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The value of money ?

@ Even if taken for granted most of the time, the fact that
money has a value is by no means an obvious statement.
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The value of money ?

Even if taken for granted most of the time, the fact that
money has a value is by no means an obvious statement.

Holding money yields no benefit in itself. Only advantage is to
be able to spend it.

Such assets are called bubble assets.

Hence, a value on money requires a form of consensus, that is
of equilibrium.
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The value of money ?

@ Even if taken for granted most of the time, the fact that
money has a value is by no means an obvious statement.

@ Holding money yields no benefit in itself. Only advantage is to
be able to spend it.

@ Such assets are called bubble assets.

@ Hence, a value on money requires a form of consensus, that is
of equilibrium.

@ Can we propose mathematical models for such equilibria ?

Charles Bertucci, CNRS, CEREMADE, Université Paris-Da  The equilibrium price of bubble assets



Bubbles are all around us

@ Not all bubbles are crazy speculative games which will
eventually blow up
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Bubbles are all around us

@ Not all bubbles are crazy speculative games which will
eventually blow up

@ Money is an extremely stable example of a bubble : not all
national currencies collapse (even they might sometimes,
namely because of inflation)

@ The housing price in Paris is typically a bubble, especially in
neighborhoods like where we are.
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Bubbles are all around us

@ Not all bubbles are crazy speculative games which will
eventually blow up

@ Money is an extremely stable example of a bubble : not all
national currencies collapse (even they might sometimes,
namely because of inflation)

@ The housing price in Paris is typically a bubble, especially in
neighborhoods like where we are.

@ Recently, cryptocurrencies have proven to be also quite stable,
despite being purely bubble assets.
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Why a model ?

@ The surprising (or not) stability of some bubbles hints that
maybe a strong phenomenon maintains bubbles.

@ This stability is also a good sign for a mathematical model.
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@ Model and derivation of the main equation
© Mathematical analysis of the equation

© Economic interpretation of our results
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Model and derivation of the main equation

Model setup

@ There are only two goods in the economy : a bubble one and
the numeraire.
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Model setup
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think of as how much the government is screwing up...

@ The state of the world evolves according to the SDE
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Model and derivation of the main equation

Model setup

@ There are only two goods in the economy : a bubble one and
the numeraire.

@ The state of the world is describe by x € [0, 1], which we shall
think of as how much the government is screwing up...

@ The state of the world evolves according to the SDE

@ The two goods have some returns rp(x) and ri(x). That is, if |
hold a quantity A\; of the bubble good at time t, that | do not
buy or sell, then

d)\t = (1 + r]_(Xt)))\tdt.

@ ry,n : [0,1] — R, not necessary non-negative.
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Model and derivation of the main equation

The agents

@ There are a lot of small agents.

@ They all have the same utility function U(q), which depends
on the value of their portfolio in numeraire.
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Model and derivation of the main equation

The agents

@ There are a lot of small agents.
@ They all have the same utility function U(q), which depends
on the value of their portfolio in numeraire.

@ They can buy or sell the good at will on a market at a price
pr = u(X;) to protect themselves from the volatility of X;.
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Model and derivation of the main equation

The agents

@ There are a lot of small agents.
@ They all have the same utility function U(q), which depends
on the value of their portfolio in numeraire.

@ They can buy or sell the good at will on a market at a price
pr = u(X;) to protect themselves from the volatility of X;.

The maximization problem of the growth rate of the portfolio of an
agent with wealth q, when the economy is in state x € (0,1), is

2

max {qU'(q) ( +0(u(x)) 7w () - bx) + Z-u'(x)

0eR

" 252
+ ro(x)(1 — 0) + r(x)0 + UU,((‘C’?))" 2(22 ) yu’(x)|2) }
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Model and derivation of the main equation

Proof of the problem of the agent

@ Consider the wealth of an agent who choose 6 as its repartition of wealth
at time, evaluated at time s

Y: s — q(l —_ 9)3[: ru(th)dt, + eﬁpse'[f r1(X[/)dt"
’ Pt
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Model and derivation of the main equation

Proof of the problem of the agent

@ Consider the wealth of an agent who choose 6 as its repartition of wealth
at time, evaluated at time s

Y: s — q(l —_ 9)3[: ru(th)dt, + eﬁpse'[f r1(X[/)dt"
’ Pt
@ By using Ito's Lemma 3 times, we arrive at
E[U (Yee4n) [Xe] = U(q)+

trh / S ro(X,,)dt’ U(Xs) S rp (X, )dt’
E{/ U (Yt,s)q(ro(xs)u — §)eli ot +r1(X5)9u(X)eff (e
t t

, 2
Ll O () () + T (X))

u(Xe)
U//(Yt’s)q 602 2 [7r(Xp)dt'y 2
UV 207X ' (X)) ds| Xe |-
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Model and derivation of the main equation

Demand of the agents and market clearing

@ Choose U(q) = g*~7. Hence, the demand of the agents is expressed
as
u(Xe)(n(Xe) = o(X0)) + ' (Xe) - B(Xe) + G u"(X,)
Y02 |u' (X¢)[?

0" = u(X,)
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Model and derivation of the main equation

Demand of the agents and market clearing

@ Choose U(q) = g*~7. Hence, the demand of the agents is expressed
as
u(Xe)(n(Xe) = o(X0)) + ' (Xe) - B(Xe) + G u"(X,)
Y02 |u' (X¢)[?

0" = u(X,)

@ Denote Q; the total wealth (in numéraire) and K; the total supply
(in bubble asset). Demand = Supply implies

(WO 06) X+ (X BOX) + G0 (%) ) Qs = Kiro I (X
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Model and derivation of the main equation

Demand of the agents and market clearing

@ Choose U(q) = g*~7. Hence, the demand of the agents is expressed
as

u(Xe)(r(Xe) — (X)) + u/(Xe) - B(Xe) + % u"(Xe)
o2 (X2 '

0" = u(X,)

@ Denote Q; the total wealth (in numéraire) and K; the total supply
(in bubble asset). Demand = Supply implies

o2
(WO 06) X+ (X BOX) + G0 (%) ) Qs = Kiro I (X
@ If we assume that Q; and K; are constant, we find

, a® , vKo? . o
()1 ()= 1)) 0/ (x)-b(x) + 5w () = T | () in (0,1)
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Model and derivation of the main equation

Summary of the modelling

@ We end with an equation to characterize the price pr = u(X;)
of the bubble good (expressed in numéraire).
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Model and derivation of the main equation

Summary of the modelling

@ We end with an equation to characterize the price pr = u(X;)
of the bubble good (expressed in numéraire).

@ This equation is

o2 vKo?

—u'(x) - b(x) = —-u"(x) + 0 |0 () P+u(x)(ro(x) = ru(x)) = 0

in (0,1).
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Model and derivation of the main equation

Summary of the modelling

@ We end with an equation to characterize the price pr = u(X;)
of the bubble good (expressed in numéraire).

@ This equation is

—U,(X) . b(X) o Oju//(x) + ’7/’(00'2

|4/ (x) >+ u(x)(ro(x) = n(x)) =0
in (0,1).

@ The bubble yields nothing, u = 0 is solution, thank you for
coming
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Model and derivation of the main equation

Summary of the modelling

@ We end with an equation to characterize the price pr = u(X;)
of the bubble good (expressed in numéraire).

o If U(q)=1— e

o2 cKo?
—u'(x) - b(x) = S u"(x) + = | () P+ u(x)(ro(x) = n(x)) =0

2
in (0,1).

@ Same sort of computations
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Mathematical analysis of the equation

Mathematical analysis of the equation
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Mathematical analysis of the equation

Statement of the problem

@ Understand existence and uniqueness of the equation

—vAu+ %yvxuﬁ = a(x)u in Q,
u(x) >0in Q,
Onu = 0 on 012.

o  is a smooth domain, v a constant.

@ The assumptions are on a.
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Mathematical analysis of the equation

Main result

@ The operator ¢ — —vA¢ — a(x)¢ is a well defined self-adjoint
operator with compact inverse.
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Mathematical analysis of the equation

Main result

@ The operator ¢ — —vA¢ — a(x)¢ is a well defined self-adjoint
operator with compact inverse.

e We note \;(—vA — a) its smallest eigenvalue.
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Mathematical analysis of the equation

Main result

@ The operator ¢ — —vA¢ — a(x)¢ is a well defined self-adjoint
operator with compact inverse.

e We note \;(—vA — a) its smallest eigenvalue.

Assume that
o M(—vA —a) <0,

e minga < 0.

Then, there exists a unique smooth solution.
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Mathematical analysis of the equation

Existence

Lemma

Assume that the function a takes both positive and negative values.
Then, there exists a constant C > 0 depending only on the function
a and Q such that, for any smooth non-negative function u
satisfying

1
—vAu+ §|qu|2 < a(x)u in Q,
Onhu =0 on 012,

we have u < C.
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Mathematical analysis of the equation

Existence

Lemma

Assume that the function a takes both positive and negative values.
Then, there exists a constant C > 0 depending only on the function
a and Q such that, for any smooth non-negative function u
satisfying
1 .
—vAu+ §|qu|2 < a(x)u in Q,

Onu = 0 on 012,

we have u < C.

Proof is simply that we have

/ |Vul? < 2maxa/ u + standard stuff.
Q Q Q
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Mathematical analysis of the equation

Uniqueness

Lemma

Assume that the function a takes both positive and negative values.

Consider u >> 0 and v >> 0 two smooth functions on ). Assume
that

1
—vAu+ i\vxu\z < a(x)u in Q,

1
—vAv + §|va|2 > a(x)v in Q.

Then, u < v and either u = v or u < v.
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Mathematical analysis of the equation

Proof of comparison

@ The argument follows from Laetsch (1975).
0 = max{f € [0,1],¥x € Q,fu(x) < v(x)}.
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Mathematical analysis of the equation

Proof of comparison

@ The argument follows from Laetsch (1975).

0 = max{f € [0,1],Vx € Q,0u(x) < v(x)}.
@ ug := Bu is a solution of
L1
20 2

1
—vAuy + §]VXue]2 + < ) |Vug|? < a(x)ug in Q.
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Mathematical analysis of the equation

Proof of comparison

@ The argument follows from Laetsch (1975).
0 = max{f € [0,1],¥x € Q,fu(x) < v(x)}.
@ ug := Bu is a solution of

1 , (1 1 , _
vAup + 2!VXU9! + <20 2) |Vxug|® < a(x)ug in Q

@ w=v — ug is a solution of

1
—vAw + 5 (IVxv]? = [Vxugl?) > a(x)w in Q.
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Mathematical analysis of the equation

Proof of comparison

@ The argument follows from Laetsch (1975).
0 = max{f € [0,1],¥x € Q,fu(x) < v(x)}.
@ ug := Bu is a solution of

1 1

1
—vAuy + §]VXue]2 + <20 — 2) |Vug|? < a(x)ug in Q.

@ W= v — uy is a solution of
1
—vAw + 5 (IVxv]? = [Vxugl?) > a(x)w in Q.

@ Both w > 0 and for some B

—vAw + B - Vyw > a(x)w in Q.
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Mathematical analysis of the equation

Proof of comparison

@ The argument follows from Laetsch (1975).
0 = max{f € [0,1],¥x € Q,fu(x) < v(x)}.
@ ug := Bu is a solution of

1 1

1
—vAuy + §]VXue]2 + <20 — 2) |Vug|? < a(x)ug in Q.

@ W= v — uy is a solution of
1
—vAw + 5 (IVxv]? = [Vxugl?) > a(x)w in Q.
@ Both w > 0 and for some B

—vAw + B - Vyw > a(x)w in Q.

@ This implies that either w > 0 or w = 0.
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Mathematical analysis of the equation

The case of a source term

1
—vAu+ E’VXU|2 =a(x)u+fin Q,
u>>0, (1)
On,u =0 on 09,

with the same assumption as above, but now f > 0 is a smooth
function. We have the following result.
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Mathematical analysis of the equation

The case of a source term

1
—vAu+ E’VXU|2 =a(x)u+fin Q,

u>>0, (1)
On,u =0 on 09,

with the same assumption as above, but now f > 0 is a smooth
function. We have the following result.

Theorem

Under the assumptions of the first theorem, there exists a unique
smooth solution of (1).

Corollary

If we denote by u(f) the solution of (1) for a smooth f > 0, then
u is increasing with respect to f.

| A

N
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Mathematical analysis of the equation

Optimal control interpretation

@ We have an HJB equation. Why not look at the associated
optimal control problem?
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Mathematical analysis of the equation

Optimal control interpretation

@ We have an HJB equation. Why not look at the associated
optimal control problem?

@ It is given by

]_ +OO t X,
inf ZE [/ elo X0 2t |

(at)r>0 0
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Mathematical analysis of the equation

Optimal control interpretation

@ We have an HJB equation. Why not look at the associated
optimal control problem?

@ It is given by
]_ +OO t X,
inf ZE [/ elo aXs )ds|Oét|2dt] .
(at)r>0 0
@ Previous is ill-defined so we look at

+oo t X,
ve(x) == inf E [/ elo 2(X7")ds (;’atfz + 6) dt] )

(at)e>0 0
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Mathematical analysis of the equation

Optimal control interpretation

@ We have an HJB equation. Why not look at the associated
optimal control problem?

@ It is given by
]_ +OO t X,
inf ZE [/ elo aXs )ds|Oét|2dt] .
(at)r>0 0
@ Previous is ill-defined so we look at

+oo t X,
ve(x) == inf E [/ elo 2(X7")ds (;’atfz + 6) dt] )

(at)e>0 0

Proposition

6'_')”& Ve — uljoc = 0.
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Mathematical analysis of the equation

Other properties of the solution

Proposition (Stability)

Let (an) be a sequence converging to a such that the assumptions
of the main Theorem are uniformly satisfied. Then ||u, — u|| — 0 as
n — oo.
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Mathematical analysis of the equation

Other properties of the solution

Proposition (Stability)

Let (an) be a sequence converging to a such that the assumptions
of the main Theorem are uniformly satisfied. Then ||u, — u|| — 0 as
n — oo.

Proposition

Let u. be the solution of
—vAu + €| Vyu? = a(x)uc in Q,

ue(x) > 0in Q,
Opte = 0 on 092.

Then € — u, is decreasing.
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Economic interpretation of our results

Economic interpretation of our results
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Economic interpretation of our results

Cryptocurrency model

@ x € (0,1) is the proportion of the government to generate
inflation.
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Economic interpretation of our results

Cryptocurrency model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of crypto is supposed negative and constant in x.
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Economic interpretation of our results

Cryptocurrency model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of crypto is supposed negative and constant in x.

@ The return of numeraire is positive near 0, decreasing, and
negative near 1.
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Economic interpretation of our results

Cryptocurrency model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of crypto is supposed negative and constant in x.

@ The return of numeraire is positive near 0, decreasing, and
negative near 1.

@ Agents have CARA utility with parameter ¢, K the total mass
of crypto, N the number of agents, v = 02/2. Note
€= c2Kv/N.

—vd" + e(u’)2 =(n—r)(x)u in(0,1),
v =0at0and1,
u>0.
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Economic interpretation of our results

Consequences

Stylized fact (number 1)

If the government can be bad enough, then a C-value u exists.

Indeed, we have rp(0) > 0. For ant § > 0, there exists x > 0 such
that the assumptions are satisfied if rp(x) < —k for x > 1 — 4.
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Economic interpretation of our results

Consequences

Stylized fact (number 1)

If the government can be bad enough, then a C-value u exists.

Indeed, we have rp(0) > 0. For ant § > 0, there exists x > 0 such
that the assumptions are satisfied if rp(x) < —k for x > 1 — 4.

Stylized fact (number 2)

If it exists, the C-value u increases with x.

We assumed that ry is non-increasing, so r; — ry is non-decreasing,
and thus so is u.
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Economic interpretation of our results

Consequences 2

Stylized fact (number 3)

If it exists, the C-value u increases with the number of agents
willing to buy.

This is the monotonicity of u with respect to the parameter .
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Economic interpretation of our results

Consequences 2

Stylized fact (number 3)

If it exists, the C-value u increases with the number of agents
willing to buy.

This is the monotonicity of u with respect to the parameter .

Stylized fact (number 4)

The C-value u can collapse with change of ry or r; but not of N.

The only threshold in the assumptions are in terms of v or ry and
r1. So the value of N does not change the fact that they are
satisfied. This means that even with very few actors, it is
reasonable to form a consensus on the bubble.
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Economic interpretation of our results

Real estate model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of real estate is supposed negative, some works
have to be made.

@ The return of numeraire is positive near 0, decreasing, and
negative near 1.

@ Agents have CARA utility with parameter ¢, K the mass of
real estate, N the number of agents, v = 2/2. Note
e =c2Kv/N.
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Economic interpretation of our results

Real estate model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of real estate is supposed negative, some works
have to be made.

@ The return of numeraire is positive near 0, decreasing, and
negative near 1.

@ Agents have CARA utility with parameter ¢, K the mass of
real estate, N the number of agents, v = 2/2. Note
e =c2Kv/N.

@ The price of rent is given by f.
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Economic interpretation of our results

Real estate model

@ x € (0,1) is the proportion of the government to generate
inflation.

@ The return of real estate is supposed negative, some works
have to be made.

@ The return of numeraire is positive near 0, decreasing, and
negative near 1.

@ Agents have CARA utility with parameter ¢, K the mass of
real estate, N the number of agents, v = 2/2. Note
e =c2Kv/N.

@ The price of rent is given by f.

—vi" + €)= (n—rn)(x)u+f in(0,1),
v =0at0andl,
u>0.
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Economic interpretation of our results

Consequence

Stylized fact

Even with a strong limit on the rent, the price of real estate can
still be rationally arbitrary large in certain prestigious locations, i.e.
it can contain a C-value component which can be arbitrary large
compared to f.

See picture.
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Economic interpretation of our results

Link with no-arbitrage

@ What happens when arbitrageurs are present ?

@ They will be similar agents, but with no risk aversion, or a
smaller one.

@ Hence, they lower the value of € in

—vi" +e(u)? = (n —r)(x)uin (0,1),
v =0 at0and 1,
u>0.

@ In the limit ¢ — 0, u explodes, but in the limit case e = 0,
generically only 0 is the solution.
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Economic interpretation of our results

Final comment

@ Have bubbles disappeared 7
e No!
@ We were only interested in prices of the form p; = u(X}).

o Explosive bubbles are typically not of this form...
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Thank you for your coming

Thank you for your attention
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