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-
Finite goal

Solve master equation in optimization problem [Pham and Warin, 2022a]:

@ Solving PDE in Wasserstein space using Lagrangian type schemes
based on dynamic programming,

@ Solving McKean-Vlasov BSDE from Pontryagin optimality conditions
(if convexity and volatility not controlled)
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First problem

Given a V on k valued on RP, approximate the infinite-dimensional
mapping ( distribution function)

VipeK— V(u)eRP,

where K = {p € P>(R9) with support in compact K}.
o "Discretization" necessary

@ High dimension — Neural networks is the only solution
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@ Approximate V by a map N constructed from neural networks.

@ The network N takes input p a probability measure and outputs
N(n)-

@ Quality of this approximation is measured by the error:

L) = [ V() = N Pr(d)

where v is a probability measure on K (training measure)
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A

Necessity to sample distributions on K

@ Use Bin representation with J bins (1D here):

fffffffffffff

e Distribution defined by sampling probability p(j) € [0, 1] with
Ef:l p(j) = 1.

e From (ej)j=1,s exponential random variables,

€j

- J
D=1 6

p(J)
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-
The general training methodology (1)

o R¥(u) := (RK(1))k=1... k the K features estimated from the law p,

o N (1) := ®p(R*(11)) is such that &y is a NN from R to RP
depending on some parameters 6

@ Minimize the loss:

:[ V(1) = Po(RN ()| *v
K
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-
The general training methodology (I1)

At each iteration of the stochastic gradient,
e M distributions (u™)m=1,m are generated,
e For each ™, X™" ~ ™ are generated for n=1,..., N
o Estimate RN(um) := (RN ((X™) pe1 )kt k-
The loss

M
1(0):= 1 > V(™) — @o(REMum)
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The bin network [Pham and Warin, 2022b)]

Approximate the density of u using K Bins:
o R () = HXEBNM} \yhere (XM oy p ~ i

@ Universal approximation theorem in D¥(K) set of elements of K
admitting a density with modulus of continuity modulus @

Theorem

V' a continuous function from K to RP. Ve > 0, there exists K € N*, and
& a NN on RX with values in RP such that

V(i) - O(R(u)| < &, Ve D(K).
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|
The cylinder network [Pham and Warin, 2022b]

o RE(um™) = & 3201 95(X™") where 15 is a NN from R? to R¥.
@ Could find automatically the optimal features to select.

@ Universal approximation theorem:
Theorem

V' a continuous function from K to RP. Ve > 0, there exists K € N*, and
® a NN on R¥ with values in RP and a NN ¢ from RY to R¥ such that

V(1) — ®(Exu(¥(X)| < &, VueK.
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|
The quantile network [Warin, 2023] for 1D distributions

Approximate the density of u using its quantiles
Qu(p) =inf{x € K : p < Fu(x)}, Fu the CDF.
o R¥(1) = (Qulzh1))k=1.k

o Universal approximation theorem in Dc1(K) set of elements in K
with density continuously derivable.

Theorem

V' a continuous function from K to R. Ve > 0, there exists K € N*, and
® a neural network on RX with values in R such that

V(i) = ®(Re(w)| < =, V€ Dar(K).
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|
The moment network [Warin, 2023]

@ Features are moments

M) = (Exu[ ] Xiki])z"lkigK

i=1,....d =
o Number of moments : K = #{p e N/ 3% p; < K}
@ Universal approximation theorem

Theorem

V be a continuous function from K into RP, then, for all ¢ > 0, there
exists K and V a neural network from RX to RP such that

V)~ (M) < & uek
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Extended networks

@ Quantile and moments

k B
), Ex. X
K+ 1))k717K U ( X M[i::]r[ ; i ])27:1 k<K

REFR (1) = (Qul

@ Quantile of moments: take quantiles of power of X

@ etc...
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|
Numerical test (1D)

A. The moment case
V(N) = EXNM[X]EX~u[X4] - IEX~,u[X2]
B. The pure quantile case

V(,U) = Qu(q)

and we take g = 0.7.
C. The quantile-moment case

V(1) = Ex~u[X°1(1 + Qu(q))

taking g = 0.9.
D. The quantile-superquantile case

V(1) = Ex~ulX/X > Qua)] + Qu(q)

and we take ¢ = 0.3.
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-
Learning functions of ;o and X where X ~ p

@ Necessary to solve master equation to able to learn V/(X, 1) with
X ~ u so learn the mapping:

VipePry(RY) — V(- p) e L3(p),

@ The loss for an mapping approximation A/

LY = [ B VO ) = N X))
P2(RY)
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]
Similarly as in [Germain et al., 2022a]

@ Minimise the loss with ®g network from RY x R to R with
parameter 0

L(6) = /P o Bl Vo) = @0(X, R (1)) ()

@ Same universal approximation theorem as before.
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Example

A. Case A: a quadratic function of the measure
V(x,u) = x + i+ 2Var(p),

where i := Ex.,[X], Var(y) := Ex,[X?] — |a]>.

B. Case B : a first-order mean-field interaction

V(x, 1) = / (x = yPu(dy) = x* = 2xfi + Exu[X?].
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Distribution tested
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Resolution of McKean-Vlasov (MKV) control problems
over finite horizon [Pham and Warin, 2022a]

@ Mean-field SDE:
dXt = b(Xta]P)Xta Oét)dt + O—(Xta]P)Xra Oét)th, 0 S t S 7—7 XO ~ [IJ07

@ The objective is to minimize over controls a € A, a cost functional in
the form

o) = inf, J(c)
T
Ja) = E[/O F(Xe. Bx,. a)dt + g(Xr. Px, )]

For all pg in K
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Global learning on control

Inspired from [Gobet and Munos, 2005], [Han and E, 2016]. Using a single
network ®¢ depending on time, x, RX (1) to approximate the control

Ny—1

o) = E[ > f(Xivﬂia(D@(tiaXi?RK(Ni)))At‘i‘g(XNTy,UNT)}a
i=0

with
Xi1 = Fae(Xi, pi, Po(ti, Xi, RN (1)), 1 =10,..., N7 =1, Xo ~ po.
and with

@ 1o sampled from K

@ i estimated from X;

Learn the value function at t = 0 for all distribution g
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Control learning by policy iteration. Inspired from
[Huré et al., 2021].

@ Introduce N7 Neural Networks ®p, acting on X; and the features of
wi with parameter 6;.

@ Backward induction for approximating optimal controls: for i =
Nt —1,...,0, keep track of the approximate optimal feedback

controls Cbgf, j=1i+1,...,N;r—1, and minimize over 6; the cost
function:
Np—1
00 = B[O 00,06, REGODACE D G 1 902 (5, RE ) + 80Xur )]
j=it1

Xiv1 = Fae(Xi, pi, ®o,(Xi, R (1)), AWL),  Xi ~ i,
Xji+1 = FAt(Xj’MJ’ (Dejik()(i’ RK(M]))vAVVj)v j=i+1,...,Nr—1

Calculate the value function at all the dates for all distributions of K.
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Control learning by value iteration Inspired from
[Huré et al., 2021].

Backward induction : starting from 9} (x, R (u)) = g(x, ), we
minimize over 0;, for i = N+ —1,...,0,

() = E[F(X i, @0, R () At + 070 (X1, R (i11))|,
where
Xis1 = Fae(Xi, i, ®o,(Xi, RN (117)), AW;), X; ~ pi, i sampled

update 07 as the optimal parameter, then minimize over 7); parameter of a
second NN the quadratic loss function

L) =

K K K 2
B[ £, iy gx (X, RN (u))AE + 073 (Xis1, R (ui1)) = 9, (X, R (m))]
i

update 7; as the resulting optimal parameter, and set 9] = ¥,
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BSDE approach under convexity assumptions and o not

controlled [Carmona and Delarue, 2015]

satisfies

Ye = V(t,X:,Px,), Zt = o(Xe,Px,)TOxV(t, X¢,Px,), 0<t<T,

b(Xe, Py 4(Xe, Py Pr) )t + o (X, B, )JdAWe, 0 <t < T, Xo~ o

= (X P A P P ) e+ Z dWe, 0 ¢ < T, Y7 = g(Xr, Py ),

where (P:, M;); satisfies Pontryagin principle the backward SDE:

ar, = —axH%xt,lP’xr,Pt,é(xt,er,Pt))dt
)

Pr = Oxg(Xr,Px;)+E [8ug()~<Ta Px;)(XT)

where
@ H(x,p,p,a) = b(x,p,a)-p+f(x,p,a),
@ (X, P) are independent copies of (X, P) on ({2, F, P)
@ A(x, p,p) € argmin H(x, u, p, a),
acA
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N
Global BSDE formulation

We are led to consider the generic form of MKV forward-backward

(X, ), 2):

dXe = B(Xt,Bx,, Yi)dt + o(Xt, Px, )dWe, 0<t< T, Xo ~ po,
dy: = I“E[H(Xf,th,yt,zz,ku)?n 2‘1)} dt+ ZedW, 0<t< T, V5 = G(X7,Px;)

Time discretization of the MKV forward-backward SDE

{X,-H = X; + B(X;, i V)t + o(Xi, w)AW,, i=0,...,Nr —1, Xo ~ po,

YVipr =i +E[H(Xh wis Vi, Zis X, Vi éf)]At+ ZiAW;, i=0,...,Nr =1, Ynp = G(Xnps ng)-
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|
Local BSDE solver : from [Huré et al., 2020]

A network on Y and Z

L) = E|ya1(xf+1,RK(uf+1)))—ye,<x,-,RK(u,-))—ze,.<x,-,RK(m)>Aw,-

— E[H0X, i, Vo, (X, RE (i), Za, (X5, R (i), K3, Vi, (%6, R (), 2, (%6, R ()] e[,

where
Xiy1 = Xi + B(X;, i, Vo.(Xi, RE (i) ) At + o (Xi, i) AW, X; ~ pi,

Another solver possible from [Germain et al., 2022b]
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|
Global BSDE solver : from [Han et al., 2018]

A single network depending on time, X, and R¥(u) to approximate Z
Xiy1 = Xi + B(Xi, pi, YVi)At + o (X, pi) AW,
Vigp= Vi+E [H(Xh i Vi Zo(ti, Xi, R (), i, ¥, Zo(ti, X, RK(M:‘)))} At + Zg(t, Xe, RN (i) AW;,
and minimize over 6 the global loss function

2
L(G) = E‘yNT - G(XNTa,uNT)

Other global solvers proposed in [Pham and Warin, 2022a].
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The systemic risk case [Carmona et al., 2015]

dX; = [K(E[Xt] — Xt) + Oét] dt + cdW;, Xo ~ o,

Minimize
J(a) = E[/O F(Xe EX), 00) e+ E(Xr,BIXT])| > vl(po) = inf J(a),
where

1
F(x.xa) = Ja —qa(X —x) + 2 (x = %)% E(x%) = S(x—%)
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Optimize THEN test for pyg

nnnnn

Case 4 Case b
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Example of result: with global method

Method K At = % Case 1 Case 2 Case 3
Calc Anal Calc Anal Calc Anal
Bins 100 0.02 0.1670 0.1642 0.1495 0.1446 0.1497 0.1446
Bins 100 0.01 0.1651 0.1642 0.1472 0.1446 0.1470 0.1446
Cylinder 500 0.02 0.1684 0.1642 0.1489 0.1446 0.1492 0.1446
Cylinder 500 0.01 0.1665 0.1642 0.1469 0.1446 0.1467 0.1446
Method K At = % Case 4 Case 5 Case 6
Calc Anal Calc Anal Calc Anal
Bins 100 0.02 0.1675 0.1642 0.1824 0.1812 0.1792 0.1772
Bins 100 0.01 0.1648 0.1642 0.1803 0.1812 0.1766 0.1772
Cylinder 500 0.02 0.1684 0.1642 0.1848 0.1812 0.1817 0.1772
Cylinder 500 0.01 0.1660 0.1642 0.1835 0.1812 0.1795 0.1772

Table: Global Algorithm for systemic risk with T = 0.2, K =[-1.38,1.62].
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Example of result with global BSDE

T

Method K oy Case 1 Case 2 Case 3
Calc Anal Calc Anal Calc Anal
Bins 100 0.02 0.1691 0.1642 0.1496 0.1446 0.1498 0.1446
Bins 200 0.02 0.1691 0.1642 0.1495 0.1446 0.1497 0.1446
Bins 200 0.01 0.1663 0.1642 0.1468 0.1446 0.1471 0.1446
Cylinder 500 0.02 0.1686 0.1642 0.1491 0.1446 0.1492 0.1446
Cylinder 500 0.01 0.1665 0.1642 0.1466 0.1446 0.1466 0.1446
Method K % Case 4 Case 5 Case 6
Calc Anal Calc Anal Calc Anal
Bins 100 0.02 0.1692 0.1642 0.1858 0.1812 0.1815 0.1772
Bins 200 0.02 0.1694 0.1642 0.1863 0.1812 0.1824 0.1772
Bins 200 0.01 0.1668 0.1642 0.1838 0.1812 0.1793 0.1772
Cylinder 500 0.02 0.1686 0.1642 0.1857 0.1812 0.1816 0.1772
Cylinder 500 0.01 0.1667 0.1642 0.1836 0.1812 0.1795 0.1772

Table: Global deep MKV BSDE Algorithm, T = 0.2, £ = [-1.38,1.6].
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