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Atmospheric dispersion models

Air quality in Paris region, yesterday at 10 am (AirParif)
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Urban economics models

• A long tradition

• Precursors: von Thünen (1851)

• Then came Burgess (1923), Hoytt (1939)...

• Microeconomic models: Alonso (1964), Mills (1967), Muth (1969)

• A model of rents and residents density in a monocentric city, based on a 
microeconomic rationale

• Then Fujita and Ogawa (1982) and Lucas and Ross-Hansberg (2002) added
endogenous wages, and relaxed the assumption on monocentricity, in a linear and 
circular city
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Urban economics models

• Several papers applied Alonso (1964) framework to account for endogenous pollution

• Arnott et al. (2008), Schindler et al. (2017), Kyriakopoulou and Picard (2021): 
optimal structure of the city with endogenous traffic-based air pollution

• They accounted for pollution in agents' utility function, in line with the recent
empirical literature

• But their description of pollution is very simplified:

• Space is discrete;

• City is linear or circular;

• Pollution is totally immobile, and coincides with emission sources
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Our model
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Model

• Derives from a model developped during Q. Petit’s PhD (ongoing paper with G. 
Carlier, Y. Achdou and D. Tonon)

• An equilibrium model for the spatial distribution of labour and housing

• The city can be of any shape

• They prove existence and uniqueness of the equilibrium

• They obtain an explicit formulation for the distribution of residents

• A considerable extension of the models cited above

• We added pollution dispersion to their model
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Model : main variables
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Model : Agents’ Utility
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Model : Labour
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Model : Labour
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Model : Housing
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Housing (surface) demand d. f. at 𝑥 ∈ ഥΩ:
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Housing (surface) supply d. f. normalized
to 1 everywhere
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Model : Pollution
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POLLUTION DISPERSION : scalar transport equation

Δ𝑬 𝑧 − div(𝐕 𝑧 𝑬 𝑧 ) + 𝜒 𝑝, 𝑧 + 𝑓 𝑧 − Λ𝑬 = 0
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Model : Pollution
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POLLUTION DISPERSION : scalar transport equation

Δ𝑬 𝑧 − ∇ ⋅ 𝐕 𝑧 𝑬 𝑧 + 𝑓 𝑧 − Λ𝑬 = 0

The wind field 𝐕 solves the 2D stationary Navier-
Stokes equations

൞

−Δ𝐕 𝑧 + 𝑅 𝑧 𝐕 𝑧 ⋅ ∇ 𝐕 𝑧 + ∇𝑝 𝑧 = 0 (𝑧 ∈ Ω)

∇ ⋅ 𝐕 𝑧 = 0 (𝑧 ∈ Ω)

𝐕 𝑠 = 𝜉 (𝑠 ∈ 𝜕Ω)
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Model : Pollution
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POLLUTION DISPERSION

Δ𝑬 𝑧 − ∇ ⋅ 𝐕 𝑧 𝑬 𝑧 + 𝑓 𝑧 − Λ𝑬 = 0

The automobile pollution source term is given by

𝑓 𝑧 = න
Ω2
𝛿−11𝑧∈Σ 𝑥,𝑦 𝝁 𝑥 𝐺 𝑥, 𝑦,𝒘 𝑑𝑥𝑑𝑦

≔ 𝑓𝝁,𝒘(𝑧)
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Model : equilibrium
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EQUILIBRIUM

x∈Ω𝐺 𝑥, 𝑦,𝒘 𝑑𝝁(𝑥) = 𝐿 𝑦,𝒘 𝑦 ,     𝑦 ∈ ഥΩ

𝑆𝜃 𝑅 𝑥,𝒘 ,𝑸 𝑥 𝝁 𝑥 = 1,     𝑥 ∈ ഥΩ

൝
−Δ𝑬 𝑧 + ∇ ⋅ 𝐕 𝑧 𝑬 𝑧 + Λ𝑬 = 𝑓𝝁,𝒘 𝑧 , 𝑧 ∈ Ω

𝑬 𝑠 = 0, 𝑠 ∈ 𝜕Ω

supp 𝝁 ⊂ argmax𝑥∈ഥΩ𝑈𝜃,𝛾(𝑅 𝑥,𝒘 ,𝑸 𝑥 , 𝑬 𝑥 )
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Model : Existence of equilibria

There exists at least one equilibrium

𝒘,𝑸, 𝑬, 𝝁 ∈ 𝐶 ഥΩ,ℝ+
∗ 2 × 𝐻0

1 Ω × 𝑃𝑐 ഥΩ

(Under some assumptions on L and c)

Proof: We apply Brouwer fixed-point theorem
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Analytical results

• 𝝁 𝑥 =
𝑅𝜎 𝑥,𝒘

𝜃
1−𝜃𝑬 𝑥

−
𝛾

1−𝜃

 𝑅𝜎 𝑧,𝒘
𝜃

1−𝜃𝑬 𝑧
−

𝛾
1−𝜃𝑑𝑧

• Ω 𝑬 = 𝜆−1 Ω2 𝑥 − 𝑦 𝐺 𝑥, 𝑦,𝒘 𝝁 𝑥 𝑑𝑥𝑑𝑦

• Ω 𝑬𝝁 = 𝜆−1 Ω 𝑓𝝁,𝒘 𝝁 − 𝜆−1 Ω ∇𝑬 ⋅ ∇𝝁 + 𝜆−1
𝜃

1−𝜃+𝛾
Ω 𝐕 ⋅ ∇𝑅𝜎 ⋅, 𝒘 𝑬𝝁

A combined effect of economic
and meteorological factors
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Analytical results
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Next steps

• Uniqueness is not easy to get

• We are currently running numerical simulations in 2D

• The description of pollution dispersion can still be improved
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Thank you


