
P1-ICKAN adapt 2 20 20 | 1.23E-04 | 4.62E-05 10940 0.66
P1-ICKAN adapt 2 20 40 | 1.93E-04 | 3.72E-04 21400 0.66
P1-ICKAN adapt 2 40 20 | 2.62E-04 | 2.97E-04 38620 0.66
P1-ICKAN adapt 2 40 40 | 1.13E-04 | 1.42E-04 75480 0.66
P1-ICKAN adapt 3 20 20 | 9.82E-04 | 2.23E-03 19740 0.88
P1-ICKAN adapt 3 20 40 | 1.93E-04 | 2.75E-04 38600 0.88
P1-ICKAN adapt 3 40 20 | 3.63E-04 | 6.50E-04 73020 0.88
P1-ICKAN adapt 3 40 40 | 5.35E-04 | 1.16E-03 | 142680 0.88

Table 2: Results over 10 runs for the minimization of [19] in dimension 7 for function in [18 ICCN versus
P1-ICKAN. NBL stands for the number of layers, NBN the number of neurons, nbParam the number of
model parameters, while Time stands for the time in seconds for one hundred iterations of the stochastic
gradient descent.

method NBL | NBN | P | Average std nbParam | Time
Best ICNN 2 320 2.39E-03 | 6.72E-04 | 107848 0.14
P1-ICKAN 2 40 10 | 8.19E-03 | 9.23E-04 21120 0.54
P1-ICKAN 2 40 20 | 3.71E-03 | 4.69E-03 40320 0.54
P1-ICKAN 2 40 40 | 1.94E-03 | 1.20E-03 78720 0.53
P1-ICKAN 3 40 10 | 9.05E-03 | 1.25E-03 38720 0.73
P1-ICKAN 3 40 20 | 2.40E-03 | 8.88E-04 73920 0.73
P1-ICKAN 3 40 40 | 3.45E-03 | 2.09E-03 | 144320 0.73
P1-ICKAN adapt 2 40 10 | 2.31E-03 | 6.88E-04 21990 0.66
P1-ICKAN adapt 2 40 20 | 2.72E-03 | 2.95E-03 42060 0.67
P1-ICKAN adapt 2 40 40 | 1.33E-03 | 1.03E-03 82200 0.67
P1-ICKAN adapt 3 40 10 | 2.69E-03 | 1.08E-03 39990 0.88
P1-ICKAN adapt 3 40 20 | 2.87E-03 | 1.89E-03 76460 0.89
P1-ICKAN adapt 3 40 40 | 2.24E-03 | 2.47E-03 | 149400 0.89




Table 3: Results over 10 runs for the minimization of [19 in dimension 7 for function in [18f ICCN versus
Cubic-ICKAN (C-ICKAN). NBL stands for the number of layers, NBN the number of neurons, nbParam the
number of model parameters, while T7me stands for the time in seconds for one hundred iterations of the
stochastic gradient descent.

method NBL | NBN | P | Average std nbParam | Time
Best ICNN 2 320 2.39E-03 | 6.72E-04 | 107848 0.14
C-ICKAN 2 20 10 | 6.66E-03 | 2.06E-03 12320 1.32
C-ICKAN 2 20 20 | 3.59E-03 | 7.64E-04 23520 1.31
C-ICKAN 2 40 10 | 3.88E-03 | 1.06E-03 42240 1.47
C-ICKAN 3 20 10 | 6.19E-03 | 2.11E-03 21120 1.79
C-ICKAN 3 20 20 | 5.04E-03 | 2.81E-03 40320 1.79
C-ICKAN 3 40 10 | 3.82E-03 | 1.64E-03 77440 2.03
C-ICKAN adapt 2 20 10 | 1.43E-03 | 6.29E-04 12790 1.49
C-ICKAN adapt 2 20 20 | 1.19E-03 | 8.76E-04 24460 1.55
C-ICKAN adapt 2 40 10 | 1.38E-03 | 1.28E-03 43110 1.65
C-ICKAN adapt 3 20 10 | 3.06E-03 | 1.66E-03 21790 2.06
C-ICKAN adapt 3 20 20 | 1.95E-03 | 1.43E-03 41660 2.07
C-ICKAN adapt 3 40 10 | 1.49E-03 | 1.11E-03 78710 2.23

error as the difference between the real function and its approximation for the case d = 2: it shows that the
error is concentrated on the axis supporting the non-convexity. The quadratic shape of the error indicates
that the network is clipping the negative eigenvalues of the hessian matrix.

A toy control example in dimension 2 We consider the simple linear quadratic problem with dynamics
ZTyp1 = Az + Bug +wy, t =0,...,N — 1,

where (x4, us, wy) € R? x R? x R?, (wy)i—o,.. N1 are i.i.d. centered Gaussian noises with covariance matrix
W € R?%2 and x is given . The control is chosen in feedback form u; = ¢;(z;) before observing the noise.
The matrices A, B € R?*2 are given. The objective is to minimize

N-1

J(J?o, (ut)t:07,,,,N_1) = E{Z (athth + utTRut) + l‘]TVQfZ‘N‘Jfo}
t=0

where Q and R are two positive semi-definite two-dimensional matrices.
The optimal control u} associated the optimal trajectory zj is given by

uf = ¢(ry) =Ky,™,
K,=—(B"P.;1B+R)"'B" P, A,

where the backward Riccati recursion is

P,=A"P\A— AP, \B(B"P,,1B+R)"'B"P 1A+ Q
Py =Qy

10
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Figure 2: Estimation of the function in for dimension d = 1 wrongly supposing that the function is convex,
network with P = 10.
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Figure 3: Error for the function in [20| for dimension d = 2 wrongly supposing that the function is convex,
network with P = 10.
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and the optimal cost function J* satisfies J*(zo) = 2] Pozo + ro with

Tt =Tt41 + Tr [Wpt+1]
N =0.

We assume that the optimal control u; is known exactly, and our goal is to approximate the convex value
function J* on [—3,3]%. Applying the optimal control to trajectories generated from a sample of (w¢)i—o.. N—1
and zg ~ U([-3, 3]?) yields the cost

N—

C(l’o, (wt)t ( ta + (KtiEt) R(Ktl't)> + I—Z\r/Qf.TN
t=0

H

Using a convex neural network x? parametrized by 6 to approximate J*, we minimize

L(8) = E[(x°(x0) — C(o, (wi)i=o,...,n-1))] (21)
We choose Q = R=A=B=Qy=W = (1) (1) for our test case. The optimizer settings are the same

as in the previous experiment. For the ICNN, we use three hidden layers with 30 neurons. For the ICKAN,
we use two hidden layers with 10 neurons and a mesh size P = 10. One hundred iterations of stochastic
gradient descent require 0.29 seconds for the ICNN, 0.69 seconds for the P1-ICKAN, and 1.14 seconds for
the Cubic-ICKAN.

[] displays the relative errors obtained by the three networks. The maximal error is reduced by nearly a
factor of two when using convex KAN architectures compared with ICNN. As expected, the cubic version
yields a smoother approximation.

3 PICKAN

We assume in this section that the function f to be approximated is partially convex: f(z,y) is convex in
y € R™ but not necessarily convex in € R". We assume that the function is defined on G = G x GO
where G9 = [0,1]"* and GY = [0,1]".

We present the network architecture using a piecewise-linear approximation of the one-dimensional func-
tions, although the same construction can be adapted to a cubic-spline approximation

We denote by P1-KANL the layer structure introduced in [34], and by p o the corresponding operator
for layer [ with input dlmensmn p and output dimension g. The first layer /<;0 defined in is denoted
ICKANLO, while any layer ' with [ > 0, defined in is denoted ICKANLI.

The architecture of the network is illustrated in [5} The recursion described in [5]is given for M > 0 by:

(X1,G ) Pnz M (T G )

(Yh y) =(X1,Gy) + rp, (9, GY),
(Xit1,G ):pMM(XZaG )s
(Yiy1, G 1) =(Xit1,G )—l—liMM(Yl,G ) fori=1,L-1
(Y41, Gyt =riy, 1(YL,G )
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Figure 4: Relative error given by [21{ obtained on the linear quadratic optimal control problem.
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Figure 5: Partial input convex Kolmogorov Arnold network using a piecewise linear approximation.
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remark 3.1 When f is non-convez, setting /igyM = 0, /iéw’M =0 forl <l <L and Kﬁ/“(x) =o
recovers the P1-KAN architecture, which is known to converge when the Kolmogorov-Arnold basis functions
are Lipschitz. When the function f is convex, forcing the P1-KANL outputs to vanish recovers the ICKAN
network.

remark 3.2 In the PICKAN architecture, the contributions from the convex and non-convex parts are added
together, in the same manner as in the Kolmogorov-Arnold layer (@

remark 3.3 Depending on the regularity of the function in x and in y, one may use different approximation
orders in each variable.

remark 3.4 The PICKAN model introduced here belongs to the class of

parametrized convex functions studied in [25)]. However, the architecture depicted m@ differs from that of
Schaller et al.: they consider a feedforward neural network whose weights and biases depend on vy, with a
nondecreasing convex activation function and nonnegative weights, while also taking x as an input at each
layer.

We estimate the function
f(@,y) = |y + 1|z + 22°] on [-2,2)%, (22)

by minimizing the empirical version of
E[(f(X,Y) = [(X,Y))?],

where f? is our neural network approximation parametrized by 6 and (X,Y) ~ U[-2,2]%. As before, we use
the ADAM optimizer with 200,000 iterations and learning rate 1073. For the ICNN with ReLU activation,
we test architectures with 2, 3, or 4 layers, and hidden sizes in {10, 20,40, 80,160}. For each configuration,
we record the average loss and standard deviation over 10 independent runs.

As before, the best PICNN (partial input convex neural network, [2]) is used as the baseline.

Results are shown in [4] and indicate that the PICKAN achieves accuracy comparable to the best PICNN.
The ratio of computational times between PICNN and P1-ICKAN remains consistent with the results re-

ported in

4 Application for optimal transport

Neural networks that preserve convexity can be used to solve optimal transport problems; see for example
[20, 16], which employ ICNNs. In this section, we use ICKANs to solve optimal transport problems and
compare their performance with ICNNs.

4.1 Monge optimal transport and Brenier’s theorem

Let us consider two probability measures with support Q € R?, yand v, such that [, [|z|2du(x), [, [|z]2dv(z) <
00. Our goal is to estimate the optimal transport map between X and Y, T : Q — €, which is a solution to
the Monge problem [22]

inf / o - T() |2 du(z). (23)

TH#p=v

where T#P(-) := P(T~*(-)) denotes the pushforward of a measure P, and | - || is the Euclidean norm on R<.
Brenier’s theorem [5] guarantees existence and uniqueness of the solution to provided that p is absolutely

14



Table 4: Testing partial convexity for function in : mean and standard deviation over 10 runs. NBL
stands for the number of layers, NBN the number of neurons, nbParam the number of model parameters,
while Time stands for the time in seconds for one hundred iterations of the stochastic gradient descent.

method NBL | NBN | P | Average std nbParam | Time
Best PICNN 2 80 1.04E-03 | 7.37E-04 33126 0.28
PICKAN 2 20 20 | 4.98E-03 | 1.10E-02 18480 0.77
PICKAN 2 20 40 | 5.17E-03 | 4.87E-03 36080 0.77
PICKAN 2 40 20 | 2.57E-03 | 3.29E-03 70560 0.78
PICKAN 2 40 40 | 9.23E-04 | 5.66E-04 | 137760 0.78
PICKAN 3 20 20 | 2.10E-03 | 3.55E-03 35280 1.10
PICKAN 3 20 40 | 3.85E-03 | 3.69E-03 68880 1.10
PICKAN 3 40 20 | 3.75E-03 | 5.97E-03 | 137760 1.11
PICKAN 3 40 40 | 9.34E-03 | 1.81E-02 | 268960 1.11
PICKAN adapt 2 20 20 | 2.17E-03 | 2.58E-03 20120 1.05
PICKAN adapt 2 20 40 | 2.67E-03 | 4.25E-03 39360 1.05
PICKAN adapt 2 40 20 | 1.02E-03 | 1.03E-03 73800 1.06
PICKAN adapt 2 40 40 | 1.27E-03 | 1.23E-03 | 144240 1.06
PICKAN adapt 3 20 20 | 2.71E-03 | 3.98E-03 37720 1.48
PICKAN adapt 3 20 40 | 1.10E-02 | 1.98E-02 73760 1.48
PICKAN adapt 3 40 20 | 8.11E-03 | 1.65E-02 | 142600 1.49
PICKAN adapt 3 40 40 | 5.79E-03 | 5.07E-03 | 278640 1.49

continuous with respect to the Lebesgue measure, an assumption we make throughout. Furthermore, the
optimal transport map can be written as the gradient of a convex function f : R? — R that is differentiable
almost everywhere. Let CV X (1) denote the set of convex functions in L!(u). Then f solves

inf d, +/ *dv,
gaeCVX(u)/Q(p a QSD

where ¢*(y) = sup{(z,y) — f(x)} for y € Q is the Legendre-Fenchel transform of ¢, see [2I, Theorem 1]. f
z€Q

is called the Brenier’s potential. In [20], it is shown that when v admits a density, there exists an optimal
pair (4o, 0) solving

o el [ e@iauta) - [ (.76 - ol avty), (21)
p € [
p* € L (v)

where V1)q is the inverse of the optimal transport map. This formulation enables the use of convex neural
networks to approximate both the optimal transport map and its inverse.

4.2 Algorithm

Given samples Xi,...,X,, ~ p and Yi,...,Y, ~ v both identically and independently distributed, the
objective is to estimate the optimal transport map between a p distribution and a v distribution. We denote
by fi, = 13" 6x, and D, = L3 | 6y, the empirical distribution of X and Y respectively. In the
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potentials ¢ and 1 are parameterized by two distinct convex neural networks g and g, which may be
either ICKANs or ICNNSs, with trainable parameters ©, 60 € R!.
The empirical counterpart of the minimax problem [24] becomes

mgx mein % Z(pe(vwe(yi)) - <Yi7 V¢9(Yi)> - We(Xi)-

We follow the classical minimax optimization scheme described in[l] The network parameter ¢ is minimized
in an inner loop via several gradient-descent steps while the other’s © is maximized in an outer loop. Since the

Algorithm 1 Minimax algorithm for the transport problem

Require: Batch size n, number of outer iterations I..;, number of inner iteration I;y;.
fori=1,...1. do
fOI’j = 1,...[1‘7” do
Sample Y7,...,Y, ~v
0 < argming = > | 0o (Vipe(Y;)) — (Yi, Vipe(Y;)) using Adam method
end for
Sample X1,..., X, ~pu
Sample Y7,...,Y, ~v
0 « argmaxe Y7, o (Vis(Yi)) — (Yi, Vibo(¥:)) — po(Xs) using Adam method
end for

ICKAN networks are defined on a compact domain, and because Vi (y) is not guaranteed to remain within
this domain during optimization, the network 1y is linearly extrapolated outside its domain of definition.

4.3 Numerical results on synthetic data

Since the optimal transport map is often unknown in closed form, we construct benchmark problems by
choosing p and a known transport map 7" and defining v = T#pu. We assess the quality of the estimated
map T on a validation dataset through the percentage of unexplained variance (UVP) introduced in [16]:

Jo I7* (@) = T@)|P djin(@)
Jo 2|2 o (@) = | o i)

A UVP of 100% corresponds to the constant estimator T (z) = [, z din(z).
As in [16], we use as a benchmark the linear transport map

TE(x) = A (z — 1y + g,

UVP(%) = 100 x

where

mlz/xdﬂn(x), mgz/xdﬁn(x),
Q Q

b :/mT djun (z) — 1y igz/xﬂ din () — gy
Q Q

and

P am1/2 (a2 w172\ 2 a2

A=%; (21 S, 5 ) STY2

For the optimization, we use the same hyper-parameters as in [10]:
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o It = 50,000 outer iterations,
e [yt = 15 inner iterations,

o batch size equal to 1024,

e learning rate 0.001,

¢ evaluation every 100 iterations on a test set of size 4,096, and we keep the network with the lowest
error,

« validation dataset of size 214.

For ICKANS, the domain is defined from the minimum and maximum values of a dataset of size 2'4.
This framework is idealised, as in practice we by no means have this amount of data, and we do not have
access to the optimal map used to evaluate the error on the test set. We also initialise the networks with 6,
minimising |V fo(z) — z|?, so that the map is close to the identity at initialisation.

Transport map of [16] We consider the transport map introduced by Korotin et al. [I6]. The authors
study the optimal transport map 77 between a mixture of three Gaussian distributions (u) and a mixture
of ten Gaussians, and similarly 75 between the same source mixture and another mixture of ten Gaussians.
They can then define the optimal transport map %(Tl +T3). Since Ty and Ty are not explicitly known,
they learn T and Tb with an ICNN, Ty and T respectively, that solves the optimal transport problem.
The target distribution considered by Korotin et al. [I6] and by us is then % (Tl + Tg) #u. We consider

for the ICNNE| 3 layers with 64, 64 and 32 neurons (same parametrisation as in [16]) and for the ICKANs
a network with 2 layers with 64 and 32 neurons or with 10 and 5 neurons. The results are given in [5| for
d € {2,4,4,8,16,32}. Our optimization framework and network parametrization correspond to the [MMv2]
case in [I6]. For the Cubic-ICKAN with adapted mesh and with 64 and 32 neurons, the errors are much
smaller than for the linear map, but can be slightly larger than those obtained by the ICNN parametrization
in some case, with similar orders of magnitude. As mentioned in [I6], the optimal transport map itself is
learned with an ICNN, which can be advantageous for the ICNN parametrisation. Furthermore, we did not
search for the optimal parametrisation of the Cubic-ICKAN (nor for the ICNN). The number of mesh points
P € {10,20,40} does not have much influence on the results, as the use of an unadapted grid does. However,
using a P1 mesh instead of a cubic one significantly degrades the results, but the network still outperforms
the linear map. Using a smaller network of 10 and 5 neurons for the Cubic-ICKAN results in larger errors,
and this difference increases with dimension. The obtained distributions are displayed in [6 for the case d = 2
and the Cubic-ICKAN with P = 10.

Tensorized case [31] We consider the example in Vacher et al. [3I] where the transport map is defined
by T(2) = (Ti(®:))iz1,...a With Ty(@:) = @i + goeomtzmzy = 0.2, 1 = Lo dff for @ = (@i)iz1,...a € [0,1)",

@ is a uniform law on [0, 1]d. We consider a 3-layers ICNN with 64, 64, 32 neurons and a 2-layers Cubic-
ICKAN with max(2d, 10) and max(d,5) neurons, an adapted mesh and P € {10,20,40}. The results are

1We use the implementation at https://github.com/iamalexkorotin/Wasserstein2Benchmark/, which uses a CELU activa-
tion function.

2The example considered is the one from the code https://github.com/litlboy/0T-Model-Selection/blob/main/Synth-XP/
Tensorised/sinkhorn.py| which differs from the one of the paper [31].
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Table 5: Percentage of unexplained variance UVP (%) for the linear map, the map parametrized by the
Cubic-ICKAN with adapted mesh and P € {10,20,40}, the Cubic-ICKAN with non adapted mesh and
P = 40, the P1-ICKAN with adapted mesh and P = 40 and the ICNN map when the true map is the
one in [I6]. For the Cubic-ICKAN, we consider networks with 2 layers and 64 and 32 neurons or 10 and 5
neurons, for the P1I-ICKAN 2 layers with 64 and 32 neurons, while for the ICNN we consider 3 layers with
64, 64, and 32 neurons.

Method Neurons / Dim 2 4 8 16 32
Linear 13.93 1496 27.29 42.05 55.48
Cubic-ICKAN P=10 adapt 64 32 0.06 0.58 3.00 7.16 9.89
Cubic-ICKAN P=20 adapt 64 32 0.05 0.51 2.44 5.97 7.66
Cubic-ICKAN P=40 adapt 64 32 0.05 0.52 2.82 6.57 5.90
Cubic-ICKAN P=40 64 32 0.06 0.65 3.66 6.63 10.98
P1-ICKAN P=40 adapt 64 32 1.01 6.62 19.99 19.90 27.95
Cubic-ICKAN P=40 adapt 105 0.16 1.84 11.56 47.25 101.83
ICNN 64 64 32 0.07 0.27 0.74 1.98 3.01

linear
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Figure 6: Distribution of the true target distribution as well as the one obtained by linear transport or Cubic-
ICKAN transport with adapted mesh, P = 10, and 64 and 32 neurons for the map in [16] and d = 2. The first
two figures include the empirical histogram as well as a Gaussian kernel density estimator with bandwidth
selected using Scott’s rule [26] (solid line for target, dashed lines for linear and ICKAN transports).
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given in [6] for d € {1,2,4,8}. The ICNN performs very poorly for d € {4,8}, giving errors of the same
order of magnitude as the linear transport map. The Cubic-ICKAN performs very well for all values of P.
The obtained distributions are displayed in [7] for the case d = 2 case and the Cubic-ICKAN with P = 10.
We also display in |8[ the first component of T((x 0.5)T) (0.5 is chosen arbitrarily, the first component of

To — T((a: xQ)T) being constant and estimating Tj(z)), and the second component of T((O.S x)T) We
get similar figures for larger dimensions. The neural network reproduces the target distribution and the
transport map very well. The better performance of ICKAN over ICNN is probably due to the structure
of the Brenier map, which is of the form f(z) = Z?Zl filz:) with fi(x;) = [ Ti(s)ds, i = 1,...,d: the
functions in the Arnold-Kolmogorov representation [3] then have a high degree of smoothness which can lead
to a faster rate of convergence, see Proposition 2.2 and 2.3 in [34] in the non-convex case.

Table 6: Percentage of unexplained variance UVP (%) for the linear map, the map parametrized by the
Cubic-ICKAN with adapted mesh and P € {10, 20,40}, and the ICNN map and different dimensions when

the true map is T'(z) = (T;(%i))i=1,....a With Tj(x;) = z; + m -02,i=1,...,d.
Method / Dim 1 2 4 8
Linear 049 054 0.52 0.53

Cubic-ICKAN P=10 0.00 0.01 0.01 0.02
Cubic-ICKAN P=20 0.00 0.02 0.02 0.02
Cubic-ICKAN P=40 0.01 0.02 0.02 0.02
ICNN 0.04 0.05 0.34 0.51

0.7 0.7 1.0
ickan 0.6

0.5 0.5

0.2 0.2

0.1 0.1

0.0 0.0 y y u T y y T
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10 0.0 02 0.4 0.6 0.8 1.0

First marginal Second marginal Second versus first

Figure 7: Distribution of the true target distribution as well as the one obtained by linear transport or
Cubic-ICKAN transport with adapted mesh and P = 10, for the map T(z) = (T;(;))i=1,2 with T;(z;) =

T; + 67#() — 0.2, ¢ = 1,2. The first two figures include the empirical histogram as well as a Gaussian

2mx;
kernel density estimator with bandwidth selected using Scott’s rule [26] (solid line for target, dashed lines
for linear and ICKAN transports).

Product case We finally consider the map T'= V f with f the convex function defined on [0, l]d by

d

fl@)=3"T] @ +ai+1), (25)

i=1
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Figure 8 z +— Ti(z) (left) and x — Ty(x) (right) for the map T'(z) = (T;(2;))i=1,2 with T;(z;) = z; +

W@m_) —0.2,7 =1, 2 as well as the first component of z T((CL’ 0.5)T ) (left) and the second component

of x — T((O.E) x)T) with T the estimated map parametrized by the Cubic-ICKAN with adapted mesh and
P =10.

and p is the uniform law on [0, 1]d. The networks have the same architecture as in the second case (tensorized
map). The results are given in ICKAN and ICNN give similar results and outperform the linear map

benchmark (except for the case d = 1 where the optimal transport map is linear).

Table 7: Percentage of unexplained variance UVP (%) for the linear map, the map parametrized by the
Cubic-ICKAN with adapted mesh and P = 40, and the ICNN map and different dimensions when the true

map is T'(x) = V f(x) with f given in

Method / Dim 1 2 4 8
Linear 0.00 6.90 16.43 33.57
Cubic-ICKAN P=40 0.01 3.15 2.33 2.85
ICNN 0.00 2.77 1.81 1.30

5 Conclusion

Depending on the case, the new Kolmogorov-Arnold network may outperform the ICNN, though this depends
heavily on the case. In particular, its performance varies according to the structure and regularity of the
target function. Therefore, this new network may provide an alternative to the ICNN, depending on the
structure of the solution. One obvious example is when the solution is separable, as demonstrated in

Additionally, Kolmogorov-Arnold networks are known to be more interpretable than multilayer percep-
trons (MLPs) because they are compositions of one-dimensional functions that can easily be plotted, a feature
appreciated by users needing to explain the obtained results.
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Similarly to the original spline KAN for which the computational cost was highly reduced using an
implementation different from the original desigrﬂ more effective implementations of the ICKAN may be
possible and are left to future research.

Shttps://github.com/Blealtan/efficient-KAN
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A One dimensional approximation with one layer

For the P1-ICKAN and the Cubic-ICKAN, we illustrate how a single layer can effectively approximate various
one-dimensional convex functions using adaptation.

A.1 Using P1-ICKAN

As an example, it is possible to minimize the mean squared error of a one dimensional convex function with
its approximation by training b,b, (d;)i=1,....p—1, and (e;)i=1,...p. With 0 the vector of parameters to be
trained, our approximation f? of a function f is parametrized by # and we minimize

E[(f(X) = f7(X))?)

where X is a random variable sampled uniformly on [—10, 10]. We give the results approximating the functions
fi,i=1,...,4 on[9 where

fi(z
fa(z
3. fa(z
Jalz

The plots are obtained adapting the grid with P = 10 or P = 20. We also plot the adapted vertices.

1.

x2,

2.

)
)
) = (l=]* + 1)%,
)

e~

2_
= |$‘1|z\§3 + $T3

A.2 Cubic-ICKAN

As for the piecewise linear approximation, we provide on the vertices and an estimation obtained by
adapting the grid with P =5 or P = 10.
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Figure 9: Piecewise linear approximation of a one dimensional function using |§| with adaptation.
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Figure 10: Cubic spline approximation of a one dimensional function using |§| with adaptation.

B Proof of 2.1 and 2.2
B.1 Proof of 2.1]

The proof is constructive and is based on the proof of theorem 1 in [7]. One wants to approximate a Lipschitz
convex function on [0,1]™ denoted f by a P1-ICKAN network with adaptation. First any Lipschitz convex
function on [0,1]™ can be approximated within e by the maximum of a finite set of affine functions (Lemma
1 in [7] or Proposition 1 in [33]), that is for any ¢ > 0, there exists N > 1 and a function fx such that
|f(z) — fn(x)] < € for any x € [0,1]", with a representation

fy(x) :== max(af 2+ B1,...,ayz + Bn), a; €ER™, Bi €R,i=1,...,N. (26)
As a consequence, the proof of boils down to show that the P1-ICKAN network with adaptation can
represent any maximum of a finite set of affine functions of type [26| for any NV > 1.

Following [7], we start by the case N = 2 and begin to show that the lincar KAN can represent the
maximum of two affine functions, that is any function of the form f,. First, we have for z € [0,1]", a; € R,
Bi € R, 1= 1, 2’

fo(z) = max((af — g )z + B1 — B2,0) + oy & + Po. (27)

We consider P = 2 and a L = 3-layers neural network to match 27 with ny = 3 neurons for the first layer
and ne = 2 neurons for the second layer. For the first layer, we consider the lattice defined by % ;0 = 0,
#9410 =%, and £9;2 =1,1 < j < n, and we define inthe parameters
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bo,11 =B,

bo1,; =0 for 1 < j<m,

bo,1,j =au,; for 1< j<nm,
doij1=0for 1 <j<n,

bo21 = — [P,

bo2,; =0for 1 <j<m,

80,27j = — Qg for1 < ji<mn,
do2,j1=0for 1 <j<n,

bo,3,1 = B2,

bo,3; =0for 1 <j<m,

bos; =@z for 1<j<n,
do3,j1 =0 for 1 <j<n.

One checks that the output of the first layer is given by

R (2, 0,1]")1 = af @ + fi,
I%?L,nl (SC, [Oa l]n)Q = — Oé;—l‘ — ﬂ27

fo o (20,13 =g z + Ba.

3
For the second layer, we have ny = 2 neurons. Let I; = H[@,j,o,@l,jg] denote the image of [0,1]™ by
j=1
the first layer and consider for each j = 1,2,3 any 21,1 €]21,j,0,%1,j,2[ to define the grid G'. For the first
neuron, we consider the parameters

biiy =150 5 =1,2,
bia;=1,j=1,2
dia1=0,7=12,

b1,13=0,
b1,13=0,
di,131=0

in order to get
.
Knynag ($7g1)1 =T + T2.
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In the same way, for the second neuron, we consider the parameters

bi2,;,=0,5=1,2,
bio;=0,7=1,2
di2,1=0,j=1,2,
bi23 = 2130,

=1

b1,2,3 )
di231=0

to get
A1
Ky no (if, g1)2 = Z3-

At this stage, we then have as output of the two first layers

l%’}l’lyn2 o K’(T)L,nl (.’E, [0’ 1]”)1 = (Oé]— - O[;).T + /81 - ﬂ?»

l%}nﬂm o K’?L,sz (CL’, [0, 1]")2 = Ck;rl' + 52.

2
Let I, = H[£21j70,£27j,2] denote the image of G; by the second layer. For the third layer, we first

j=1
consider the case where the non linearity is active for the first component of the second layer output 4. 12 ©

K9 o (2,[0,1]™)1, that is 0 € ]&21,0,%2,1,2] (only depending on the function that we try to equalize, f2). In

,Mn1
this case, we take £211 =0 € |£2.10,£2,1,2[, and any £221 €]E2,2,0, L2,2,2[ to construct Gs, and define

ba1,1 =0,

by11 =0,

dai1,1 =1, (29)
ba12 = 22,20,

boyo =1,

d21,21 =0.

The three first lines in [29) define the ReLU with an active non linearity, while the three last define the identity
function. We thus get the desired result

By 1 © Ky oy © K9 (2,0,1])1 = max((a] — ag )z + B1 — B2,0) + ag z + B

equal to fa(x) from Now consider the case when the non linearity is not active. It is enough to take for
the lattice any fg)l,l E].f?27170,j27172[ and to replace b271)1, 1)2)1717 and d27171)1 in by

ba11 = 22,1,0
bo11 =1,

do11,1 =0

3oty

to obtain the identity function.

28



Similarly as in [7], one can extend iteratively the procedure for a given N using

fn(z) = max(fy-1(z) — (ajz + Bn),0) + agz + Bn). (30)
If one has constructed fy_1(z), add

« Two neurons at the end of the first layer, with outputs —a @ — By and ayx + By, in the same way as
the last two neurons in the first layer in the case N = 2,

e Two neurons at the end of each existing layer, that output exactly the outputs of the two last neurons
of the previous layer, in the same way that the last neuron in the second layer in the case NV = 2, and

we get —afx — By and ayz + By for the outputs of the two last neurons of the last layer.

From this, we get a third dimensional output corresponding to fy_1(z), 704;'\—,:10 — By and a;'\—,x + Bn. The
situation is exactly the same as for the case N = 2, after that the first layer has been constructed. It remains
to add the two layers similar to the two last layers in the case N = 2 to get the desired output

remark B.1 The first layer outputs —ajx — By in order to avoid to have negative values of IA)l,k,j in the

other layers which, contrarily to the first layer, consider max(lA)Lk,j, 0) and not lA)Lk,j. This is similar to the
duplication trick in the proof of theorem 1 in [7].

B.2 Proof of 2.2

The idea of the proof is the same as in the adapted case. The main difference is that, without mesh adaptation,
we must control the approximation error by increasing the number of mesh points P.

For simplicity, we allow here the number of mesh points P 4 1 to vary from one neuron to another. This
has no impact because a neuron with a mesh size of M + 1 is a special case of a neuron with a mesh size of
P+1ifM<P.

We first consider the case N = 2 as in the adapted proof. The construction of the first two layers is
identical. The only difference appears in the third layer, when the nonlinearity is active, a priori

0 ¢]22,1,0, 22,12

and the ReLU function must be approximated even though. For the first neuron of this layer, given P, there

exists k such that R R
Z2.1,P — 22,1,0

2,1k < Iz
We then choose parameters
ba11 =0,
ba11 =0,
d2}171)i = O, for 4 7& k
doiak =1

and we keep P = 2 for the second neuron and parameters

ba12 = 2220,
bo12=1,
do121=0.
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The output of the neural network is then

Ii?(x) = ’%/}LQ,l ° KjiLl,’rLQ © K’?L,nl (ﬂf, [0? 1]”)1
= maX((CVI — a;r)m +p1— P2 —221.%,0) + a;m + 2
so that
. Cy
|fo(@) = wa(2)| < [E214] < 5

The previous result can be extended to the general case N > 2 so that our network representation ky is such

that o
(@) = (@) < 5

and

£@) — mx@)] < B e

Therefore, setting P equal to the integer part of CTN + 1 provides a 2¢ approximation of f.
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