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Introduction

Aims of the talk: illustrate general results and explicit solutions for zero-sum and
nonzero-sum Dynkin games with asymmetric/incomplete information
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Introduction

Aims of the talk: illustrate general results and explicit solutions for zero-sum and
nonzero-sum Dynkin games with asymmetric/incomplete information

The talk is based on

@ De Angelis, Merkulov, Palczewski (2022).
On the value of non-Markovian Dynkin games with partial and asymmetric
information. Ann. Appl. Probab. 32 (3), 1774-1813.

@ De Angelis, Ekstrém, Glover (2022).
Dynkin games with incomplete and asymmetric information.
Math. Oper. Res. 47 (1), pp. 560-586.

@ De Angelis, Ekstrom (2020).
Playing with ghosts in a Dynkin game.
Stoch. Process. Appl. 130, pp. 6133-6156.
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Introduction |

Related topics/literature:

@ Standard Dynkin games and Dynkin games with incomplete information: broad
body of existing literature

@ Stoch. diff. games with asymmetric information (Cardaliaguet and Rainer, 2009)
— idea of randomised strategies

@ Dynkin games with asymmetric information (Griin, 2013, Gensbittel and Griin,
2019) - viscosity solution of variational inequalities

@ Radomised stopping times as increasing processes (Baxter and Chacon, 1977,
Meyer, 1978)

@ Min-max theorems (Sion, 1958, Touzi and Vieille, 2002)
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Introduction |l

Recent developmets:

@ Private information: Kwon-Palczewski, MOR 2024, Gaitsgori-Groenewald, SICON
2025.

@ GCeneral results, equilibria and mixed strategies: Decamp, Gensbittel, Mariotti,
arXiv 2022 and 2024, Christensen-Schultz, arXiv 2024, Christensen-Lindensjo,
arXiv 2024.

@ Uncertain competition: Ekstréom-Lindensjé-Olofsson, SICON 2022,
Ekstréom-Milazzo-Olofsson, SPA 2024.
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General results:

value and optimal strategies in zero-sum games

UNIVERSITA
DEGLI STUDI |
DI TORINO




Introduction General results Problem 1: A zero-sum game Problem 2: ghost games Conclusions
000 000000000 00000000000000000 o 000
0000000000000 00

Setting |: Processes

@ Complete probability space (€2, 7, P) with filtration (7 );c[o,7jand T € (0, 00]

@ X € L: real-valued cadlag B([0, T]) x F-measurable processes with the norm

IXlle =E[ sup x| <.
te[0,T]

@ Regular process:
E[X,, - Xﬂ—lﬁl—] =0 P-a.s. for all predictable (F;)-stopping times 7.

(e.g., quasi left-cont., std. Markov processes, strong/weak solutions of SDEs, etc.)
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Setting ll: Game

(P1) Player 1's information is contained in (}'tl) C(H)
(P2) Player 2's information is contained in (}}2) C(RH)
In general (7!) # (7?) and (R!), (7%) ¢ (F)

P1 selects T € [0, T] and P2 selects o € [0, T|: the game ends at T A 0 when P1
pays P2 the amount

P(t,0) = frl{r<o) + 8o l{o<r) + hrl{r=0}- (1)

So, P1 is the minimiser and P2 is the maximiser

UNIVERSITA
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Setting lll: Payoffs

The payoff processes f, g and h satisfy the following conditions:
Assumptions
(Al) f,geL,
(A2) fand g have the decomposition f = f+f, g = g + g with
(i) f,geL,
(i) f,& are (F;)-adapted regular processes,
(iii) f,g are (F;)-adapted (right-continuous) piecewise-constant
processes of integrable variation with fo = &g =0,
A?T = ?T—?T_ = 0 and AgT = QT—gT_ = 0,
(iv) either f is non-increasing or & is non-decreasing.
(A3) fy > hy > gt forall t €0, T], P-a.s., (second-mover advantage)

(A4) his an (F;)-adapted, measurable process.
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Setting IV: randomised stopping times

Given a filtration (G;) C (&) let

A(Ge) :=={p : pis (G¢)-adapted with t - p;(w) cadlag,
non-decreasing, po—(w) = 0 and p7(w) = 1 for all w € Q2}.

Definition (Randomised stopping times)

A (G¢)-randomised stopping time is defined as
n=n(p,2)=inf{te[0,T]:py >Z}, P-a.s.
with Z ~ U([0, 1]), independent of Fr, and p € A(G;).

The set of (G;)-randomised stopping times is denoted by TR(Gt). Randomisation
devices of different stopping times are independent.

Terminology: We say that p € A generates 7.
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Value of the game and optimal strategies

Definition (Value of the game)

Define
V.= sup inf  E[P(t,0)] (lower value)
oeTR(F2)TeTR(FAY)
V*:= inf sup E[P(t,0)] (uppervalue).
teTR(FH) oeTR(F2)

The game has a value in randomised strategiesif V = V, = V*.
Definition (Optimal strategies)

An admissible pair (t,,0.) € TR(]-'tl) X TR(]-'tZ) is a saddle point (or a pair of optimal
strategies) if
E[P(.,0)] <E[P(s,0.)] < E[P(7,0%)],

for all other admissible pairs (t,0).

UNIVERSITA
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Main Result

Theorem (Value of the game and optimal strategies)

Under the assumptions stated above the game has a value in randomised strategies.
Moreover, if f and £ are non-increasing and non-decreasing, respectively, there exists
a pair (t,,0,) of optimal strategies.

Remark. Our assumptions are minimal and we provide counterexamples in the paper.

Key ideas in the proof...

UNIVERSITA
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Game of singular controls

Forte TR(FY), 0 e TR(F?),
E[P(t,0)] = EU f-Coder [ et-goatcr ) htAetAcf],
0.1 0.1 o
where (&) and ({;) are the generating processes for T and o, respectively.

Interpretation:

& =P(t< t|.7-'t1) Rightarrow dé&; is the pdf (conditional on .7-',:1) of the stopping
distribution at time t

P(t>t|F)=1-& and A§, AT =P(t =0 = t| FL v F?)
Notation: N(&,C) = E[P(t, 0)]
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Smoothing

A,c C A with absolutely continuous paths.

Problem 2: ghost games
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Smoothing

A,c C A with absolutely continuous paths. We use an auxiliary game:

.= sup inf  N(&,C) and W'= inf sup N(&,Q).
CeA(FR) E€Aac(FY) Eehac(FH) zeAF2)

UNIVERSITA
DEGLI STUDI
DI TORINO




Introduction General results Problem 1: A zero-sum game Problem 2: ghost games Conclusions

[e]e]e} 00000000 e0 O00000000O00000000 o] [e]e]e}
0000000000000 00

Smoothing

A,c C A with absolutely continuous paths. We use an auxiliary game:
.= sup inf  N(&C) and W'=  inf sup N(&,Q).
CeA(FR) E€Aac(FY) Eehac(FH) zeAF2)

Clearly W, >V, and W* > V*.
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Smoothing

A,c C A with absolutely continuous paths. We use an auxiliary game:

W, = sup inf  N(&,C) and W'= inf sup N(&,Q).
CeA(FR) E€Aac(FY) gehac(FH zeAFR)

Clearly W, >V, and W* > V*. Then we prove W, = V, so that W, = V, < V* < W*.
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Smoothing

A,c C A with absolutely continuous paths. We use an auxiliary game:

W, = sup inf  N(&,C) and W'= inf sup N(&,Q).
CEA(]’}Z)EEAac(}—tl) “EEAac(]:tl)CeA(}_tz)

Clearly W, >V, and W* > V*. Then we prove W, = V, so that W, = V, < V* < W*.

The final step is to prove that W, = W*.
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Sion’s min-max theorem

We consider
§:=L2([0, T, B([0, T]) x F, AxP),
equipped with its weak topology.
° A(]—'tz) and Aac(]-'tl) are convex and A(]—'tz) is weakly compact in §

o A(]:tz) >+ N(¢&,Q) is quasi-concave and upper semi-continuous (weakly in S)

o Aac(}'tl) 3 & > N(&,Q) is quasi-convex and lower semi-continuous (weakly in S)

Sion’s theorem (1958) gives us existence of a value and of a maximiser C*.

Swapping the roles of P1 and P2 we also obtain existence of a minimiser &* since the
same arguments apply to the game with payoff P’(t,0) := —P(t,0), where t-player is a
maximiser and the o-player is a minimiser.
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A zero-sum game:

partially observable dynamics
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Setting |

On a probability space (€2, F,P) we have:
@ Two random variables 6 and U/ and a Brownian motion W
@ The above are mutually independent
@ PO@=1)=mandP(6=0)=1-mandU ~ U([0,1])

The process underlying the game reads
dXt:((l—G)yo+6y1)Xt dt+O‘Xtth (2)

with pg <0< pj.
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Setting Il

Game's structure.
@ Player 1 chooses a (random) time T and Player 2 chooses a (random) time ¥

@ At T Ay, Player 1 receives the amount
P(t,y):= X’rl{r<7} +(1+ e)Xyl{rzﬂ
from Player 2, with € >0

@ Player 1 is maximiser and Player 2 is minimiser (of the expected future payoff)

UNIVERSITA
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Setting lll

Incomplete and asymmetric information.
@ Both players observe X
@ Player 2 knows the true value of 6

@ Player 1 only knows the prior distribution of 8

CA
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Setting lll

Incomplete and asymmetric information.
@ Both players observe X
@ Player 2 knows the true value of 6
@ Player 1 only knows the prior distribution of 8
We let the information available to Player 1 be given by the filtration
FXi=0(Xs,0<s<t)=FL,
whereas the information available to Player 2 is given by the filtration

X,0 .

F=0(0,X,0<s <t)= 72 2 AL

(Both filtrations are augmented with P-null sets.)
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Setting lll

Incomplete and asymmetric information.
@ Both players observe X
@ Player 2 knows the true value of 6
@ Player 1 only knows the prior distribution of 8
We let the information available to Player 1 be given by the filtration
FXi=0(Xs,0<s<t)=FL,
whereas the information available to Player 2 is given by the filtration

X,0 .

F0=0(6,X,0<s <t)= 72 2 .

(Both filtrations are augmented with P-null sets.)

The set-up of the game is known to both players: they both know 7, g, #1 and o and
Player 1 is aware that Player 2 knows the true value of the drift
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Setting IV

Strategies.

@ The peculiarity of this game is that an equilibrium exists in which P1 only uses a
pure stopping time 7 € T(]—'tX)

@ P2 uses a randomised stopping time
Ve = volie=0) + ¥11{p=1},

with y; generated by I' € A(]—'tx’e), i=0,1
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Markovian formulation

Player 1’s learns about the true drift through observations of the process X: for t > 0
we denote
Me:=P(O = 11FY). (3)
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Markovian formulation

Player 1’s learns about the true drift through observations of the process X: for t > 0

we denote
M :=P(O = 117Y). (3)

By standard filtering theory we have

dXe = (po(1 - M)+ pu1 M) X dt + 0 X, dBy, Xo=x

and
dMy = wle(1-T¢)dBy, Mo=m, (4)

where (B¢)t>0 is a (P, FX)-Brownian motion known as innovation process and
w :=(p1 — po)/o is referred to as the signal-to-noise ratio.
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Markovian formulation

Player 1’s learns about the true drift through observations of the process X: for t > 0

we denote
Me:=P(O = 1IFY). (3)

By standard filtering theory we have

dXe = (po(1 - M)+ pu1 M) X dt + 0 X, dBy, Xo=x

and
dMy = wle(1-T¢)dBy, Mo=m, (4)

where (B¢)t>0 is a (P, fX)fBrownian motion known as innovation process and
w :=(p1 — po)/o is referred to as the signal-to-noise ratio.

We denote the likelihood ratio n
_ t
T 1-Mg

The process (X¢, ®t)¢>0 is Markovian and adapted to FX.

[OF
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The belief process

The adjusted posterior probability process ®*.

Assume (7%, 7*9) is an equilibrium. The uninformed player calculates the adjusted
posterior probability, for t > 0
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The belief process

The adjusted posterior probability process ®*.

Assume (7%, y’é) is an equilibrium. The uninformed player calculates the adjusted
posterior probability, for t > 0

P =1,y) > t|7X)
Py > |
P>t ENe=1PE=1F)  1-rhn,
- P(yg > t|75) Py > t|RY)
-,
1-0 4 a-rhe,

My :=PO=1F"75>1)=
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The belief process

The adjusted posterior probability process ®*.

Assume (7%, y’é) is an equilibrium. The uninformed player calculates the adjusted
posterior probability, for t > 0

P =1,y) > t|7X)
Py > |
P>t ENe=1PE=1F)  1-rhn,
- P(yg > t|75) Py > t|RY)
-,
1-0 4 a-rhe,

My :=PO=1F"75>1)=

Then the adjusted posterior probability satisfies

*

* *1
I} P 1-T;

cbt i * t— .0’ =
1-m 1-10
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Change of measure & dimension reduction

It is convenient to use the the measures PO and P1 specified by
P'(A):=P(A|6=i), forAcFL.
Using the explicit dynamic of X under P’ we also define
B
d—P, =e HitX,,
dpi 17X

we obtain

Lemma. (Game payoff). Letting Pi= (1+@)P, we have
Prp(T76) = PLo(t,T0) + @Pio(r,Th),

where, fori =0,1,

. . —_— . T .
Pl (e, 1) = xEb|eFit(1- 1))+ (1 +e)f0 e""tdrt'].

The only relevant dynamic is that of ®...

Introduction General results Problem 1: A zero-sum game Problem 2: ghost games
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Heuristics

R(’l’, ’;/) = XT]'{T<7} +(1+ E)Xyllrz;/}

@ If u=pp <0, Player 2 does not stop and yg = +o0;
@ If Player 1 were certain that y = 1, she would never stop;

@ If u=p1, Player 2 stops when @ is too high (i.e., Player 1 has a strong belief that
# = p1); hence Player 2 stops at some upper threshold B (for @) according to
some ‘intensity’ (randomised stopping);

@ Randomisation generates an adjusted likelihood ratio ®* (i.e.,the belief of the
uninformed player after manipulation by the informed one);

@ Inall cases, Player 1 stops when she has a sufficiently strong belief that u = uq,
i.e. at a lower threshold A for ®*.
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We are after two thresholds 0 < A < B < +c0:

1. Areflecting threshold B, such that we can construct processes
rBe AF®) and &} =B = (1-TF) (7)

so that ®* is downward reflected at B; then 1 is generated by rs.
2. A stopping threshold A for ®*, i.e. T4 :=inf{t > 0: ®f < A}.
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ODE for Player 2 if y = pg.

We expect P)g(p(TA,O) = XE% [eHOTA ] =: xVy(¢). Then Vg solves

LF V(@) +owpVi(@)+ poVol@) =0, @€ (A,B)
Volg) =1, pe(0,A] ®)
V4(B-) =0.
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ODE for Player 2 if = p1.

We need to compute PXlKP(TA’ rB)=: xV1(¢) and we expect smooth-fit at B. Then V;

solves
02@? > ,
V(@) +(w* +ow)pVi(e)+p1Vi(p) =0, @e(A,B)
Vi(p)=1, p€(0,A] 9)
Vilp)=1+e, pe[B,)
V;(B-)=0
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ODE for Player 1 in all cases.

Recall that .
Pup(ta, 0,TVB) = PO (14,0) + 9Pt (1A, TB).

Then, for 73:(’(P(TA,0, I'LB) =: xV(¢) we have
V(p) = (Vo() + V1 (@)

2. 2
LV (@) +owpV' (@) + o V(@) =0, @€(A,B)
Vip)=1+o, pe(0,A]
V/(B-)=1+e.

The crucial link across ODEs for both players is smooth-fit at A, i.e.

VI(A+)=1

o]
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Theorem.

The system of ODEs yields a unique solution: a couple of points A and B and functions
Vo, V1 and V.

Moreover, such solution fulfils all conditions in our verification theorem. Hence
(ta,0, FB) is a Nash equilibrium.
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Theorem.

The system of ODEs yields a unique solution: a couple of points A and B and functions
Vo, V1 and V.

Moreover, such solution fulfils all conditions in our verification theorem. Hence
(ta,0, FB) is a Nash equilibrium.

Now, some pictures...
wo=-1,pu1=1,0=05ande=0.1
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Figure: A typical sample path of the IM*-process (left) and its associated r1-process
(right) for our base-case parameters. Note that the dashed lines on the left represent
the optimal boundaries a = 0.248 and b = 0.465 and that we have chosen 7t = 0.35.
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Figure: The value of the game to Player 1 (solid line; (1 — 7t)Vg + 7tV ) along with the
value of the game to Player 2 when p = pg (dotted line; V) and p = p1 (dashed line;
V7). The shaded region corresponds to the interval [a, b]. The base-case parameters
are yg=-1,p1 =1,0=0.5and e =0.1; therefore a = 0.248 and b = 0.465.
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Figure: On the left: The common value function for both players in the symmetric
incomplete information case (solid line) in comparison to the value function in the
asymmetric case (dashed line). The shaded region corresponds to the interval [a, b]
(for the symmetric case). On the right: The difference between these values, which
represents the value of information in our game. Base-case parameters: yg = -1,
#1=1,0=05ande=0.1, whichyields a:=A/(1+A)=0.193 and

b :=B/(1+B)=0.758 (for the symmetric case).
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Ghost Games:

Uncertain Competition
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Motivating example

Sealed-bid auction with known competition:

@ Two players bid for a good worth 1 EUR
The bids are not public
Both players know there are two bids (N bids)
P1 bids s € [0,1] and P2 bids t € [0, 1]
Payoffs:

Ji(s,t)=(1-5)1(s5yy and  Jo(s,t) = (1= t)1(ss)
@ The only equilibrium is (s,, t,) = (1,1) with jl* = *75 =0
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Sealed-bid auction with unknown competition (pure strategies):

@ Same setup as above but now players are not sure whether there is another
bidder

@ For simplicity we take symmetric game
@ P1 estimates that P2 is in the game (and viceversa) with probability p € (0,1)

@ Expected payoffs:
J1(5,0) = p(1=5)L{ssq) +(1-p)(1=5) and Ja(s,t) = p(1—1)1{pmg) +(1-p)(1-1)

@ There is no equilibrium in pure strategies:

o If P2 bids t < p, then P1’s best response is s = t + ¢ for € | 0 (and viceversa)
o If P2 bids t > p, then P1’s best response is s = 0 (and viceversa)

@ Players preempt each other for as long as they bid below p

@ The pair (p, p) is not an equilibrium
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Figure: An illustration of Player 1's payoff when Player 2 picks t € [0, p).
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Sealed-bid auction with unknown competition (mixed strategies):

@ Players use mixed strategies, i.e., their bid is drawn from a cdf F supported on
[0, p] with F(0) =0

@ If P2 bids according to F, then

J1(s,F)=p(l-s)F(s)+(1-p)(1-s)
@ In equilibrium P1 is indifferent across s € [0, p], i.e. J1(s, F) = const.
@ |In particular, J1(s,F) = J1(0,F)=(1-p) for all s € [0, p]. It follows:

1—p)
p

F(s):( SS,se[O,p]andF(s):l,se(p,l].

1—
@ Notice that for s € (p,1], J1(s,F)=(1-s)<1-p = no bid above p
@ Equilibrium in mixed strategies (s, t) ~ (F,F)and J1(F,F)= J>(F,F)=1-p
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Figure: An illustration of the optimal mixed strategy.
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Setting |

Let (Q2, F,P) be a probability space hosting the following:

(a) a continuous, R%-valued, strong Markov process X which is regular (it can reach
any open set in finite time with positive probability, for any value of the initial
point Xg = x);

(b) two Bernoulli distributed random variables 6;,i =1, 2;

(c) two Uniform(0, 1)-distributed random variables U;, i =1, 2.

Furthermore, we assume that these processes and random variables are mutually
independent, and that P(6; =1)=1-P(6; =0) = p; € (0, 1].
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Setting Il

Here, the event {0; = 1} denotes the presence of active competition for the i-th player.
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Setting Il

Here, the event {0; = 1} denotes the presence of active competition for the i-th player.

Game structure: a preemption game with uncertain competition.

@ The payoff: g: RY - [0, 0) is a continuous function such that sup, .ra g(x) > 0.

@ Player 1 chooses 7 € TlR and Player 2 chooses y € TZR
@ The payoff for Player 1 at time T is

1
R(57) = (8(Xe)L(eep) + 580X L (e} ) rcco]

where y:= ylig, -1} + 19, =0}
@ For Player 2 at time y the payoff is R(y, T) with 7 := l{g,=1} + o0lig,=0}-

@ Both players are maximisers (of the expected future payoff)

UNIVERSITA
| DEGLI STUDI
DI TORINO




Introduction General results Problem 1: A zero-sum game Problem 2: ghost games Conclusions

[e]e]e} 0000000000 O00000000O00000000 [e] [e]e]e}
0000000000000 00

Setting lll

Denote J1(7, ;p1,%) := Ex[R(7, )] and J2(1, y3 p2, x) := Ex[R(y, T)].
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Setting lll

Denote J1(7, ;p1,%) := Ex[R(7, )] and J2(1, y3 p2, x) := Ex[R(y, T)].
Definition (Nash equilibrium). Given x € R9 and pi€(0,1],i=1,2, a pair
(t5,9%) e TlR X TZR is a Nash equilibrium if
J1(T¥55p1,x) < T1 (T 5P, x)
and
T2, ¥3p2,x) < T2(T, 73 p2, X)
for all pairs (7,y) € TlR X TZR. Given an equilibrium pair (7%, %) € TlR X TZR we define the

equilibrium payoffs as

vi(pi, x) == Ji(T", v"5pi, x), fori=1,2.
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The belief processes

Ifye TZR is generated by ree A, then Player 1 dynamically evaluates the conditional
probability of Player 2 being active as

A p1(1-TF)
Nt =pPO1 =175 p>1)="—1"
1-pply

provided p1 € (0, 1). Likewise, if T € TlR is generated by 'l € A, then

1-1}
N2.=P6, = 1IFX, 2> t) = Ltl)
1-pol;

provided pp € (0, 1).
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The single agent problem and three sets

Let
V(x):= sup Ey [e_rTg(XT)l{'r<00]]

and assume V € C(RY).
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The single agent problem and three sets

Let
V(x):= sgp E, [e_rTg(XT)l{’Koo]]

and assume V € C(RY).

Equilibria are fully determined in terms of three sets
C:={(p,x) €(0,1)xRY: (1= p)V(x) = g(x)}
"= {(px) €(0,1)x R : (1 - p/2)g(x) < (1~ p)V(x) < g(x)}
S:={(p,x) €(0,1)x R (1-p)V(x) < (1 -p/2)g(x)}

and note that CUC’US = (0,1) x R9.
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The (explicit) boundaries

It is easy to see that
C={(p,x)€(0,1)xR?: p <b(x)),
¢’ ={(p,x)€(0,1)xRY : b(x) < p < c(x),}
S={(p.x)€(0,1)xR: c(x) < p},

with continuous boundaries b < c given by
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Construction of Nash equilibria |

From now on we assume 0 < p; < pp < 1.
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Construction of Nash equilibria |

From now on we assume 0 < p; < pp < 1. It turns out that in this setting Player 2 is the
most active.
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Construction of Nash equilibria |

From now on we assume 0 < p; < pp < 1. It turns out that in this setting Player 2 is the
most active.

Equilibrium (part 1). If (p1, x) € S, an equilibrium is for both players to stop at once.
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Construction of Nash equilibria |

From now on we assume 0 < p; < pp < 1. It turns out that in this setting Player 2 is the
most active.

Equilibrium (part 1). If (p1, x) € S, an equilibrium is for both players to stop at once.
Equilibrium (part 2). If (p1,x) €C,

@ Player 2 picks r2* e A such that the process (I'I%,Xt)tzo is kept in C with minimal
effort (recall I_I% =p1(1- rtZ)/(l -p1 I'tz) ).
@ Player 1 picks

1x _ p1p2x
[ = ért l{t<ﬁ/} + l{tzﬁ/}'
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Construction of Nash equilibria ll

Equilibrium (part 3). If (p1,x) €C’,

@ Player 2 picks 2* e A such that the process (I_I%,Xt)tzo makes an immediate
jump to a point (gp, x) with g1 < b(x). Then (I'I%,Xt)tzo is kept in C with minimal
effort. (Note: We have an explicit expression for g1 depending on p1,V(x) and
g(x).)

@ Player 1 picks

1 2%
[ = %I’t 1[t<'ry"/} + 1{t2'r’;/}'
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Construction of Nash equilibria ll

Equilibrium (part 3). If (p1,x) €/,

@ Player 2 picks 2* € A such that the process (I‘I%,Xr)tzo makes an immediate
jump to a point (gp, x) with g1 < b(x). Then (I‘I%,Xt)tzo is kept in C with minimal
effort. (Note: We have an explicit expression for g1 depending on p1,V(x) and
g(x).)

@ Player 1 picks
1 2%
Il = %rt 1[t<'rf/} + 1{t2'r’§/}~

Remark. The jump of ra* corresponds to saying that Player 2 ‘flicks a (biased) coin’
and stops immediately with probability FOZ’* (known explicitly) or continues with
probability 1 — I'OZ’*.
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An example

Competing for a real option.

dX; = pXedt +oXedW,  and  g(x) = (x - K)*
with p<r.

Ql

0.8

0.2 04 0.6 0.8 1

Figure: The figure displays the curves p = b(x) (lower one) and p = ¢(x) (t
one). The parameter values are K =1 and =2 sothatB
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Summary and conclusions
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Summary and conclusions

In this talk:

@ Existence of a value and of a saddle point in (non-Markovian) zero-sum Dynkin
games with general information structure.

@ Explicit solution of a zero-sum Dynkin game with partially observed dynamics
and asymmetry of information.

@ Explicit solution of a nonzero-sum Dynkin game with uncertain competition.

In future talks:

@ Dynamic view of the games: martingale theory for the construction of saddle
points in (non-Markovian) zero-sum Dynkin games with general information
structure (PhD thesis of J. Smith (2024), paper in preparation with J. Palczewski)

@ More explicit solutions to Dynkin games with asymmetric information (e.g., with
D. Hobson and J. Palczewski)

@ Extension of the theory to nonzero-sum Dynkin games.
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Thank you
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