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ABSTRACT. We propose a new Kolmogorov-Arnold network (KAN), the P1-KAN;, to approximate irregular
functions in high dimensions. We present universal approximation theorems for its various forms. We also
derive approximation errors for the special case in which the Kolmogorov-Arnold representation functions
are regular. Based on our analysis of simple regression errors, we demonstrate that the P1-KAN outperforms
multilayer perceptrons in terms of accuracy and convergence speed. Additionally, we compare the P1-
KAN with several other proposed KAN networks and demonstrate that the P1-KAN is the most effective
for irregular functions and achieves accuracy similar to that of the original spline-based KAN network for
smooth functions. Finally, we compare KAN networks when optimizing a French hydraulic valley. In this
industrial application, the P1-KAN optimizes better than other networks. It also optimizes better than
classical deterministic tools based on dynamic programming solvers used by practitioners.

1. INTRODUCTION

Kolmogorov-Arnold Networks (KANs) [23], based on the Arnold-Kolmogorov representation theorem, have
recently been proposed as an alternative to multilayer perceptrons (MLPs) for approximating functions in
high dimensions. Arnold and Kolmogorov showed long ago [I8] that a multivariate continuous function f on
a compact set can be written as a finite composition of the sum of continuous functions of a single variable.
More precisely, if f is continuous on [0, 1]", then

2n+1 n

(1) f(x)zzym Zcbi,j(xj) :

where ®; ; : [0,1] — Rand ¢; : R — R.

As the 1D functions can be very irregular, it has been shown that they may not be learnable in practice
[13, 26]. To overcome this limitation, [23] propose to extend this representation. First, they propose not to
stick to 2n + 1 terms in the outer sum in and to define a KAN [ layer as an operator wfn,q from [0, 1]™
to R?:

m
(2) (ﬂ’fn,q(f))k = Z‘Pz,k,j(ij fork=1,...,q.

j=1
Second, by stacking the layers, i.e., composing the operator ¢!, they define the KAN operator from [0,1]™
to R%:

L L—1 1 0
K(l‘) = (wnL,l,d © ,(/)TLL727TLL71 ©...0 wno,nl © mmo)(x)

Since all ¢ functions are one-dimensional, many classical methods are available to propose an easy-to-
implement approximation. In their proposed implementation (that we denote Spline-KAN), [23] use B-splines
(see for example [5]) associated with the SILU activation function to approximate the v function: the spline

coefficients and the multiplicative coefficient of the SILU function are learned using a classical stochastic
1
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gradient algorithm as done with MLPs.

This network has been rapidly tested, replacing MLPs in transformers [40] for example, and in various fields:
the medical sector in [17], vision [6] 2], time series [34],[38], [39]. Strengths and weaknesses of this approach
compared to MLPs are discussed in [41] and, depending on its use, its superiority to MLPs is not always
obvious [29] [20].

Following this first article, different evolutions of this architecture are proposed to address different problems:
[10] proposes an evolution of the algorithm to replace LSTM in time series, [37] for Graph Collaborative Fil-
tering, [3] for convolutional networks, [I] in mechanics.

The original spline-based algorithm has several drawbacks. The first disadvantage of this approach is that
the spline approximation is expensive, at least in the original algorithm proposed. The second is that the
output of a layer may not be in the grid initially chosen for the following layer. Finally, since the Kolmogorov
representation theorem may involve a very irregular function, one may wonder whether it is interesting to
use a rather high-order approximation such as a spline.

To address the first point, many other approximations based on classical numerical analysis have been pro-
posed using: wavelets [4], radial basis [22] [33] which reduces the computation time by 3, Chebyshev polynomi-
als [32] and many others. An interesting representation that leads to a very effective layer is the ReLU-KAN
[27] [30], which is based only on the ReLU function, matrix addition and multiplication, and divides the
computation time by 20.

To address the second point, some use a sigmoid activation function [32] to obtain an output in the range
[0, 1], but this approach is clearly very ineffective. Others attempt to adapt the support of the basis functions
by trying to learn them [23], but this adaptation often fails.

On the theoretical point on of view, no universal approximation theorem with the sup norm for C°(K)
functions is available for a given compact K. A recent article [I9] gives convergence guarantees for the Res-
KANs (a modified version of the Spline-KAN) on the Bezov space B, but as BY,  is not included in the
framework, it does not cover C%(K).

All the methods proposed in the literature face two main issues:

e None of them are theoretically justified by a universal approximation theorem in the supremum norm
on compact sets, and their efficiency remains poorly understood.

e Since they rely on bases of regular functions, they are expected to be less effective when approximating
irregular target functions, so functions C° and not C! for example.

Concerned by the possibility of KANs to approximate high-dimensional functions, especially for stochastic
optimization purposes in [I1],[36] with a theoretical background, we have developed the P1-KAN network,
borrowing some interesting features from the ReLU-KAN, but clearly defining the support of the layer
function and avoiding the network adaptation proposed in [23]. The name P1-KAN is related to the classical
finite element method, which uses P1 hat functions for interpolation [28]. The P1-KAN is fundamentally
different from the ReLU-KAN, which uses smooth basis functions constructed solely from ReL.U functions in
order to reduce computational cost. The resulting approximation by the ReLU-KAN is not piecewise linear.
The Fast-KAN network [22], also used in this work, relies on radial basis functions and also aims to reduce
the computational cost compared to the Spline-KAN. The proposed P1-KAN network concatenates layers
coherently, so differently from existing KANs, enabling us to provide error bounds under the assumption
that the functions in expansion are Lipschitz, which generally does not apply to outer functions.

We provide universal approximation theorems to address the more general case. These are the first
universal approximation theorems for the sup normal for continuous function on a compact to be provided
for KANSs.

In the second part, we compare it with MLPs, Spline-KAN, Radial basis KAN, and ReLU-KAN on
function approximation using either smooth or very irregular functions in different dimensions. Finally, we
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test the Spline-KAN and the P1-KAN to optimize a French hydraulic valley, comparing them with classical
perceptrons.

2. THE P1-KAN NETWORKS

We will first explain the main features of the method, and then go into detail about the algorithm and
why P1-KAN is different from other KAN networks.

2.1. The P1-KAN Layers. The first possible layer uses a regular grid, while the second one uses a grid
adapting to the data.

2.1.1. The P1-KAN Layer with a Regular Lattice.

We assume that layer [ is an operator with support G! = (2!, z!) € R%*2 and with values in R%. As for
the classical KAN layers, a number of meshes per direction P (assumed constant per layer to simplify the
notations) are used to discretize [z}, Z}] x ... x [gilo, :ffio], giving the mesh vertices (:%§7p)1§p§p,1 in ]gé, :flj[
for j =1,...,dp. Set ;%270 = gé, fcéyp = a’cé7 the function ®;; ; in is defined using a P1 finite element

method (see figure : for z € [z}, 7],

P
(@) = Y ap™I U (x)
p=0

where (aé;k’j)pzo,__,y are trainable variables and (\Ifi;j)pzop,,,p is the basis of the shape function \Ilé;j with

compact support [fcé b1 i‘é pi1l forp=1,..., P — 1 and defined as:
A1
T p—1 5 N
e T e[®: 12k
\Ill’j(x) _ mélv7 ;,p—l [ Jp—1» J,p]
: prt s pe gl 8]
xg pﬂ—f; » Jp 7 3,p+1

Lial )y —
such that W7 (25 ) = 64,p,

forp=1,..., P—1. Similarly, \I/é’j (or \I'llgj ) is defined as a continuous piecewise linear function with support

[z}, 2% 1] (or [iéyp_p:i.lj]) and such that Wg’ () =1 (or ol (z}) = 1). Unlike other networks, the P1-KAN
layer, which is theoretically described as an operator from R% to R% by the equation , takes as input not
only a sample x € R% but also the description of the support @é, fé) G=1,do-

In this version of the layer, the grid is uniform on [2%, ], and the vertices are generated for each direction

30
jfor 0 <p<Phby

Rt )
zy +p—p—

Al _
Tip =

FIGURE 1. Uniform P; basis functions on [0, 1] with P = 5.
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The operator estimating the value function associated to the layer on the hypercube G' is given by:

(3) /%;OPdl (z,GYy, ZZal’k’]\Pl’] zj), fork=1,...,d;.

j=1p=0

The tensor Ado 4 = (a gk’j)0§p§P71§de071<k<dl are the trainable variables of the network for layer [.

As output, the layer returns the values of ,%iipd (z,G") in R4 and the lattice GI*+1 = [G'T!, G'*1] obtained
from the possible /%fi’(fdl (x,G') values. Due to the use of the P; finite element approximation, this output
lattice is exactly obtained from the Afio,dl tensor by:

Qﬁ:l = E min a;’w
- 0<p<P

C_v’fjl = E max_abkd

< 0<p<P p

for 1 <k <d;.
Then the global layer as an operator from R% x R%*2 to R% x R4 *2 is defined by:

(4) Hfi;)dl (z,G') = ("%do dy (z,G"),G").

2.1.2. The P1-KAN Layer with an Adapting Lattice.

In this version of the layer, the vertices in ]xé , xé[ are initially generated randomly uniformly and their values
p
are trained to adapt to the data. This is done by defining for 1 < p < P increasing values in ]0, 1[ by Z’;;lek

k=1 F
Where e1,...,ep are positive random variables. This set of values is then used to define the grid points in

Jz!, ZL[ by an affine transformation.

In detail, the vertices in ]}, Z[ are generated for each direction j for 1 < p < P by

J’
> by exp (yhF7)
Sy exp (yhh)

i L — (b . i l — (ghkI :
where the matrix Ydo = (y pj)lgng,lgjgdo has elements in R. The tensor Ad07d1 = (ap J)OSpSP,lS]ﬁdo,lgkﬁdl

and ch are the trainable variables of the layer. The trainable variables (yl’p’ ‘)1<p< P,1<j<d, are initialized at

& —a: —|—(m —xj)

random. An alternative approach would be to initialize them such that the ( )0<p< p values are initially
uniformly distributed.

2.1.3. Importance of Adaptation. To illustrate the importance of adaptation, we minimize the mean squared
error in one dimension of our P1-KAN layer approximation, denoted fp(z), with respect to the one-
dimensional function f(z) = 281,<045 + (0.9 — 2)%1,50.45 on [0,1] for different values of P. In Figure
we plot fp, f and the vertices of the lattice with and without adaptation. As expected, adaptation in-
creases the number of points in areas where the gradient is the highest. The mean squared error obtained
after optimization is given in Table[]] The cost of a calculation using adaptation is less than twice the cost
of a calculation without adaptation.



P1-KAN: AN EFFECTIVE KOLMOGOROV-ARNOLD NETWORK WITH APPLICATION TO HYDRAULIC VALLEY OPTIMIZATION

10 | —— Approximation 10 1 —— Approximation 10 | —— Approximation
\ Reference 1 Reference I\ Reference

I\ ® vertices

08 I\ 08

o vertices I\ o vertices
0.6

0.4

02

00 = ce oo 00

P =5 No adaptation P = 5 Adaptation P = 10 No adaptation

10 —— Approximation 10 | —— Approximation 10 1 —— Approximation
—— Reference —— Reference f —— Reference
® vertices o vertices I\ o vertices

08 08 \ .
06 \ 06 \ 06
\

\ : \\

os / 0s | \ \
0z 02 / 0z /
o0 .__.//L 00 WH«/\HW* 00 HH.//..‘\._._._._.

0.0 02 0.4 0.6 0.8 10 0.0 02 0.4 0.6 0.8 10 0.0 02 04 06 0.8 10

P = 10 Adaptation P = 20 No adaptation P = 20 Adaptation

FIGURE 2. Reference function and approximation with or without adaptation. Vertices on
the x-axis : adaptation is crucial for a good approximation.

P | Error without adaptation | Error with adaptation
5 0.1545 0.00492
10 0.0737 3.55E-4
20 4.7E-4 5.22E-5

TABLE 1. Mean squared error showing that adaptation is necessary for low values of P.

2.2. The Global P1-KAN Network. As shown in the previous section, the P1-KAN layer inputs x values
and a hypercube, and it outputs the values obtained by the operator and a hypercube. Therefore, it is natural
to stack the layers without using any grid adaptation or sigmoid function to send the output of the layer back
to a known bounded domain. The P1-KAN network takes as the initial hypercube used for the first layer
the hypercube corresponding to the bounded domain where we want to approximate the unknown function.
Supposing that the number of neurons is equal to N, the number of inside layers is L, the global operator
for x € R™ is

(5) K(z) =iyt ongy o omyii(x,0,1]7),

where the k' are defined in , RDP in and the parameters to optimize are § = A := A%’N U A}V’N U
...U A%, for the PI-KAN network without adaptation, and § = AUY,UYy U...UYy for the PI-KAN
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with adaptation.
The approximation space spanned by the P1-KAN parametrized by 6 for a number of meshes depending on
the layer is then for P = (P, ..., Pr):

NENP = {fo(a) = RigTE o %;PL Do o kiY@, [0,1]")with 6 € RV},

where Q = nN(Py + 1) + Z (P;C + 1)N? + (P, + 1)N for the P1-KAN without adaptation and Q =
n(N(Py+ 1)+ (Po— 1)) + 521 [(Pe + 1)N2 4 (P, — 1)N] + 2P, N with adaptation.
An implementation in Pytorch is available at https://gitlab.com/shared5530016/p1l-kan.

2.3. Convergence theorems. The Kolmogorov-Arnold theorem has been refined in several ways:

e The functions can be chosen from the class of a- Holder functions (0 < o < 1) [24] or even Lipschitz
functions [9].

e The ®; ; functions cannot be constructed in the class of C' functions [35], [15].

e By the construction technique used, the functions ¢; are no more than continuous.

Note that if we accept an approximation of f that is supposed to be a-Hélder (0 < a < 1), can be
modified using NV term on the outer summation leading to the construction of an approximation fy with ®; ;
C? converging to f in the sup norm as N increases [31] (see also [7] for another construction approximating
the function in the sup norm).

Even though the constructions proposed in the literature use only continuous 1; functions, we can consider
the space spanned by using Lipschitz ®; ; and v; functions.

We begin by providing convergence estimations for the aforementioned space using classical methods in
numerical analysis. We emphasize that this is not the general case, even when we suppose that f is Lipschitz.
The general case, which yields only a universal approximation theorem, is addressed in the final sub section.

b

2.3.1. Supposing regularity of the outer functions. Let us define the interpolation operator Hgg of a function

f defined on [a,b] C R, with a step h = b_?“ by

,
Y () (@) =Y fla+ih)Wy(a),
=0

—a

where Wo(z) = max(1 — £32,0), Up(z) = max(L=2" 0), and for i =1,..., P —1,

z—(a+(i—1)h) . .
Vi(z) =9 (atr(iti)h)—a rElat = lhat il
@t GEDM =2 o e o4 iy a+ (i + 1)h].

For a set of Lipschitz functions f; : [0,1] — R for i = 1,...,n, we denote

p{ fiti=1,n) =[p({ fiti=1n), B({ fi}i=1,n)]
= g,en[énf Zfz (i), m(gic]anz z;)]

which is well defined by continuity on a compact.

Proposition 2.1. Supposing that the (V;)i=1,. on+1 and the (®;;)i=1,.. 2n+1,j=1,..n in the Kolmogorov-
Arnold expansion are K-Lipschitz. For h > 0 given, let us define

1
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o AR @)Y 1) — eI (@) o)

fori=1,...2n+ 1, then there exists a constant C' such that
2n+1 n
({0 (@5 5) =1,
sup |f(@) = 3T e e =) () (3 T (@) ()] < C
zel0, 1" i=1 j=1

Proof. By classical estimates on P; interpolation on Lipschitz functions, there exists D such that

(6) sup [Tp(®, )(w) — @y (w)| < Dh.
z€[0,1]
Then
TN I @) ) N (0
A=|f(x ZH“ N (R VR C I IEN)]
j=1
2n+1 n 2n—+1 ({H (q> ) ) n
[0,1 i,5)i=1,..., n 0,1
Zwlzn @)l + X -1 @) QT (@) @))]
j=1
2n+1 n

<K Z |ZH[£’1]((I)i7j)(xj) - ®; ;(z;)]+ (2n+1)Dh

<(2n+1)D(Kn+ 1)h.
using @ O

Proposition 2.2. Under the conditions and definitions of Proposition[2-1], the P1-KAN without adaptation
defined by with L > 1 and N > 2n + 1 satisfies:

min _ sup |f(z)—g(z)| < Ch.
geNT N zel0,1]4

where P = (P,Py,...,Py), Py =Sup,_y 2,41 P;, and Py,... Py chosen strictly positive.
Proof. As the identity and the zero functions can be generated by the functions W57 in (2)),

i, s 156 g(x)\sgewgggwfn s 17) = 9(o)
2n+1 0, n
<C swp =Y ) () (SR (@, ) )|
ze[o,ud P st
<Ch,
by Proposition [2:1] O

Remark 2.1. As the non-adaptation case is a special case of the adaptation case, Proposition (2.2)) still
holds with adaptation.

Remark 2.2. Assuming that the Kolmogorov-Arnold decomposition involves more regular functions, the
error estimate could be of order O(h?). A similar error expression can be derived for the Spline-KAN if
the layers are concatenated coherently, which would yield a higher convergence rate (depending on the spline
order). When the functions involved are only Lipschitz continuous, the use of splines should not improve the
results.
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2.3.2. Universal approximation theorems. As stated in the introduction, the previous propositions only apply
when the Kolmogorov—Arnold outer functions are Lipschitz, which is not generally the case. Therefore,
a universal approximation theorem is required to ensure convergence of the network :

Theorem 2.1. The space spanned by Nir'™ "1 letting N vary for L > 1, P > 1 is dense in C°([0,1]™)
with the sup norm when adaptation is used.

Proof. We first prove the result for P = 2, L = 1. Using [16], for all functions f € C°([0, 1]*), there exist N,
AeRN, BeRV*» C eRY such that:

N
sup | f(z) = Y Aimax(Bsz + C;,0)| < e,

z€[0,1]™ =1

where B; is the row vector defined by (B; j)j=1,n. It is clear that one can find /%SL%V defined by (3] such that

/%ZZN(:&, [0,1]"); = Biz + C; for i = 1,...,N. For each i on G} = [inf,eo1)» Bix + Ci,supyepo,1)n Biz + Cil,

gi(z) = A;ReLU(x) is either linear, or 0 € G} so g;(x) can be generated by a I%}Vzl (z, G'); using adaptation
so that #; ; = 0 when 0 € GY°.

The proof can easily be extended to P > 2 using the fact that a linear-by-part function, when discretized
with P = 2 meshes, can also be represented with P > 2 meshes due to adaptation. Finally, the result is
extended to L > 1 layers using the fact that the identity and zero functions are generated by the P1 hat

functions and can be used to add unnecessary layers. O

When adaptation is not used, the ReLLU function cannot directly be generated as 0 is generally not in the
lattice. The ReLU function is therefore uniformly approximated by piecewise linear functions by increasing
P, which gives the second theorem:

Theorem 2.2. The space spanned by NN FLEa letting N and P vary for L > 1 is dense in C°([0,1]™)
with the sup norm when adaptation is not used.

Remark 2.3. Theoretically, P = 2 is sufficient to replicate the classical feedforward behavior when adaptation
is used.

3. NUMERICAL RESULTS FOR FUNCTION APPROXIMATION

In this section, we compare the classical feedforward network with Spline-KAN [23], Fast-KAN [22], ReLU-
KAN [27], and P1-KAN for the approximation of two types of functions defined on [0, 1]™.
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FIGURE 3. Function A in 2D. FIGURE 4. Function B in 2D.

A The first function is smooth but very fast oscillating with increasing dimension and is defined for
x € [0,1]™ by:

n
f(2) = cos (Z y> ,
i=1
where y = 0.5 + 2“”—\/%1 The function in 2D is shown in Figure It becomes increasingly difficult to
approximate as the dimension grows, and classical feedforward generally fails in dimensions above
12.

B The second function is very irregular and is given as

fl@)=n <Hyi+2 (41_[@ - L4Hm1J> — 1> ,

where y := 2 (4o — [4z]) — 1 and for z € R"™, |z] := (|%i])i=1,n. The function is shown in 2D in
Figure [l Even if the function is discontinuous, it is interesting to see how the networks behave on
this extreme case.

To approximate a function f with a neural network k, we use the classical quadratic loss function defined as:
L = E[(f(X) - x(X))?],

where X is a uniform random variable on [0,1]". Using a stochastic gradient algorithm with the ADAM
optimizer, a learning rate of 1073, and a batch size of 1000, we minimize the loss L. The MLPs use a ReLU
activation function, with either 2 layers with 10, 20, 40 neurons for each layer or 3 layers with 10, 20, 40,
80, 160 neurons: On each plot, the MLPs are optimized by varying the number of neurons and layers, and
only the result that gives the smallest loss during the iterations is kept for the plots. The different KAN
networks are compared using the same parametrization (number of hidden layers, number of neurons, number
of meshes used for the 1D functions). The ReLU-KAN has an additional parameter k, which we keep at
3 as suggested in the original article. We do not attempt to optimize the number of neurons used in the
different KANs: this value is fixed to 10 and is kept relatively low in order to limit the number of parameters.
Regarding the mesh size used by the KANs, depending on the network, the default value in the original
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implementation or in the corresponding articles typically ranges between 5 and 15. Therefore, we choose
to test mesh sizes P belonging to the set {5,10,20}. For all plots, every 100 gradient iterations, the loss is
calculated more accurately using 10° samples, giving a series of log-losses plotted using a moving average
window of 30 results depending on the dimension.

ReLU-KAN is very efficient in terms of computation time as it can be broken down into a few operations
involving only the ReLU function, matrix addition, and multiplication. On an 11th generation Intel(R)
Core(TM) i7-11850H @ 2.50GHz, using the same parametrization of the KAN nets, the P1-KAN with adap-
tation computation time is between 1.5 and 2 times slower than the ReLU-KAN, while the P1-KAN without
adaptation gives similar computing times. For the spline version of the KAN originally from [23], we use the
efficient Pytorch KAN implementation. For the Fast-KAN [22], we use the Pytorch implementation.

3.1. Results for the A Function. The results in dimension 6 shown in Figure [5 on a single run seem to
indicate that the original Spline-KAN network converges faster than the P1-KAN network with adaptation,
which is the second most effective network. In general, the ReLU-KAN network converges at least as well
as the best feedforward network, while the Fast-KKAN is the least effective network. The P1-KAN without
adaptation is less effective than the P1-KAN with adaptation.
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https://github.com/ZiyaoLi/fast-KAN
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FIGURE 5. Results in dimension 6 for function A for a given number of hidden layers and a
given P, 10 neurons taken : superiority of the Spline-KAN for smooth functions is observed.
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In dimension 12, as shown in Figure [6] the Spline-KAN and the P1-KAN with adaptation again give the
best results. The Fast-KAN and the ReLU-KAN fail, while the feedforward network seems to converge very
slowly and its accuracy remains limited. Again, adaptation of the P1-KAN gives far better results.
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FIGURE 6. Results in dimension 12 for function A for a given number of hidden layers and
a given P, 10 neurons taken : with P low, P1I-KAN and Spline-KAN have same accuracy .

As these graphs are obtained from a single run, Table 2 reports the average results and standard deviations
computed over 10 runs of the different networks in dimensions 11 and 12, each trained for 10% stochastic
gradient iterations. For the MLP, we test two configurations with either 2 or 3 hidden layers. When a network
fails to converge, the best approximation it can produce is the constant function, and the MSE remains equal
to 0.5. Therefore, an average value between 0.1 and 0.5 indicates that at least one run did not converge.
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We highlight in bold the configurations that successfully converged in all 10 runs. Dimension 12 represents
a threshold: beyond this dimension, all methods fail.
e In dimension 12, some of the 10 MLP runs did not converge. Most Fast-KAN and ReLU-KAN
configurations also failed to converge. The Spline-KAN converged in all configurations using 5 or
10 meshes and appears to give the best results overall. The P1-KAN, with and without adaptation,
converged in all 10 runs when the number of meshes was small.
e In dimension 11, most of the networks managed to converge for all the 10 runs. ReLU-KAN achieves
an accurate result with P = 5 but fails with P = 10. Overall, Spline-KAN remains the best network
followed by the P1-KAN.

Clearly, adaptation leads to better performance for the P1-KAN network.

Dim = 11 Dim = 12

Method Nb Layers | Nb Neurons | P Average Std Average Std
MLP 2 160 5.35E-05 | 4.80E-05 | 1.37E-01 | 2.11E-01
MLP 3 160 3.10E-05 | 1.95E-05 | 1.50E-01 | 2.29E-01
Spline-KAN 2 10 5 | 1.92E-05 | 3.29E-05 | 1.91E-04 | 4.56E-04
Spline-KAN 2 10 10 | 2.78E-05 | 4.04E-05 | 1.52E-05 | 2.77E-05
ReLU-KAN 2 10 5 | 4.69E-05 | 3.21E-05 | 1.00E-01 | 2.00E-01
ReLU-KAN 2 10 10 | 4.50E-01 1.49E-01 | 5.00E-01 | 1.65E-03
Fast-KAN 2 10 5 | 3.78E-04 | 3.00E-04 | 2.50E-01 | 2.49E-01
Fast-KAN 2 10 10 | 3.01E-03 | 5.68E-03 | 4.00E-01 | 1.99E-01
P1-KAN 2 10 5 | 1.71E-04 | 2.70E-04 | 9.01E-05 | 8.16E-05
P1-KAN 2 10 10 | 1.15E-04 | 1.13E-04 | 2.50E-01 | 2.50E-01
P1-KAN no adapt 2 10 5 | 4.69E-03 | 8.68E-03 | 8.87E-03 | 1.45E-02
P1-KAN no adapt 2 10 10 | 1.91E-03 | 2.15E-03 | 3.52E-01 | 2.27E-01

TABLE 2. Averaged and standard deviation of MSE obtained from 10 runs in dimension 11
and 12 for function A: Spline-KAN followed by P1-KAN dominates the test.

Besides, our Theorem states that with adaptation, even with P as low as 2, we can approximate our
function as closely as desired. In Table [3] we report the average MSE and the standard deviation obtained
for P varying from 2 to 5. These results support the theoretical findings: even taking P = 2 yields good
performance, and the accuracy generally increases with larger values of P.

P | Average std P | Average std

2 | 5.47E-06 | 4.72E-06 2 | 6.71E-05 | 4.96E-05
3 | 2.19E-06 | 1.78E-06 3 | 7.86E-06 | 3.51E-06
4 | 1.14E-06 | 6.22E-07 4 | 6.15E-06 | 5.91E-06
5 | 1.42E-06 | 1.09E-06 5 | 3.09E-06 | 1.72E-06

Dimension 3 Dimension 6

TABLE 3. Averaged MSE and standard deviation associated for low values of P when adap-
tation is used in P1-KAN with 2 hidden layers of 10 neurons (function A): taking P = 2
converges but a lower accuracy is observed.
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3.2. Results for the B Function. In dimension 2, as shown in Figure [} we see that the feedforward
network lags behind the KAN networks. By taking high values of P, the P1-KAN network is the only
network that gives very good results. The Spline-KAN is the second-best network. Since the B function is
irregular, we expected that the best approximation using KAN networks involves the use of steeply varying
1) and ® functions. Therefore, we expect the Spline-KAN with a B-spline of order three to be less effective
than the linear piecewise approximation of the P1-KAN.
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FI1GURE 7. Results in dimension 2 for function B for a given number of hidden layers and a
given P, 10 neurons taken : irregular functions favor P1-KAN.




16 XAVIER WARIN

Finally, if we go up to dimension 5 on figure [§] , we see that the ReLU-KAN network can diverge. The
P1-KAN network is the only one that gives acceptable results by using 2 or 3 hidden layers of 10 neurons
and P = 20.
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FI1GURE 8. Results in dimension 5 for function B for a given number of hidden layers and a
given P, 10 neurons taken : only P1-KAN optimizes correctly as the dimension grows.

The average MSE and the associated standard deviations obtained for function B in dimensions 4 and 5 is
given in Table [d Results shown in bold indicate an average MSE below 0.1; the P1-KAN achieves the best
performance. Once again, we observe that ReLU-KAN diverges when P is too large. As in the regular case,
adapting the P1-KAN improves accuracy.
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Dim =4 Dim =5

Method Nb Layers | Nb Neurons | P | Average Std Average Std
MLP 2 160 2.50E-01 | 1.79E-02 | 1.37E-01 | 7.36E-03
MLP 3 160 2.00E-01 | 8.12E-03 | 1.25E-01 | 6.47E-03
Spline-KAN 2 10 5 | 2.00E-01 | 7.88E-03 | 1.10E-01 | 2.37E-03
Spline-KAN 2 10 10 | 1.56E-01 | 1.64E-02 | 1.07E-01 | 1.09E-02
Spline-KAN 2 10 20 | 1.11E-01 | 1.75E-02 | 8.45E-02 | 1.30E-02
ReLU-KAN 2 10 5 2.12E-01 | 1.38E-02 | 1.35E-01 | 8.67E-03
ReLU-KAN 2 10 10 | 2.05E-01 | 2.63E-02 | 3.14E-01 | 2.00E-01
ReLU-KAN 2 10 20 | 3.23E400 | 4.75E-01 | 2.97E400 | 1.43E-01
Fast-KAN 2 10 5 2.35E-01 | 1.48E-02 | 1.37E-01 | 1.72E-02
Fast-KAN 2 10 10 | 2.30E-01 | 1.15E-02 | 1.29E-01 | 1.02E-02
Fast-KAN 2 10 20 | 2.24E-01 | 2.28E-02 | 1.43E-01 | 2.01E-02
P1-KAN 2 10 5 2.15E-01 | 7.10E-03 | 1.21E-01 | 6.61E-03
P1-KAN 2 10 10 | 6.63E-02 | 1.05E-02 | 1.01E-01 | 2.32E-02
P1-KAN 2 10 20 | 2.27E-02 | 3.56E-03 | 1.93E-02 | 3.90E-03
P1-KAN no adapt 2 10 5 | 2.25E-01 | 6.32E-03 | 1.22E-01 | 2.96E-03
P1-KAN no adapt 2 10 10 | 1.70E-01 | 7.39E-03 | 1.09E-01 | 5.60E-03
P1-KAN no adapt 2 10 20 | 1.12E-01 | 1.38E-02 | 9.18E-02 | 9.35E-03

TABLE 4. Average MSE and standard deviation obtained from 10 runs for B function in
dimension 4 and 5: P1-KAN with adaptation and high P has the best accuracy.

4. APPLICATION TO HYDRAULIC VALLEY OPTIMIZATION

Hydraulic valley optimization in countries with large valleys, such as France, Brazil, or Norway, is tra-

ditionally achieved using methods based on dynamic programming [2]. The objective to be maximized is
the profit obtained by selling the electricity produced by the turbines of some interconnected reservoirs.
These profits are therefore linked to some price scenarios, and the different reservoirs and turbines have to
respect some constraints, either physical (size of the lake, availability of the turbines, etc.) or environmental
(minimum flooding for fish, agriculture, minimum lake level for leisure activities, etc.), while facing the un-
certainties linked to the inflows.
The optimization step is generally the week, i.e., for each hour of a week, anticipative controls are computed,
assuming that all uncertainties (inflows, prices) are known at the beginning of the week. Using dynamic
programming type methods, Bellman values are computed at the beginning of each week, maximizing the
gain in expectation. Here, we test neural networks by comparing the results obtained with those obtained
using traditional methods in production.

We suppose here that decisions are taken every week to turbine water using production units. During
week i € [1,52], time is discretized with three time steps per day. At the beginning of the week, turbining
decisions are taken for each unit for each time step t; ;, for j = 0,...,20 according to a flow equation given
in Section We take the convention ¢; = ¢; 9. The energy generated and the function to maximize are

given in Section

4.1. The Flow Equation During a Week. We suppose that the valley is composed of N reservoirs and
N is the number of production units operating. A production unit m of a reservoir [ is numbered U™ for
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m=1,...,N(l). Therefore N(I) is the number of production units of the reservoir .
A reservoir r receives water:
e due to inflow I" (rain, uncontrolled rivers, etc.),
e from one of the N%(r) upstream controlled reservoirs: either because an upstream reservoir is over-
flowing, or because a production unit number U™ associated with an upstream reservoir [ is oper-
ating. w(r, k) for k = 1,..., N%(r) is the number of the k*" reservoir above reservoir 7.
A reservoir [ releases water into one of its downstream reservoirs:
e when it is overflowing,
e when one of its production units U"™ is activated to generate power, releasing water to another
reservoir.
The flow equation for the volume V ii+1 of a reservoir 7 is given in week i at time ¢; ;1 from the volume V',
at the previous date without taking into account its overflow by:
N™(r) N(w(rk))

7T r r U)Tk w(r,k),m
(7) Vijip =Vi; +1i Z ij )+ Z TU

where:

Urm

MZ‘

o A;j =1t j+1 — t;; is the time step,
. Oﬁ ; is the volume of water overflowed by the upstream lake k,
° lej is the water turbined from the production unit k& per time unit.

The reservoir 7 has a primary constraint that cannot be violated: 0 < V", < V7 for all 4, and the volume
of water overflowed satisfies O] ; = (‘N/[J 41— V"), so that

Vi = min(Vil, V7).
Environmental constraints are added but can be violated:

oWT <VT <Wr.

2,77
° If, ; < Ti’fj where Ik is also given for each production unit k.

for all 7, j where W" and W are given,

Moreover, the maximum turbining for a production unit & associated with a reservoir r is a function of the
water level in the reservoir r, giving the constraints that cannot be violated:

k 7k
Ty < T Vi),
where T are given functions associated with the production unit.

4.2. Expected Gain to Maximize. We denote T' = (T”C )i=1.. 52.j=0..20 k=1, 5 Where the Ti’fj are func-
tions of the available information at the beginning of week 4, assumlng that the (I ])J —0.20.r=1,...5 (St: ;) j=0,20
are known. Each production unit k associated with lake r transforms the volume turbined T per unit time
into power by a function ¢*(T, V") which is an increasing function of the level of the reservoir.

The expected gain is given by selling the electricity at a price S; and the function to maximize is given over
52 weeks by:

J(T) = G(T) — (T,
with the gain given as

N N(r) 52 20
_ U7 k Ur.k r
- E : E‘S’t” ',j 7‘/i,j)Ai,j]7
1 :=135=0

~
Il

r=1
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the volume violated by

N 52 20 N(r)
r r r S 748 ok ™k
)= > (BIOWE, = Vit + (Vi = Wi fl+Aiy Y BT —T8)7)
r=1i=1 j=0 k=1

where € is a penalty factor. This penalty factor is necessary because there are inflow scenarios in which it is
impossible to satisfy all constraints. Therefore, a trade-off is required, allowing some non-physical constraints
to be violated occasionally. Moreover, in production, managers do not want to avoid such violations at any
cost. Environmental constraints do not incur a direct economic cost. However, failing to comply with them
may expose the company to legal action and, hypothetically, to financial penalties if it cannot demonstrate
that no alternative course of action was possible. Besides, the company’s image could be tarnished.

4.3. Parametrization of the Neural Networks. We use 52 neural networks ¢ parametrized by (0;);=1,... 52
for the problem (one per week). As input for the network 4 corresponding to week i, we take:

e the volume of each lake V = (V}})), _; g at the beginning of the week (at date t; ),
e an inflow scenario for week ¢ for all the reservoirs: I = (Iik,j)j:O C0k=l...
e a price scenario for week i: S = (S, ,)j=o,...20-

Using a sigmoid function as the activation function for the output layer, the neural network outputs ¢% (V, I, S) €
[0, 1]V*20 As in [36], the turbining control of each production unit at each date tij, 3 =0,...,20 is obtained
k

from its maximum allowed (Ti,j(Vifj))j:O,‘..,QO,k:I,...,N by

TPk = T8 (Vi )e% (V. 1, Sy, fori=1,...,52, j=0,...,20, k=1,..,N.

2

Setting T = (T%"k)i:lv'.’5%:0’.“’20’,6:1““}];,, 0 = (6;)i=1,... 52, we are left to calculate

(8) 0" = argznax G(T?) — e€(T?).

Classically, we solve using the Adam stochastic gradient algorithm with a learning rate equal to 1073,
The batch size is taken equal to 2000. The number of inflow scenarios is limited (equal to 42) and a scenario
generator allows us to build as many scenarios as we wish to avoid over-fitting. 126 price scenarios are
generated by a software calculating marginal prices associated with the global electrical network, and a price
generator can then produce as many scenarios as needed from these initial scenarios to feed the stochastic
gradient. The adapted P1-KAN network is employed, and its results are compared with those obtained using
MLPs and other KANs.

4.4. The Test Case and the Results. Figure [J]shows the structure of the valley: green squares represent
reservoirs and yellow circles represent production units.
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FIGURE 9. Structure of the valley

A reservoir can have a different number of production units emptying itself and fulling the reservoir below.
In equation , for example for r = Labarr, we have

N*(Labarr) =1,
w(Labarr, 1) = Sarrar,
N(w(Labarr, 1)) =3,
(Uw(Laba"’l)’k)k:1 _____ 5= (Sarrah, $Sarrh, Sarr8h),
N (Labarr) = 3,
(ULB“ba”’k)k:1 ;= (3Brom8h, Brommmh, Brom8h).
Here, N = 6 gives for the 52 weeks a state dimension equal to 52 x (6 x (1 +21) +21) = 7956 and as the
number of unit production is equal to 13, the dimension of the output is 52 x 13 x 21 = 13923.

Due to its characteristics, this valley is difficult to optimize using classical methods based on dynamic
programming. The efficiency of the networks is measured by the expected gain from managing the valley.
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We were not able get results with the Fast-KAN network which was exploding with a few iterations. The
ReLU-KAN network begins to converge to the solution then slowly diverge as shown on figure For the
MLP, the GeLU activation function [I4] is chosen for the comparison with KANs, as it yields slightly better
results than the ReLU function as shown on figure [T1}

le8

224 le8

2.2 1

2.0
2.0

1.8
1.8

1.6

Gain

1.6

Gain

144 144

12 124

—— ReLU-KAN NbL 2 NON 40 P 5
104 1.0 | —— MLP NbL 3 NbN 40 GelLU

—— P1-KAN NbL 2 NbN 40P 5

—— MLP NbL 3 NbN 60 RelLU
T T T T T T T T T
0 5000 10000 15000 20000 25000 30000 35000 40000 0.8 1 —— MLP NbL 3 NbN 60 ReLU
Iterations

T T T T T T T
0 10000 20000 30000 40000 50000 60000
Iterations

F1Gure 10. Comparison of the P1-

KAN and the ReLU-KAN at the be- FiGure 11. Comparison of the
ginning of the valley optimization MLP activation function (e = 5 x
(e = 5 x 1073): slow divergence of 1073): ReLU versus GeLU. GeLU

the ReLU-KAN. converges slightly faster.
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number of neurons) : P1-KAN optimizes better using scenarios generated.
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Taking e = 5x 1072 and € = 2.5x 1073, with 65,000 gradient iterations and a rolling window of 50 successive
results, the convergence plot (Figure [12)) shows that the Spline-KAN and P1-KAN networks converge faster
than the MLP. However, the P1-KAN network achieves a better optimization. The MLP appears capable of
achieving a result superior to that of the Spline-KAN. Iteration time is similar for the different architectures on
the NVIDIA H100 GPU (with a difference of less than 10 percent in computation time between networks for
a given number of iterations). Most computation is unrelated to evaluating the controls by the networks, but
rather, estimating the gain once the controls are calculated : one of the bottleneck seems to be the calculation
of the power function ¢(T, V') appearing the gain function. Global optimization of the 52 networks and 64,000
iterations takes around 10 days per network. The number of trainable parameters for the networks succeeding
in optimizing the case is given in table [5}

Network nb layers | nb neurons | P | Number of parameters
MLP 3 40 1116596
P1-KAN 2 40 5 6143800
P1-KAN 2 40 10 11274640
Spline-KAN 2 40 5 10129600

TABLE 5. Number of trainable parameters per model used in figure

The software in production, based on dynamic programming (DP), uses linear programming resolution
to solve transition problems during the week (see Chapter 6 [12] for a description of the resolution using
Bellman cuts). It only sees the historical inflows (duplicated three times) and the 126 price scenarios. These
set are used both in optimization and testing. Penalties are tuned and settled specifically depending on the
type of constraint violation. As DP faces the curse of dimensionality, two reservoirs, GrandR and Sarrar, are
managed using Bellman values, while the others are handled using heuristics. The use of neural networks
to optimize the valley should serve as a reference for tuning the deterministic software. Note that this type
of optimization in production must be performed frequently throughout the year, and the price scenarios
generated for each run can differ significantly in their distributions. Therefore, the neural networks would
need to be retrained for each run. In Table [6 we present the gain function obtained and the volume of
constraint violations with the scenarios used in production: the calculation is achieved every 1000 iterations
and the best result kept for each network. Selecting e =5 x 1073 — a value consistent with that employed
in the production software —, the P1-KAN enables us to obtain a performance gain of the same order as
that delivered by the operational system, but with significantly fewer violations. Selecting e = 2.5 x 1073,
the P1-KAN allows us to obtain a higher gain than that achieved with DP for the same level of violations.

Method G 13 Method G 13
DP 209.6 | 1198 DP 209.6 | 1198
P1-KAN P=5 | 208.2 | 661 P1-KAN P=5 | 210.2 | 1229
P1-KAN P=10 | 209.0 | 670 P1-KAN P=10 | 210.9 | 1209
Spline-KAN | 207.3 | 680 Spline-KAN | 209.0 | 1183
MLP GeLU | 205.7 | 800 MLP GeLU | 207.4 | 1601
e=>5x 1073 €=2.5x1073.

TABLE 6. Best expected gains G in millions of Euros, and violations in 10%m?2 : P1-KAN
optimizes better using the 126 scenarios used in production.
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The approach using neural networks is far more robust as it is obtained using far more scenarios. As the
optimization by the software in production only takes two hours on fewer than 10 CPUs, the approach using
machine learning, which takes 10 days to train, is not competitive but provides a reference and allows us to
address some constraints that are impossible to handle with dynamic programming methods.

5. CONCLUSION

The P1-KAN is a powerful network with proven convergence properties for function approximation. While
it performs similarly to Spline-KANs on smooth functions, it is particularly well suited to irregular ones. Ex-
periments using different networks for stochastic optimization on a real-world problem confirm that the
adapted P1-KAN achieves the best overall performance. However, the broader use of this method, and of
KANSs in general, is constrained by its higher computational cost compared to MLPs. Although P1-KANSs re-
main relatively slow, emerging implementations may significantly reduce computation time, as demonstrated
for Spline-KANs. Consequently, just as Spline-KANs increasingly replace MLPs for smooth data, P1-KANs
could serve a similar purpose for irregular or nonsmooth settings. Extensions of this framework—such as the
development of input—convex neural networks for optimal transport problems or efficient architectures for
mean—field control problems based on graphons—have already been explored [8|, 25] and the present approach
can be used in many fields. Moreover, as computational costs continue to decrease due to ongoing advances in
hardware and methodological techniques, the industrial use case presented here could realistically transition
to production within a few years. One of the key advantages of neural-network—based modeling lies in its
flexibility to incorporate a wide range of constraints, as well as in the relative simplicity of its implementation
when compared with deterministic methods.
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