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Electric grid stress

0

1

2

3

4

5

1 4 7
1
0
1
3
1
6
1
9
2
2
2
5
2
8
3
1
3
4
3
7
4
0
4
3
4
6
4
9
5
2
5
5
5
8
6
1
6
4
6
7
7
0
7
3
7
6
7
9
8
2
8
5
8
8
9
1
9
4
9
7

1
0
0

1
0
3

1
0
6

1
0
9

1
1
2

1
1
5

1
1
8

1
2
1

1
2
4

Figure: Daily balance between electricity demand and the amount of energy available
within the grid

Why not the power consumption ?
Does Climate and Extreme Weather Impact Grid Stress?
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Figure: Daily variations of electricity price

How economic indicators such that GDP impact the variations of electricity
prices?
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Diagram of Spruce budworm life cycle

Figure: Spruce budworm life cycle



Different states of invasion
June-july 4 successive cycles Regeneration

Early in the growing season, shoots and needles are encased in silk and turn a
distinct reddish colour by late summer. The tops of some trees may appear
needleless

Most trees survive years of defoliation though grow slower than non-infested
trees and often develop defects reducing their value as timber
After 4 to 5 years of persistent and severe defoliation trees usually die,
especially understory trees
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Material and data
Map of sites Tree coring dendrochronology

tree-ring width measurements for 631 white spruce (Picea glauca) trees
distributed across 45 sites in southwestern Quebec, Canada, with 1 to 23 trees
per site.

The defoliation level for each area is classified on a scale of 1 to 3
corresponding to a low (approx. 1 – 35%), moderate (36 – 70%) or high (71 –
100%) fraction of the year’s foliage defoliated by the SBW.
The mean daily maximum of temperature, the total precipitation and the
mean CMI for the current and previous spring and summer.
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Existing models for ordinal categorical time series (1/2)

One-hot encoding for K + 1 categories : for 0 ≤ j ≤ K, Yj,t = 1 when Yt = j.

Yt = (Y0,t, . . . , YK,t)
⊤,

Yk,t = 1

{
j−1∑
k=0

πk,t ≤ Ut <

j∑
k=0

πk,t

}
, 0 ≤ j ≤ K, (1)

For any sequence (un)n∈N, we adopt the convention
∑−1

i=0 ui = 0.
1 Regression models

log
πj,t

πj−1,t
=: ηj,t = ωj + γ⊤Xt−1, 1 ≤ j ≤ K, t ∈ Z (2)

2 Autoregressions : Y t = (Y1,t, . . . , YK,t) ∈ {0, 1}K
Short term memory

log
πj,t

πj−1,t
=: ηj,t = ωj + γ⊤Xt−1 +

p∑
i=1

α⊤
i Y t−i, 1 ≤ j ≤ K, t ∈ Z (3)

Long term memory

log
πj,t

πj−1,t
=: ηj,t = ωj + γ⊤Xt−1 +

∞∑
i=1

α⊤
i Y t−i, 1 ≤ j ≤ K, t ∈ Z (4)
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Models for ordinal categorical time series (2/2)

1 Autoregressions : Y t = (Y1,t, . . . , YK,t) ∈ {0, 1}K
Long Short Term Memory (LSTM)

log
πj,t

πj−1,t
=: ηj,t = ωj + γ⊤Xt−1 + α⊤Y t−1 + βjηj,t−1,

(5)

log
πj,t

πj−1,t
= ωj + γ⊤Xt−1 +

∑
i≥1

βi
j

(
ωj + γ⊤Xt−1−i

)
+

∑
i≥1

βi−1
j α⊤Y t−i

(6)

1 ≤ j ≤ K, t ∈ Z.

where ωj ∈ R, βj ∈ R∗, j = 1, . . . ,K, γ ∈ RP , α ∈ RK .
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Stability conditions (1/2)

Yt = (Y0,t, . . . , YK,t)
⊤, Yk,t = 1

{
j−1∑
k=0

πk,t ≤ Ut <

j∑
k=0

πk,t

}
, 0 ≤ j ≤ K,

log
πj,t

πj−1,t
=: ηj,t = ωj + γ⊤Xt−1 + α⊤Y t−1 + βjηj,t−1, 1 ≤ j ≤ K, t ∈ Z.

λj,t := log
πj,t

π0,t
=

j−1∑
k=0

log
πk+1,t

πk,t
=

j−1∑
k=0

ηj+1. (7)

Setting λt = (λ1,t, . . . , λK,t)
⊤, from equation (7),

λt = ω̃ + ÃY t−1 + B̃λt−1, t ∈ Z

where ω̃ = (
∑k

j=1 ωj)k=1,...,K , Ã = (α|2α| · · · |Kα)⊤ and

B̃ =


β1 0 · · · 0
β1 β2 0 · · ·
...

. . . . . .
β1 β2 · · · βK

 .
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Stability conditions (2/2)

Proposition

Consider the model (1)-(5) and assume that (Xt, Ut)t∈Z is stationary and ergodic
with E log+ |X0|1 < ∞. If for k = 1, . . . ,K, |βk| < 1, then there exists a unique
non-anticipative, stationary and ergotic sequence (Yt, Xt, ηt)t∈Z solution of
(1)-(5). In addition, for r ≥ 1, E|η0|r1 < ∞ provided that E|X0|r1 < ∞.

Hint :
Indeed, if for k = 1, . . . ,K, |βk| < 1, the roots 1/βk, k = 1, . . . ,K of polynomial

P(z) = det
(
I − B̃z

)
= ΠK

j=1(1− βjz) (8)

are outside the unit disc. Moreover, the moments of latent process depend on that
of (Xt)t∈Z since Yk,t’s take only two values : 0 and 1.
Notes:
Tightest condition available right now : ρ(B̃) < 1. Weak than
ρ(|B̃|vec + |C|vec|Ã|vec) < 1 (DT 2022) or ||B̃||+ ||CÃ|| < 1 (MF 2017).
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Quasi maximum likelihood estimator

From (5),
ηt(θ) = ω + ΓXt−1 +AY t−1 +Bηt−1(θ)

where ω = (ωj)1≤j≤K ,Γ⊤ = (γ| · · · |γ), A⊤ = (α| · · · |α) and
B = diag(βj , 1 ≤ j ≤ K).

The vector of the parameters of the model will be denoted by
θ = (ω⊤, vec(Γ)⊤, vec(A)⊤, vec(B)⊤)⊤ and assume that Θ(∋ θ) is a compact set.
The true value of of the parameter will be θ0.
For k = 1, . . . ,K,

πk,t(θ) =
e
∑k

j=1 ηj,t(θ)

1 +
∑K

i=1 e
∑i

j=1 ηj,t(θ)
, θ ∈ Θ

and the parameter θ can by estimated by

θ̂n = argmin
θ∈θ

−
n∑

t=1

 K∑
k=1

Yk,t

 k∑
j=1

ηj,t(θ)

− log

(
1 +

K∑
k=1

e
∑k

j=1 ηj,t(θ)

) (9)
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Asymptotic properties (1/2)

Let us set

st(θ) = −
K∑

k=1

 ∑
j≥k

Yj,t −

∑
j≥k e

∑j
i=1

ηi,t(θ)

1 +
∑K

k=1
e

∑k
j=1

ηj,t(θ)

∇θηk,t(θ)

and

ht(θ) =

K∑
k=1


1(

1 +
∑K

k=1
e

∑k
j=1

ηj,t(θ)
)2


 ∑

j≥k

e

∑j
i=1

ηi,t(θ)

 k−1∑
ℓ=1

1 +

ℓ−1∑
j=1

e

∑j
i=1

ηi,t(θ)

∇θηℓ,t(θ)+

1 +

k−1∑
j=1

e

∑j
i=1
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 K∑
ℓ=k
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j≥ℓ
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Asymptotic properties (2/2)

Proposition

1 Suppose that
the conditions of proposition 1 hold for any θ ∈ Θ with E|X0|1 < ∞ and
η0(θ) = η0(θ0) Pθ0 − a.s ⇒ θ = θ0.

Then, the estimator (9) is consistent, i.e a.s

lim
n→∞

θ̂n = θ0.

2 If in addition, θ0 is located in the interior of Θ, E|X0|21 < ∞ and the matrix
Eh0(θ0) is invertible,

lim
n→∞

√
n
(
θ̂n − θ0

)
= N

(
0, J−1LJ−1⊤

)
where L = Es0(θ0)s⊤0 (θ0) and J = Eh0(θ0).
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Diagnostics checking

Null hypothesis

The null hypothesis is (1)-(5) hold true with θ = θ0.

One will consider the residuals

et(θ) =

∑
j≥k

Yj,t −
∑

j≥k e
∑j

i=1 ηi,t(θ)

1 +
∑K

k=1 e
∑k

j=1 ηj,t(θ)


1≤k≤K

, t ∈ Z, θ ∈ Θ, (10)

the autocorrelations

ρh(θ) =
1

n

n∑
t=1

et(θ)⊙ et−h(θ), h = 1, . . . , n, θ ∈ Θ. (11)

The vector of q successive autocorrelations is ρ1:q(θ) = vec((ρ1(θ)| · · · |ρq(θ))⊤)
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Diagnostics checking (2/2)

Proposition

Under the assumptions of proposition 2 with additionnal moment conditions on X0

and W invertible, as n tends to ∞,

nρ̂⊤1:qŴ
−1ρ̂1:q ⇒ χ2

Kq

and then the adequacy of the ACAR model (1)-(5) is then rejected at the
asymptotic level α if

nρ̂⊤1:qŴ
−1ρ̂1:q > χ2

Kq(1− α).



Simulations
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Results (1/2)

Table: Best Model for Témiscamingue

number of parameters = 14 AIC = 61.712 n = 75
portemanteau-test : statistics = 1.167 p-value = 0.737

parameters std t-statistics sig. code
ω1 -1.741 0.929 -1.875 *
ω2 -8.866 3.53 -2.511 **
ω3 -80.08 192.275 -0.416
∆temp. max. spring 0.058 0.082 0.703
∆temp. min. spring 0.02 0.108 0.187
∆temp. max. summer -0.134 0.115 -1.166
∆temp. min. summer -0.057 0.217 -0.264
∆log. tot. precipitation -4.063 0.991 -4.101 ****
α1 4.17 1.614 2.584 ***
α2 9.528 2.895 3.291 ****
α3 84.678 192.613 0.44
β1 0.517 0.193 2.677 ***
β2 0.027 0.578 0.046
β3 -0.999 0.005 -206.937 ****
sig. code : 0.85 · 0.90 * 0.95 ** 0.99 *** 0.999 **** 1



Results (2/2)

1 Best model for the region of Témiscamingue is the one with the inter-annual
variation of maximum and minimum seasonal temperature and inter-annual
log-variation of the amount of precipitations as covariates.

2 The magnitude and statistical significance of autoregressive parameter α1 and
α2 show that the levels of low and moderate intensities of defoliation affect
the defoliation mechanism.

3 Statistical significance of the feedback parameters except β2 indicating a link
between Yt and its all history.
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