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prices for a list of assets to other market participants.

e Today, often replaced by algorithms.

A market maker faces a complex optimization problem |
e Makes money out of the bid-ask spread.

e Faces the risk that the price moves adversely without him being able
to unwind his position rapidly enough.
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Externalisation: our contribution

Goals of this paper
We propose a mean-field version of the paper by Cartea and

Sdnchez-Betancourt:

e What happens when a broker faces a large number of (informed)
traders?

e How should the broker hedge?

e And, on another note, how should each individual trader use its
signal?
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The inventory (QF); of the broker is given by
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Change of probability
We introduce the probability pr.v”? given by
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Change of probability

We introduce the probability pr.v”? given by
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7

Under this probability, the price has dynamics
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Objective function

For a given (vf)¢co, 7], the n—th informed trader maximises the
following objective function

En,uB
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Objective function

For a given (vf)¢co, 7], the n—th informed trader maximises the
following objective function

En,uB

-

X2+ Q¥St — 5 (QF)° - ¢>/ (Qt”)zdt] :
0

This amounts to maximizing

.
B’ V {Qf” (bvf +af +ar) —n' (])* - 23Qv} _qz(an)z}dt] '
0
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Change of probability
We introduce the probability pB.v° given by
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Under this probability, the price has dynamics
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This amounts to maximizing

bt e st ol
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The problem of the broker

Objective function |

The optimisation problem remains unchanged if we scale the objective
function by dividing it by N, in which case the broker maximises

N

B,vB AB (1, . B /1N m2_ B B\25.BAB[ B 1 n B (AB)?
E= l:/O?{Qt (th +at)+nﬁg(l’t) = (ut)—Za Q: <Vt_N ZW)“f’ (Qt)}dt:|

n=1

where (@F)t = (%f)t that is,

N
= 1
1Q8 — <yf s ) i
n=1

15
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The framework

A mean-field of informed traders

Let us denote by (u): the process with values in P(R) representing at
time t the distribution of the execution rates of the (other) informed
traders conditionally to F¢*. The mean field execution rate (7+); is given
by

Uy = / x pe(dx).

R
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A mean-field of informed traders

Let us denote by (u): the process with values in P(R) representing at
time t the distribution of the execution rates of the (other) informed

traders conditionally to F¢*. The mean field execution rate (7+); is given
by

Uy = / x pe(dx).

R

Inventory of the broker

The (scaled) inventory (QF); of the broker is given by

dQf = (vf — ) dt,
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The representative informed trader wants to solve
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The representative informed trader wants to solve
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Optimisation problems

The problem of the broker

We consider the following problem for the broker

sup HZ#(vF),
vBeA

where

HEH(18) = E[/OT {08 (v + ) 40! [ Rt = (o)

—2a8Q8 <uf - /qut(dx)) — 48 (QF)Z }dt},

with b < 225,205, 21/, 495 4¢.
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Optimisation problems

Definition |
A solution of the above game is given by a probability flow p* € P(R), a
control v!* € A, and a control vB* € A such that
(i) H™# (') = sup ™" (v1);

vlieA

(i) HB’#*(VB"*) = sup HB’#*(VB);
vBeA
(iii) p¥ is the distribution of v, conditionally to F& for
Lebesgue—almost every t € [0, T],

where F* := (F{"),c0,7] is the P—completed filtration generated by W<,

20
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Lemma ‘

Let B € A. The functional H**(-) : A — R is strictly concave up to a
P ® dt—null set, i.e. if there exists A € A® B([0, T]) with

P ® dt(A) > 0 such that for (w, t) € A we have that (:(w) # v¢(w), then
for every p € (0,1), we have

H (0 ¢+ (1= p)v) > pHM(O) + (1= p) H (v).
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The informed trader’s optimality condition

Lemma |

Let B € A. The functional H**(-) : A — R is strictly concave up to a
P ® dt—null set, i.e. if there exists A € A® B([0, T]) with

P ® dt(A) > 0 such that for (w, t) € A we have that (:(w) # v¢(w), then
for every p € (0,1), we have

H (0 ¢+ (1= p)v) > pHM(O) + (1= p) H (v).

Lemma

The functional H' is everywhere Gateaux differentiable in A. The
Gateaux derivative at a point v/ € A in a direction w! € A is given by

-
<DH””B(VI), WI> = ]E|:/ th{ —o2n'vl —24 Q%
0
-
+ / <b1/,",3 + oz{, + oy — 2(;5’(.)[,) du}dt}
Jt

21
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The informed trader’s optimality condition

Theorem

We have that

v = arg max H””B(u')

vieA

if and only if /* is the unique strong solution to the FBSDE

—d(2n'v}*) = (bvE+al+ac—20'Q) e - aZ,

277’1/41* =2 a’Q#*,

where Z! € HZ is a martingale.
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The informed trader’s optimality condition

Proof ‘

Let us first assume that <DH”UB(IJ”*), W’> =0 for all w' € A. This implies
that

.
E|—2n'v*—2a'QF + / (b vB ol + ay —2¢ QL’*) du
t

.Ft:|:0

almost surely for all t € [0, T].
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The informed trader’s optimality condition

Proof ‘

Let us first assume that <DH”UB(IJ”*), W’> =0 for all w' € A. This implies
that

T
E {72 vt — 24 Q + / (b vB ol + ay —2¢ QL’*) du‘ft} =0
t
almost surely for all t € [0, T]. Therefore,

.
o' =E [2 aQhr - / (buf taol +a,— 2¢’Q[,’*> du
t

ff}
t
_ /(byf +ah+a,— 2<;S’QL/,’*>du
Jo
Y I Al
+E [23’(,)#*—/ (bl/E + ol + oy —2¢ Q;’jdu‘]—}}
0

t
:/ (buf+af,+au—2¢’QL’,’*> du— 27/,
0
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The informed trader’s optimality condition

Proof

where the process Z' given by
-
Zl.=-E {2 a’Q#*f/ (b vB ol +a,—2¢ QL’,’*) du‘ft}
0

is a martingale, by definition. Hence it is clear that v/** is solution to the
FBSDE.
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The informed trader’s optimality condition

Proof

where the process Z' given by
-
Zl.=-E {2 a’Q#*f/ (b vB ol +a,—2¢ QL’,’*> du‘ft}
0
is a martingale, by definition. Hence it is clear that v/** is solution to the
FBSDE.

Conversely, assume that v/** is solution to the FBSDE. Then v/** can be
represented implicitly as

.
20" vl* _E[—za’Q$*+/ (bu5+ai+au—2¢’QL’*> du‘ft}
t

Plugging this into the expression of the Gateaux derivative, it is clear that it
vanishes almost surely for any w' € A.

24
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The broker’s optimality condition

Lemma |
Let (14¢)eeqo, 71 With values in P(R) be the distribution of the execution
rates of the informed traders conditionally to F;*. The functional

HEB:#(.) : A — R is strictly concave up to a P ® dt—null set.
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The broker’s optimality condition

Lemma |

Let (14¢)eeqo, 71 With values in P(R) be the distribution of the execution
rates of the informed traders conditionally to F;*. The functional
HEB:#(.) : A — R is strictly concave up to a P ® dt—null set.

Lemma

The functional HB* is everywhere Gateaux differentiable in A. The
Gateaux derivative at a point 8 € A in a direction w? € A is given by

,
(DHE (%), w®) =B [ { (b= 24°) Q8217
0

-s—/tT(b /quu(dx) +ay — 2¢Béf>du}dt}-
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The broker’s optimality condition

Theorem

We have that

vB* = argmax HEH(1B)
vBeA

B,*

if and only if #* is the unique strong solution to the FBSDE

—d (2 nBuf’*) _ (b Dy + ap — 208 QF=*) dt — dZzB,
2nBuE* = (b—2a%)Q7",

where ZB € H2 is a martingale.
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Equilibrium condition

The mean field FBSDE system
At equilibrium, we have the following system of FBSDEs

—d(29'v ’*) = (bvB+al+ar—24 t”*)dtdet’,
—d (278 B*) - ba;+at72¢3057*) dt — dzB,
2l 1% :—Za’Q#*

2nBus B* = —(2a8 - b)QF*,

vt =E [v* ||,

27



Optimal strategy of the broker

FBSDE system

At the equilibrium, we solve the system

—d(@y'7) = (byf’* toap— 2&@;) dt —dZz!,
—d (2 nBuF*) - (b F 4 ap — 268 Qfﬁ*) dt — dzB,
207} =-23Q%

27]BV$’* =—(2af - b)@g’*.

28



Optimal strategy of the broker

Ansatz
We look for a solution to the above system in the form
i =gloct+ gl Q + gl Q0
v = hloe+ Y QF + hf Q7
where g7, gb, g¢ and h?, h?, h¢ are deterministic C* functions, with
terminal conditions g2 = h3 = g$ = hb =0, g2 = —3/n' and
hS = —(2af — b)/21B, and where

i@ i@
Sx —% AB,x __ B,* =%
Q; —/ v, du, and B —/ (v, * =) du.
0 0
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Optimal strategy of the broker

A system of ODEs |

We observe that the system of equations becomes

a @ __a a @ a a bha+1
0:dgt+{— gt+gfgt+gt(ht—gr)+£7n/}dt

a @ pa a G a a b ; 1
O:dht+{fk hi + hy g; +ht(ht*gt)+%}dt

(&”)2 +gf (hi’ —gf’) + %ﬁ} dt

b b b c (b b bgtb
0=dht + |t gl + hE (ke — at) + 575 | e

0=dg’ +

(e} [ C C c (o} bhc
0=dg: + gtbgt+gt(ht*gt)+2nﬂdt
- c _ B
bgi —2¢ :|dt,
2nB

0= dhf + | b7 gf + hi (hf — &5) +
with terminal condition g2 = h3 = g$ = h% =0, g2 = —5/77/ and
hs = —(2a® — b)/21®. We see that the system for g, g, h?, h{ is
independent of the solution to g7, hf. 30



Optimal strategy of the broker

A Riccati equation
Let P : [0, T] — R* be given by

he kb
P=- (1 1
8t &t

and let U, Y, @, S € R2%2 be given by

B B
1 -1 0 bB _% 0 2a°—b
U= VY = 27° ) Q= n - . s=| 29°
<0 1) <2€/’ Y ¢ 0 *iz 7 0
n

3\‘ v O
N— —

31



Optimal strategy of the broker

A Riccati equation ‘
Let P : [0, T] — R* be given by

hS hb
p=- (1 2
8+ 8t
and let U, Y, @, S € R2%2 be given by

B B
1 -1 0 # % 0 2z b
= = = n _ = 2
U < 1> 7Y < b 0 70 0 7% 75 8
n

0 2!

The system of ODEs for g2, g¢, h?, h¢ can be written as the following

) |

3\‘ v O

matrix Riccati differential equation
tel[0,7),

OzddF;f—f—YPt—PtUPt—Q,
Pr=S.

31



Optimal strategy of the broker

Solution of the Riccati ODE (Freiling et al. 2000, Freiling 2002)

The unique solution takes the form

Pt:Tth_17

where R;, T; solve the linear system of differential equations

(00 96 00

32



Optimal strategy of the broker

A linear ODE
Finally, we just have to solve the linear system of ODEs given by:

a o a a c a a bh 1
0 :dgt+[—k gl +erel +af (hi—gf)+ +}dt

0 = dh? + [—kehg + g2 + b (12 - g7) + S at,

with terminal conditions g7 = h3 = 0.

33



Optimal strategy of the broker

A linear ODE
Let

a S a _ pC c_ b b
X = h; ) A = e s B: = kc hz htoz htc 27]5 P
8t =L —8 — 5,7 k® +gi — &t

then, we have that the system for h7 and g; can be written as
dxt = (Af + Bt Xf) dt,

with terminal condition X+ = 0.

34
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Optimal strategy of the broker

The strategy |
The closed-form optimal solution to the FBSDE is then

l/B’* AB,*
i* = Xt Ay — Pt E* c
Wi t
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Optimal strategy of the broker

The strategy ‘
The closed-form optimal solution to the FBSDE is then

l/B’* AB,*
i* = Xiar — Py E* c
Vi t

The optimal trading strategy of the broker can be written as

Remark

vP = at (7 gl Q- gf Q") + HE Qo+ hE QP
= @i + (7 —aie’) Qi +(hf —aigf) @7,
where the externalisation rate g7 is defined as
_he
&t

a

g:
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Optimal strategy of the informed trader

FBSDE of the representative trader |

—d (2 n'y{**) — (byf’* talta;— 24 Qt"*) dt —dz!,

I
2!yl =24 Q"
nvy T

36



Optimal strategy of the informed trader

FBSDE of the representative trader ‘

—d (2 n/;,{»*) - (buf’* tal+a—2¢ Qt”*) dt —dz/,

2n' vl = 24/ Qh*.

Ansatz
As before, we make an ansatz and look for a solution with the form

I,

a,l | bA b, A1, ~B,*
vy = e+ o Q4 t*+ftc t

where 2, f! fP bl fc are deterministic C* functions, with terminal
conditions f2 = 2! = f2 = f£ = 0 and f2' = —a' /', and where

t
Ix _ I,%
Qt —/ v, du.
0

36



Optimal strategy of the informed trader

A system of ODEs

We observe that the system of equations becomes

a « ra a a c/La a bha 1
0=df’ + |-k + gl + £ + £5(h — g7) + 2;77 }dt
0=df + _klﬂa,l+ﬂb,lﬂa,l+i:| dt

i 2
b (b b, chigh | perps by, bhT]
0=dfy’ + |fige +f ' f; +ft(ht*gt)JF27n, dt
L 2 1 J
0=art + | () —ﬂ,} dt
L n

c [ b _c b,l rc c c c bhf-

0=df + |fgf +f K +Ff (hi — &) + 21 dt,
with terminal conditions f2 = f2' = f£ = f£ = 0 and 2/ = —a' /n'.
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Optimal strategy of the informed trader

A Riccati ODE

Notice that the equation for 2/ is independent of the others, and is

given by
2
0 =dfP'+ [(ftb") _ ﬂ dt,

b,
f7 ==a/m.
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Optimal strategy of the informed trader

A Riccati ODE

Notice that the equation for 2/ is independent of the others, and is

given by
2
0 =df¥'+ [(ftb") - ﬂ dt,

b,
f7 ==a/m.

This is a simple Riccati ODE, and its solution is given by

i i 2 ny (s)ds
b,/ ¢ e-Jt 7P
ft = — Wtanh j(T—t) — T 57T q
h ) n n’/a’ + ft e L, ve(s) Sdu

with
1 !
yp(t) = — Wtanh W(T—t)

38
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Optimal strategy of the informed trader

A linear ODE

Once we have solved the equation for 2!, the equation for 2/ is just a

linear ODE given by

0 =df'+ [—k’f;”" A %ﬁ,} dt
2 =o.
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Optimal strategy of the informed trader

A linear ODE ‘

Once we have solved the equation for 2!, the equation for 2/ is just a
linear ODE given by
)l o b.I fa,l
0 =df'+ [—k’f;” + £ +2in,} dt
2 =o.

Its solution for t € [0, T] is therefore given by

1

T
= 2*[[], e ffu(kl_&b,l)dsdu.
t

a,l
fe

39
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Optimal strategy of the informed trader

A linear system of ODEs
Let A><: [0, T] — R* and b* : [0, T] — R? be given by

b b,I b b b
i h? — h

A=~ & +ct . cgt b, and b = — bl .-
8t ht — g + £ 2n' \ hi

We introduce the function F®¢ : [0, T] — R? given by

Ftb,c _ (f;i) .
A
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Optimal strategy of the informed trader

A linear system of ODEs
Let A><: [0, T] — R* and b* : [0, T] — R? be given by

b b,I b b b
i h? — h

A=~ & +ct . cgt b, and b = — bl .-
8t ht — g + £ 2n' \ hi

We introduce the function F®¢ : [0, T] — R? given by
Ftb,c _ (f;i) .
e
d

T = AR b

Then F>< satisfies

with terminal condition F?’C =0.
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Optimal strategy of the informed trader

A linear ODE
Finally, if we define b? : [0, T] — R by
_ bhi+1

b = ~fPgl — f5(h7 — &7) 20

vt e [0, T],
then the unique solution to the linear Equation for 2 is given by
T A )
f2=— / pae~ Ji (K —F>"ds)q,,
t

for t € [0, T].
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Time horizon: T =1 day;
Initial price: So = 100 $;
Price volatility: ¢° =1 $-day~

1/2.

Initial common signal: ap=0$- day_l;

Signal volatility: 0 =1 $ - day™%/?;

e Mean-reversion of signal: k =5 dayfl;

Transaction costs of traders: i/ = 1073 $ - day;

Transaction cost of the broker: nB =12.103%¢- day;

Terminal penalties: a/ =af =1 §;

Risk aversion: ¢/ = ¢ =102 §-day *.
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Sample paths of signal and price
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Figure 1: Signal and price.
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Sample paths of execution rates
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Figure 2: Mean-field execution rate and broker’s execution rate.
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Sample paths of inventories
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Figure 3: Mean-field inventory and broker's inventory.
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Sample paths of signals
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Figure 4: Signals.
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Sample paths of trader’s execution rates
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Figure 5: Mean-field execution rate and representative trader’s execution rate.
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Sample paths of inventories
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Figure 6: Mean-field inventory and representative trader’s inventory.
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Sample paths for the broker
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Figure 7: Execution rate and inventory of the broker.
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The End

Thank You!
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